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Sir, 

In permitting me to dedicate to you the following pages, you have 
conferred upon me an honour for which I feel truly grateful. 

Your profound attainments as a Mathematician and Philosopher 
are so universally acknowledged, and so highly appreciated, that 
any production, however humble, which is introduced to the world 
under the sanction of your good opinion, will be considered as 
entitled to some degree of attention. 

With these claims to notice, the present performance possesses 
advantages which I did not originally presume to anticipate, and, in 
laying it before you, allow me to assure you that 

I am, Sir, 

With the profoundest respect, 
Your most obliged and most obedient servant, 

THE AUTHOR. 
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PREFACE TO THE ENGIJSH EDITION. 



^ The first edition of the present work was printed in octavo, a^ d published 
at a price too high to warrant any very sanguine expectations ajs to the 
extent of its circulation. It gradually, however, found its way into the 
principal educational establishments of this kingdom-:|^i|s adopted in the 
colleges of the United States* — in the Afirican CoUeg^mthe Cape of Good 
Hope — and in New South Wales. This extensive patronajge, unexpected 
alike by the publisher and myself, I attribute — ^not to any novelties con- 
tained in the book, but entirely to the efl^rts I made to simplify as much as 
possible the more difficult parts of the subject, and thus to present to the 
young mathematical student a clear and perspicuous view of the funda- 
mental principles of analytical calculation. Many complaints have, how- 
ever, reached me from mathematical teachers, to the effect that the prac- 
tical examples were not found sufficient in number fully to illustrate the 
theory. My own experience has proved to me the justness of this complaint, 
and has, moreover, led me to detect several other blemishes in the work. 
In this new edition, it is hoped that these faults will be found in a great 
measure to have disappeared. The practical part has been considerably 
augmented throughout, the theory corrected and improved, and several new 
and interesting topics added. One subject, touched upon in the former 
edition, it has been thought advisable to exclude from this, — the chapter on 
the Theory of the Higher. Equations; but the exclusion which has been 
thus made, as well as the additional matter which has been introduced, 
seemed equally necessary, to render the book better adapted to the wants 
of beginners, and more suitable for junior mathematical classes, in places 
of public education. Besides, in the progress of any science towards per- 
fection, some departments of it are always found to receive more from t}ie 
contributions of time than others; these departments gradually increase in 
magnitude and importance, till at length, detaching themselves from the 
main body, they become objects of individual importance and of distmct 
attention. Such has been the case with the Theory of Equations. That 
it is strictly a branch of pure Algebra there is no doubt ; but it has exer- 
cised the talents and received the contributions of so many great men, and 



* An American reprint, ably edited by Mr. Ward, of Columbia College, was publiehed, in 
1833. at Philadelphia. 
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VI PREFACE TO THE ENGLISH EDITION. 

has, consequently, at length acquired such extent and importance, as to 
have assumed the form of a distinct department of analysis. The discus- 
sion of this subject is therefore reserved for a separate volume, now at press, 
which will form a supplement to the present treatise. 

The following brief enumeration of the principal topics discussed in this 
work is extracted, with slight modifications, from the pre&ce to the former 
edition. 

Chapter I. contains the Preliminary Rules of the science, in which the 
fundamental principles of (^ration arc explained and illustrated. 

Chap. II. is on Simple Equations, and commences with some propositions 
preparatory to entering upon the solution of an equation, which operation 
they are intended to render more easy and inviting. Then follow tlie 
several methods of solving simple equations involving one, two, and three 
or more unknown quantities ; each of these methods being illustrated sepa- 
rately, not only by algebraical examples, but also by practical questions ; 
a mode rather di^rent from that usually adopted, but which appears to be 
preferable, as it af&rds the student an early opportunity of applying the 
principles that he has acquired to useful and interesting inquiries, an exer- 
cise which is generally found to be peculiarly pleasing and encouraging. 

Chap. IIL treats of Ratio, Proportion, and Progression, both arithmetical 
and geometrical ; and, although the general formulas are fewer in number 
than those given in most books on this subject, yet it is shown that they are 
amply sufficient for every variety of case, and that therefore it would be 
superfluous to extend their number. 

Chap. IV. is on Quadratics, and on Imaginary Quantities. This chapter 
is of a more difficult nature than either of the preceding, and proportionate 
pains have been taken to render the modes of operation clear and intelligi- 
ble ; the solutions to some of the more difficult examples, which are given 
at length, will be of service to the student in cajses of a similar nature, and 
will manifest to him how much a little judgment and ingenuity on his part 
will add to the elegance of his operation. The article on Imaginary Quan- 
tities, with which this chapter concludes, will be found to contain some 
observations tending to remove the obscurity in which the subject is usually 
enveloped. 

Chap. v. contains the general investigation of the Binomial Theorem. 
The demonstration of this celebrated Theorem in a manner adapted to ele- 
mentary instruction, has always been considered as an object greatly to be 
desired, and many attempts have accordingly been made by different 
mathematicians for this purpose ; all, however, that have yet appeared have 
been objected to, either on account of unwarrantable assiunptionsi at the 
outset, which have consequently weakened the evidence, and rendered the 
demonstration incomplete, or because of a too tiresome and obscure method 
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ol reasoning, which has been incomprehensible to a learner. The demon 
stration given in this chapter is, I believe, different from any that has been 
previously offered, and appears to be more simple and satisfactory than any 
which £ have had an opportunity of seeing. In the practical application of 
this theorem to the expansion of a binomial, it is always best to separate 
the case in which the exponent is integral, from that in which it is frac' 
tional, because, in the former instance, the process by the general for- 
mula is unnecessarily long and troublesome; a different method of pro- 
ceeding is therefore usually pointed out ; but it is rather singular that it has 
been applied only when the exponent is a positive integer : as, however, it 
is equally applicable when the exponent is a negative integer, it is here 
extended to that case. 

Chap. VI. explains the nature and construction of Logarithms, and 
shows their importance in their application to several useful inquiries 
relating to interest, annuities, &c. 

Chap. Vn. is devoted to Series ; and a new method for the summation 
of infinite series is given, which it is thought will be found to be more direct 
and easy than those generally used in elementary works. Several interest- 
ing subjects connected with series will be found in this chapter. 

Chap. VIII. is on Indeterminate Equations of the first degree. In this 
chapter also some improvements will be found. The rule given at page 
234 for solving an indeterminate equation involving two unknown quanti- 
ties, is more direct and concise than the usual method, and equally simple. 

Chap. IX. contains the principles of the Diophantine Analysis, or of 
indeterminate equations above the first degree, and concludes with a col- 
lection of diophantine questions ; several of which are solved, in order to 
exhibit to the student the artifices which are sometimes to be employed in 
this part of the subject. This chapter has little claim to novelty, except 
as far as relates to the introduction of some new questions, and to the new 
solutions given to others. 

From the above outline an idea may be formed of the nature and preten- 
sions of the work here submitted to the judgment of an impartial public ; 
and if, upon examination, it shall be found that I have at all succeeded in 
my endeavours to lessen the labours of the student, it will affi)rd me the 

Highest satisfaction. 

J. R. YOUNG. 
Royal Coixbge, Belfast; 

August 191K 1834. 



ADVERTISEMENT. 



The American publishers of Professor Young's Elementary 
Treatise on Algebra, with the desire of rendering the work as 
useful and correct as possible, have been induced to submit it to 
the perusal of a competent mathematician. At his suggestion, 
they have retained the Theory of Equations, which formed a 
part of the first London edition, and which they have judged 
to be a necessary supplement to the present volume. From the 
care taken by the reviser, and the number of corrections made, 
they are confident that exceedingly few, if any errors, could 
have escaped notice, and they accordingly offer the work thus 
improved to the attention of the public. 

Philadelphia, AprU, 1838 
(8) 
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CHAPTER I. 

ON THE PRELIMINARY RULE3 OF THE SCTENCE. 

Definitions. 

(Article 1.) Aloebra is that branch of Mathematics, which 
teaches the method of performing calculations by means of letters 
and signs — the letters being employed to represent quantities^ and 
the signs to represent the operations performed on them. 

(2.) The sign + (plus) denotes addition. 

— (minus) denotes subtraction. 

Thus, a + ft signifies that the quantity represented by ft is to be 
added to that represented by a; arid a — & signifies that the quantit}^ 
represented by & is to be subtracted from that represented by a. If 
for instance, a represent 10, and b 2, then a+6 is 12, and a — b is 8. 

(3.) X (Into) denotes multiplication. 

-r- (Divided by) signifies that the former of the two quanti- 
ties, between which it is placed, is to be divided by the latter. 

Thus, a X b signifies that the quantity represented by a is to be 

multiplied by that represented by b ; and a-r-b signifies that a is 

to be divided by b. Multiplication is also denoted, sometimes by a 

dot placed between the quantities to be multiplied, as a . ft, or without 

11 



12 DEFINITIOITS. 

any sign, as simply a 6, each of which is the same as a X 5. Di 
vision also is oflen denoted hy placing the dividend over the divisor, 

and drawmg a line between : thus, rr is the same as a -t- &• 

(4.) = {EquaJ to) denotes an equality of the quantities between 
which it is placed. 

Thus, a + b=12 signifies that a plus b is equal to 12 ; and 
a — b = 8, signifies that a minus b is equal to 8 ; also, a + c — d 
= & + c, denotes an equality between a + c — d und b + e. 

(5.) The power of any quantity is that quantity multiplied any 
number of times by itself. Thus, a X a is the second power of a, 
and is expressed in this manner, a' ; also, aX aX a is the third 
power of a, and is expressed thus, a'; likewise a* is the fourth 
power of a ; a* the fiflh power of a, &c. 

(6.) The root of any quantity is a quantity which, if multiplied 

by itself a certain number of times, produces the original quantity ; 

and it is called the second root, third root, &c. according to the 

number of multiplications. Thus the second or square root of a is 

a quantity whose square or second power produces a ; the third or 

cube root of a is a quantity whose cube or third power produces a ; 

the fourth root of a is a quantity whose yburf A poicer produces a, &c. 

i i i 
Roots are represented thus : ^a^ ^a, ^a^ &c. or a^, a^^ a*, &c. 

either of which forms respectively represents the square root, cube 

root, fourth root, &c. In the case of the square root, however, the 

2 above the radical sign y/ is usually omitted. Suppose a = 16, 

then >/a or a* = 4, becduse 4 X 4, or 4* = 16, also ya, or a* = 2, 
because 2x2x2x2, or 2* = 16. 

(7.) If unity be divided by ^ny power or root of a quantity, as 

~5i 1> "1' ^^'J ^^ ^'^ ^^^^ expressed thus : a""', a^^ a—*, &c. The 
o a a* 

small figures used to denote powers or roots are called indices or 

xponenZs. 

(8.) A simple quantity is that which consists of but one term, as 
a, ab, 4frc, &c. 

(9.) A compound quantity consists of two or more simple quunti- 
ries, as a + ^9 3a6 — 2ad -|- «i &c. If a compound quantity con- 
sist of two terms, it is called a binomial ; if of three terms, a tri- 
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nomidl ; if of four terras, a quadrinomial ; and if of more than 
four, a polynomial or multinomial, 

(10.) The coefficient of a quantity is the number prefixed to it to 
denote how many times it is to be taken. Thus, 5ar signifies five 
times the quantity x, and the number 5 is the coefficient of x> Also, 
in the expressions, Sxy, 4a6c, 7yz, &c., the coefficients are severally 
3, 4, and 7 ; when no number is prefixed, as is the case when the 
quantity is to be taken but once^ we say that the coefficient is unity ; 
the quantities xy, abc^ yz^ &c. are in fact the same as Ixy^ labc^ lyz^ 
the 1 being understood although it does not appear. 

It is sometimes found convenient, when the coefficients are large 
numbers, to represent them, as well as the quantities which they 
multiply, by letters ; choosing always, agreeably to art. (1), the 
leading letters of the alphabet for this purpose ; and hence arises 
the verbal distinction between numeral coefficients and literal coefiS- 
cients. Thus, if we agree to represent the number 46852 by a, 
then 46852 x may be more briefly written ax, where x has the lite- 
ral coefficient a. 

(11.) Like terms are those of which the literal parts, disregard- 
ing the coefficients, are the same , that is however their coefficients 
may differ, the quantities to which they are prefixed are all alike. 
Thus the following terms with numeral coefficients are like terms^ 
viz. 4aa?, 7aa?, Sax'or, &c. ; and so are these with literal coefficients : 
az, bz, cz, &c. 

(12.) Unlike terms are those which consist of different letters^ as 
the terras 4a5, led, ef, &c. 

(13.) A vinculum or bar , or a parenthesis ( ), is used to 

connect several quantities together : Thus, a -f or X 6, or (a + or) X 6, 
signifies that the corapound quantity a + x is to he raultiplied by b , 

also, 2ac -{-Sb X 4ax— 2^ signifies that 2ac -f Sb is to be multi- 
plied by 4ax— 2&y, The bar is also sometimes placed vertically, thus : 

a X 
— b is the same as (a— 6 + c) a?, or a— & -{• c .x, 
+ c 

(14.) To avoid the too frequent repetition of the word therefore 
or consequently y the sign .*. is soraetiraes used. 

Note. Quantities with the sign + are called positive or afflrma 
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tive quantities, or additive quantities ; and those with the sign — 
are called negative or suhtractive quanties. A quantity to which no 
sign is prefixed is understood to be positive ; we need, therefore, 
prefix the positive sign only as a means of connecting the quantity 
to which it belongs to one which precedes. Thus, in the first exam- 
ple, below, the positive quantities 6ax and 7ax would be understood 
to be positive even if the + before them were omitted ; the insertion 
of this sign is therefore in these cases superfluous ; but in example 
4, the positive quantity 4x requires the insertion of its sign to link 
it to the preceding quantity 6a, which is itself positive, but has no 
such need for the sign. 



ADDITION. 

CASE 1. 



(15.) When the quantities are like^ but have unlike signs. 

Add the coefficients of all the positive quantities into one sum, 
and those of the negaiive quantities into another. 

Subtract the less sum from the greater. 

Prefix the sign of the greater sum to the remainder, and annex 
the common letters. 

The reason of this is evident : for the value of any number of 
quantities, taken collectively, of which some are to be added^ and 
others to be subtracted, must be equal to the difference between all 
the additive quantities, and all the subtractive quantities. 





EXAMPLES. 




Id together the 


following quantities : 




Ex. 1. 


Ex. 2. 

-4 7xy 


Ex. 3. 


+ eax 


— Abx^ 


— .2aa? 


1 Idxy 


lObx^ 


+ 7ax 


— 8a^ 


— 7bx^ 


— r ax 


2xy 
Sum I7xy Sum 


— Sbx^ 


Sum lOax 


— 4ftar« 





ADDITION. 


4. 




5. 


6a + Ax 




2& + 6« 


4a + 8x 




— 96 + 7« 


— 6a — 2jj 


' 


46 + 2a? 


7a— 3a? 


• 


3& — 4a? 


Sum 12a + 7ar 


Sum 13a? 


6. 


• 

7. 


4a' + 6bx 




7v/y— 4(a + ft) 


3a" + 6bx 




6N/y + 2(a + ft) 


7a* — Abx 




2%/y+ (a + ft) 


2a' + 2hx 




%/y — 3(a + ft) 


8. 




9. 


a{a + b)+ Sy/a'- 


—a: 


7a?*y— 2a? v/y+7 


— 4a(a + &)+ 7v/a- 


— a? 


ar*y+ 3a^* + 2 


lla(a + ft)— 6>/a- 


— a? 


3ar*y — a?y* — 6 


— 2a(a + ft)— 2^T' 


— a? 


9a?*y — 4a?Vy — 3 


5a (a + b) + iw'a'' 


— a? 


— 2x*y + 7ar>/y +1 

• 


10. 




11. 


A(x + y)h + ^Xffz 




5a?Va + y — 2a?Vy + >/2 


— 7(a? + y)» + 4>/ajy» 




3a?(a + y*+6a;y* +2* 


Vx + y — 2{xyz)h 




-8«(a+y)»— 4«y* +8>/2 


-3(a? + y)* + 7(a?y«)* 




7a?9/a + y + 8arVy + 2>/2 


-17(« + y)*+2>/ary» 




2z(a + y)*+5a?Vy + 2* 


— 3 V a? + y + (^«)* 


► 


-9ar^a + y — 8a:y* — 8v/2 
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— 3 (ax + hy -\- c«)i — \/a^ + 3^ + o — ^ 
2 */ax + by +"cz + (a^ + j/*)* — 3(a — &) 

7 cwr + % + c»^ — \/?T? + 2 (a — 6) 
3y (cue + fty + c«) + (a:* + J^)* + o — & 
-5v/(aar + % + «) + (a:* + t/»> — 2a-^6 

(ax + % + c«)^ — V^ + t^ — 3a — h 



CASE 2. 

(16.) W%en fro^/t quantities and signs are unlike, or some like and 
others unlike. 

Find the value of the like quantities, as in the preceding case, and 
connect to this value, by their proper signs, the unlike quantities. 

Thus, in the first of the following examples, we find that there are 
four quantities like ar*, viz. two in the Jlrst column, and two in the 
secondy* whose value, by the former case, is 2a;* ; also, there are 
three quantities like ax, one in each column, whose value is 3aa: ; 
there are, likewise, three quantities like a&, whose value is — 4a& ; 
and there ^.vefour quantities like ary, whose value is 4a?y ; but, as x 
has no like, it is merely connected to the value of the like quantities 
by its sign — . 

1. 

x^ + oar — ah 
ah — y/x + xy 
ax + xy — 4a6 
ar* + y/X'^—'X 
xy ■\- xy •{■ ax 



Sum 2a:* -{- 3aa? — 4aft + 4a?y — x 



♦ The student must not forget that xk and >/x are like, each expression 
representing the square root of ar, (Def. 6, page 12.) 
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2. 

6a^y— 2ax+12 
y + ^y — 5a« 

3«*— «^ + (« + rfK 
aV+ 23f —14 

Sum 4(c + !«)«■+ 7y T— Vy + 6ar»y— 4Mr— 2 
3. 4. 



V«+3a«— 2V^ — 9 2ah+ 12 —o^ 

ia« — 2xy + 8v^ap arfy + «y + 10 

4xy + 3aar + (6 — x)* 3aryft + 2c^~«y 

i** + 8«y— 26 5;ry+ 11 + «>/y 
7 — V« + «r 17— 2«^-~ariy 



5. 



4r3f — {^—f)^ + V«M^ 
— 7jry + 2V«"+y'— 3>/«»— ^ 



_ 6. 

2V«y— 8a>/jr+ «* —18 
aV + 12a^ — 17 + («y)^ 
8a* — >/a:3f + aa^ — 3 
8(«y)*+ 9 — 2a>/«+8«" 



(17.) When the coefiidento are lUerol instead ti mameral^ they 
are to he collected in a similar way ; hut here their several sums 
will have a compound form, as in the following examples : 
2* 



IC ADDITION. 

1 



ax -f by' 

cdx + ady^ 

bx — cjf* 



(a '\-cd + b)x + {b-\- ad — c)y* 



2. 



ax + dy^ 

by — dx 

— hf^ my 



^a — d)x + (d — b)if + {b + m)y 



3. 



I* -f- adz 
^7^ — nz 
bs^ + cez 
da^ — mz 



4. 

y/x + by 
ax-^z 
amy + c>/x 

dz + y 





5. 6. 

a y/a^ — f + b y/'^TV (^ + ^) V'^— (2 + »») V'y 

c 7^Tf — d v/x^^^ 42/* ■+ (a + c) a:* 

/(a:* + t/*)* — 6(0:" — 3/')* 3/i V y — (2cZ — c) ar* 

2 Vl^T? + 4a s/x' — f (m + n)y* + (5 + 2c) >/ar 

^^ZTj^ — (:r« -h 2/")* — 2n >/^ + l^g >/y 
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SUBTRACTION. 

(18,) Place the quantities to be subtracted underneath those they 
are to be taken from, as in aritlin: 3tic. Then conceive the sigqs of 
the quantities in the lower line to be changed from + to — , and 
from — to + , and collect the quantities together as if it were addition. 

For if a positive quantity, as b, is to be taken from another quan 
tity, as a, the difference vi^ill be represented by a. — ft, which is ob 
viously the same as the addition of a and — 6 ; but if 6 — - c is to 
be subtracted from a, then, since b is greater than b — c by c, if & 
be subtracted, too much will be taken away by c; consequently, c 
must be added to the remainder to make up the deficiency ; there- 
fore, the true remainder is equal to the addition of — b and c; that 
is, it is equal, as in the former instance, to the addition of the quan- 
tity to be subtracted with its sign changed, 

EXAMPLES. 

1. 2. 

From 5xy + 2xi — 7a From %/ x + y + 3aa? — 12 

Take 3a?y — ir* -f- 2a Take4s/ a: -f y — 2ax + b 



Remainder 2ariy + 3a:* — 9a Rem. — 3 v/ or + y -f 5aar — 12 — b 

3. 4. 

From 3a (a — y) + 4*y + a' Qs^ -{- {x ^ y)\ — \Qe 

Take 2a{a — y) — lby + 4a* 8ar*— v/ ar -^ y + 1 



5. 

From ^abx -|- 12 — Zxy + 4x3 
Take — *6abx + xz — 7 -f- 5xy 
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6- 

From >/«■— ^ — 2(tt + «)* + 3 
Take— 3>/T+T+ 4(a"— y*)*— 1 



7. 
From 2x{z + y)^ — doxy + 2afti: 
Take — llaxy 4- llafte — xVor + y 



Examples of quantities with literal coeflScients. 

1. 

Prom aa^ + mxy + ii« + & 
Take »«■ — jwy + ^« — c 

(a — »)«■ + (m +p)a3f + (n — j)« + J + <? 

2, 

From |Mcy + qx% — r»" + b 
Take ifury — pqxx-^ns? + a 



3. 

From a(a:—y) + bxy + e{a+ xf 
Take («— y)*— J«y + (a + c) (a + xY 



4. 

From (a + ft) (op + y) — (c + d) (x—p) + m 
Take {a—b) (x + y) + {e—d) («— y)— n 



XULTIPLICATION. SI 



From (a — h)xif — (p + g) >/ « -f- y — ^ 
Take (2p — 8g) (« + y)*— o«y— (3 + *)a^ 



MULTIPLICATION. 

CASEl. 

(19.) When hoik muUiplicand and muUiplier are ein^h quaaiH" 
ties. 

To the product of the coefficients annex the product of the letters, 
and it will be the whole product. 

Thus, if it be required to multiply 6ax by 4ft, we have 24 for the 
product of the coefficients, and abx for the product of the lettem; 
consequently, 24aftx is the whole product ; that is, 6axX 4ft=:24afta;. 

Note.— -It must be particularly observed that quantities with lilte 
signs multiplied together, furnish a poeitive product whether the like 
signs be both + or both — ; and that quantities with unlike signs 
furnish a negative product. This may be expressed in short by the 
precept that like signs muUiplied together produce plus, and unlike 
signs minus. The truth of this may be shown as follows r 

1. Suppose any positive quantity ft, is to be multiplied by any 
other pongee quantity a; then ft is to be taken as many times as 
there are units in a, and, as the sum of any number of positive 
quantities must be positive, the sign of the product aft must be +• 

2. Suppose now that one factor ft is negative, and the other a 
positive: then, as before, the product of — ft by a will be as many 
times — ft as there are units in a ; and, since the sum of any num- 
ber of negative quantities must be negative, the product in this case 
must be — aft. 

3. If this last case be admitted, it will immediately follow that the 
product of — ft and — a must be + aft, for if this be denied, the pro 
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duct must be — aft, so that — h multiplied by -|- o produces the 
same as — - 5 multiplied by — a, which leads to the absurdity that 
-fa is the same thing as — a. 

Note. — 1£ powers of the same quantity are to be multiplied to- 
gether, the operation is performed by simply adding the indices : 
thus, a* X a^ = a^, for a* = aa, and a' = aaa, therefore a* X a' = 
aa X aaa = aaaaa, or a^: also, a"^ X a"* = a"* + ", for a"" = aX a 
X a ... . to m factors, and a" =saXaXa to n factors, and there- 
fore a"^ X a'*^ (^aaa .... to m factors) X (aaa .... to n factors), 
or (leaving out the sign X ) = aaa .... to m + n factors = a"* ". 
F:*om this it follows, that in the dimsion of powers the indices are 
to be subtracted.^ 

EXAMPLES, f 

1. Multiply 6 y/ ax hy Ah. 

Here 6 >/«i X 46 = 24&>/ax. 

2. Multiply ^3^y^ by 2ax. 

^x'f X 2ax = 6aar»y». 

• 3. Multiply 12xhy by — 4a. 
4. Multiply — 4ar'y* by — 4ary. 
6. Multiply Baxjf by Sa'ftx'. 

6. Multiply 13a''6'a:y by — 8aftr*y«. 

7. Multiply ia:yz* by 6a:y«^ 

8. Multiply — 9caryV by — it^j^j/^z*. 

* This mode of proof does not apply when the quantities to be multiplied 
have fractional indices, although the rule still holds. Thus, let the pro- 

duct of a^ and a^ be required, then the exponents }, 4* in a common de- 

5 

nominator, are -f^^ -^^ ; hence the proposed factors are the same as a^ and 

«»''; that is, the 6th power of the 10th root of a, and the 6th power of the 
same root ; we have therefore, as above, , 

f Although the product of the letters will be the same in value in what- 
ever order we arrange them, yet in these examples the student, conformably 
to the usual custom, is expected to arrange them according to their order 
in the alphabet. 



MULTIPLICATION. 



CASE n. 



(20.) When the multiplicand is a compound qtutntity^ and the 
multiplier a sim;ple quantity. 

Find the product of the multiplier and each term of the multipli- 
cand separately, beginning at the left hand ; connect these products 
by their proper signs, and the complete product will be exhibited. 



EXAMPLES. 
,2 



I, Multiply ax -^b by Ax 

ax -f- 6 



Aaa^ + Aba^ 



2. Multiply 12xy — ax + 6 by Sxy. 

i2xy — ax-\- 6 
Sxy 



S6x^y^ — Saa^y+ I8xy 

m 

3. Multiply 5ab + da — 2 by,5a?y. 

4. Multiply Slxf — Ay/x + a by— 2^/ft. 
• 5. Multiply 12x^y + 2xy^ + xy by Zax. 

6. Multiply Aabx + dcy — dbc by Sxy". 

7. Multiply Sar'y' — 4ary* + bx by — Tar'y. 

8. Multiply — Saory* + ia:* — Jaj^ by 8axy. 

9. Multiply iy/z — Ja jt' — ixy' by — 6a*a^ 

CASE m. 

(21.) When both multiplicand and multiplier are compound 
quantities. 

Multiply each term in the multiplier by all the terms in the mul- 
tiplicand. 

Connect the several products by their proper signs, as in the last 
case, and their sura will be the whole product. 
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1. Multiply a + b by a+b, 

a +b 
a+b 



a*+ ab 

ab + V 

a" + 2aft + ft^ 



3. Multiply a + b by a ** fr. 

a+b 
a—b 



a* + ah 
—ah—V 

8. Multiply x+iy—2 by i« + 3y. 

Ja? + 3y 

ary + iy»— 6y 

4. Find the four first terms in the product of 

a'"+a'*"*«+a"^V+a"'^a:*+&c. and a+«. 

a +x 



a"^» + 2a"'x + 2a-^'a:» + 2a"^a^ + &c. 

5. Multiply 3^+s^y+xf^+f^ by x — y. 

Ans. a?* y* 
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6. Multiply a*+ft* by a — b. 

Ana. ar^^+aJr—arh — ^K 

7. Multiply a+a:+«*+a*+a?* by a — x, 

Ans. a'+(a— l)ar»+(a— l)a»+(a— 1)«*— «». 

8. Multiply 0?*— «»+«"— «+l by a^+x—l. 

Ans. a* — ar*+«" — «*+2a: — 1. 

9. Multiply 8«»+(a?+y)*— 7 by 2a!«+>/Tfy. 

Ans. 6«*+(6a*— 7) >/a?-hy— 14««+«+y. 

10. Multiply aa:+i«'+c«* by l+x+a^+a*. 



Ans. ox+a 
6 



b 
e 



ft 






«*+c«*. 



DIVISION. 

CASE 1. 

(22.) When both dividend and diviaor are simple quanHHee, 
To the quotient of the coejficienis annex the quotient of the let- 

tersy* and it will be the whole quotient. 

Note. The rule for the signs must be observed here, as well as 

in multiplication. 

EXAMPLES. 

1. Divide I2ax by da. 

12ax _ 
da ""**• 

2. Divide 240:"^ by 3xy. 

24ar»y_ 
Sxy 

* The learner will readily discover the quotient of the letters by asking 
himself, what letters must I Join to those in the divisor to make those in the 
dividend? Thns in ex. 3, next page, the dividend contains two x% two 
y% and two z's, while the divisor contains but one x and one z ; so that 
to make up the letters in the dividend, I must join to those in the divisor 
nne op, two y's, and one z ; that is, the quotient of the letters will be x^z 
3 
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3. Divide — IGj^/s' by — 4arz. 

— =4ir = ^*^'- 

4. Divide 9aV by Sax'. 

5. Divide 26ax*y* by — 2xy, 

6. Divide — 16Pxy^ by — frarj/*. 

7. Divide 28cV by — 7cV. 

8. Divide — 18a*6ya* by — ahj^z. 

CASE 2. 

23. When the dividend is a compound quantity^ and the divisor 
a simple quantity. 

Find the quotient of the divisor and each term of the dividend 
separately, connect these quotients together by their proper signs, 
and the whole quotient will be exhibited. 

EXAMPLES. 

1. Divide I2a^x + Aax'—lQa by 4a. 

I2a^x + Aa^-I6a^^ 
4a 

2. Divide a'^'^^x — a'^'^^x — a'^+'ar — tt"+*a: by a\ 
a»+«ar — a'^'^^x — a'^'^x— a'^*x 



a" 



= aar — a'a? — a^x — a^x. 



3. Divide 24a' ar* + 6aV — 3a* a:" + 12aar by — 3aar. 

4. Divide ax"" + aar"+* -f asf"^* ^aar^^ + &c. by x\ 

5. Divide 6 (x +y)» — 8 {x -{-yf +Aa\x + y) by 2 (ar + y). 

6. Divide ax"^'^ + 6a:"' + » — cx"*-» + dx^ by ar"-^. 

CASE 3. 

(24.) When both dividend and divisor are compound quantities 
Arrange both dividend and divisor according to the powers of some 
letter common to both ; that is, let the first term, in both dividend 
and divisor, be that which contains the highest power of the same 
letter, the second the next highest, and so on. , 

Find how often the first term in the divisor is contained in that of 
the dividend, and it will give the first term in the quotient, by which 
all the tejms in the divisor must be multiplied, and the product sub 
tracted from the dividend. 
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To the remainder annex as many of the other terms of the divi- 
dend as are found requisite, and proceed to find the next term in the 
quotient, as in common arithmetic. 

EXAMPLES. 

1. Divide x^ — x*-{-ar^ — a^-\-2x — l by x' + x — l. 
a^^x — l)x^—x* + a^ — a^^2x — l{x* — ar^ + a? — X'\-l 



— a^j^x^ — 3^ 

— a^—x*-\-x^ 


^x 
-x" 




si^ — x^ + 




_ar» + 2a: — 1 
— s^ — a^ + X 

ar» + a:- 
a^ + x-- 


-1 
-1 




* # 


« 



2. Divide a" — ar" by a — x. 



a" — a"^a? 



a"~*ar — ar" 
a'^'ar — a"-V 



a«-«a:« — a:^ 

^it-a^ — ar" 



a'*'^x — x*'' &c. 
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3. Dividel+ax + *«' + c«* + <^+^<^^yl— *• 



1 — X a 



1 


x + ba^ 






a 




1 


x—l\a* 


a 


— fl 


I 


t 




1 


j? + ex 


a 




b 




1«»— 1 


sf 


a — a 


■ 


b 


-b\ 




1 


x' + *e* 


a 




b 




e 




1 


zf—l 


«• 


a 


— a 




b 


— h 








c 


— e 





x + 1 
a 
b 



sf + l 
a 

b 
e 



a?+ &C. 



4. Divide a» + «* by a + a:. 

Ans- a* — a?« + aV— oae* + a* 

6. Divide ^—afhya—x. 

Ans . a* + a*a? + a?** + ««* + *^ 

6. Divide «» + ia* + i«+l by 4« + 4. 

Aiis.2ai«— 4« + 2. 

7. Divide 1 by 1 — «• 

Ans. 1 +« + «■ + «• + a?* + «*+ &c. 

8. Divideo?*— ^•bya' + a'y + ay + sf^- 

Aiis. a?— y. 

9. Divide y-'+'+ya:"— y~«— «"+* by y"'+»"'- 

Ans. y — X. 

10. Divide a — bx+caf—da^+^c. by l+x. 



Ans. a — a 






«•— &c 



\ 
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SCHOLIUM. 

From the preceding rules are deduced the following useful 
theorems, viz. 

1. By the rule for addition, if the sum of any two quantities, a 
and by he added to their di^rence, the sum will he twice the greater.* 

2. By the rule for subtraction, if the difference of any two quanti- 
ties he taken from their sum, the remainder will he twice the less.f 

3. By multiplication. Article 21, Example 2, page 24, if the sum 
of any two quantities he multiplied by their difference, the product 
will be the difference of their squares. 



ALGEBRAIC FRACTIONS. 

The operations performed on Aloebraio Fractions are similar 
to those performed on numeral fractions in Arithmetic, and which 
are as follow : 

To reduce a Mixed Quantity to an Improper Fraction. 

(25.) Multiply the quantity to which the fraction is annexed, by 
the denominator of the fraction ; connect the product, by the proper 
sign, to the numerator ; place the denominator underneath, and we 
have the improper fraction required. 

Thus, if it were required to reduce ab — ~ to an improper frac- 

a 

tion, then aft, the quantity to which the fraction is annexed, multi- 
plied by dj the denominator, gives abd ; which annexed to the nu- 
merator, c, by the proper sign — , gives abd — c; therefore the 

^ . . abd — c 
improper fraction is — -= — . 

C a+b r. .••••• . a+6 

* For < added to a— & f and < diminished by a— & 

gives Sn gives 2ft 

3* 
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EXAMPLES. 

1. Reduce {a + b)'{ to an improper fraction. 

(a + 6) + ^=(l±^t^. 

y y 

2. Reduce ^ax to an improper fraction, 

y- y 

Here the expression — (a — b) signifies that a — h is to be sub- 
tracted from that which precedes, and therefore the signs of a and h 
must be changed^ (Art. 18, page 19 :) consequently, 

^axy • — (a — h) Saxy — a-\-h 

y ~" y ' 

the same must be observed in the following, and in every similar 
example. 

^„, . 3ar — 6 + 4 . ^. 

3. Reduce 4x — to an improper fraction. 

Zx — b + A 37ar + 6 — 4 
4x = 

10 10 

4tX — ay -{- 2 . 

4. Reduce 2ay H ^— ^ to an improper fraction. 

4aary*+4a? — ay +2 
2xy 

6. Reduce a — x to an improper fraction. 

2ax — .r* — a' 



^ Ans. 

X 

« « 1 3aar — 4« — 2 . 

6. Reduce ax — y —- to an improper fraction. 

2ax — v-\-2 

Ans. , ^ 

5 

fjji 52 3 

7. B^uce a-\-b ^ — to an improper fraction. 

Ans. £. 

a — b 
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8. Reduce x* — a^y + a:*«' — xj^ + t/* to an improper 

x + y 

fraction. 

Ans. ^ . 

x-^-y 

To reduce an Improper Fraction to a WJiole or Mixed Quantity, 

(26.) Divide the numerator by the denominator, and, if there be 
a remainder, place it under the denominator ; connect this fraction, 
by its proper sign, to the quotient, and we shall have the mixed 
quantity required. 

Thus, if it were proposed to reduce = — to a mixed quantity, 

we have only to perform the actual division of the numerator by the 
denominator, and we get for the quotient ab, and for the remainder 

— c ; therefore ab =■ is the improper fraction required. 

EXAMPLES. 

Ax^4-ax 2 

1 Reduce to a mixed quantity. 

^x 

Aa^+ax — 2 ^ ax — 2 

2x ^ 2x 

2. Reduce — to a mixed quantity. Ans. 2 . 

xy ^ ' xy 

a^ v'4-4 4 

3. Reduce to a.mixed quantity, Ans. x — y-\- 



x-\-y ^ " x-^y 

4. Reduce — ^ -r to a mixed quantity. 

a+b 

Ans. 3a^— 3a''6-f 3a''5'— 3a&'-f 3&^ —5-. 

a-fo 

^ _ . 4aartt'+4x — ay-\-2 ^ . , 

5. Reduce — to a mixed quantity. 

A o I 4x— ay+2 

Ans. 2ay-\ ; . 

*^ 2ary 

l5. Reduce ^ to a mixed quantity. 

If 

Ans. ar'+iry+y*+.i?+y — 



X — y 
9 
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To find the greaUM Common Meagure of the Termt of a FracHon. 

(27.) Arrange the numerator and denominator according to the 
powers of some letter, as in division, making that the dividend which 
contains the highesi power, and the other the divisor. 

Perform the division, and consider the remainder as a new cftvi- 
9or, and the last divisor a new dividend ; then consider the remain- 
der that arises from this division as another new divisor, and the 
last divisor the corresponding dividend. Ck>ntinue this process till 
the remainder is 0, and the last divisor will he the greatest common 
measure sought. 

Note. If any quantity he common to all the terms of either of 
the divisors, but noi common to those of the corresponding dividend, 
this quantity may be expunged from the divisor. 

The truth of the above process depends chiefly upon the two fol- 
lowing properties : 

1. If a quantity divide another, it will also divide any multiple 
of it : If, for instance c divide 6, and the quotient be n, it will also 
divide r&, and the quotient will be m. 

2. If a quantity divide each of two others, it will also divide 
their sum and difference : For, let e divide a, and call the quotient 
m ; let it also divide &, and call the quotient n, then a = mc^ and b 
= ne ; therefore a qp (* = mc qp nc ; now e evidently measures mc 
qp fic, consequently it measures its equal, azpb. 

(28.) Let now ^ represent any fhuition, and let the work in the 

margin be carried on according to the rule (Art. 27), , ^ . 
c being put for the firsi remainder, d for the second^ 5,. 
&c. Then a — 5r =: c, and, if c divide h, c will be — 
the Uut divisor, and the work will be finished, d being ■ c)b(s 
then = : hence, in this case, since c divides 6, it ^ 

also divides br ; and since it divides a — br (this be- '^ ,. 

ing equal to c), it must also divide a ; c therefore di- '^ 

vides both a and b. It is moreover evident that c — 

must be the greaieei common divisor of a and br ; for, 

if these quantities had a divisor greater than c, then ^^^ 

* The double sign =f= signifies pltu or nnntu. 
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their difference a — 6r = <?, would be divisible by it, as has been 
proved above ; that is, c would be divisible by a quantity greater 
than itself J which is absurd ; c, therefore, is the greatest common 
divisor of a and br, and, consequently, of a and b. Suppose, how- 
ever, that the work does not end here, and that the last divisor is d^ 
then b — cs = d; and since d divides c, it also divides cSj and con- 
sequently b ; d therefore divides both b and c, and must consequently 
divide br -^ c, or a ; and, since d is the greatest divisor of 6 — cs, it 
must necessarily be the greatest common divisor of b and C5, and 
therefore of b and c ; whence d is the greatest common divisor of a, 
b, and c, and consequently of a and 6, since whatever divides a and 
b must also divide a — 6r, or its equal c. The reasoning will be 
similar, whatever be the length of the operation.* 

With reference to the note, it may be observed, that, by expunging 
any quantity common to all the terms of a divisor, we do not destroy 
Mny common measure of that divisor and its corresponding dividend, 
since no factor of the quantity expunged is supposed to exist in all 
the terms of the dividend. 

EXAMPLES. 

1. Find the greatest common measure of the terms of the fraction, 

a* — x* 



a^-\-a^x — aa^ — sc^ 



* The method of finding the greatest common measure of any two quan- 
tities may be easily extended to the finding the greatest common measure 
of three or more quantities. For, let a, ft, c, represent any three quanti- 
ties, and let x be the greatest common measure of a and ft, and y the great- 
est common measure of c and x ; then, since whatever measures x, mea- 
sures also a and h ; whatever measures c and rr, measures also a, ft, c ; 
therefore the greatest common measure of c and x is also the greatest com- 
mon measure of a, ft, and c ; ,\ y is the greatest common measure. If, 
again, z be the greatest common measure of y and rf, then will z be also 
the greatest common measure of a, ft, c, and rf, &c. The chief use of the 
greatest common measure of the terms of a fraction, is to reduce the frac- 
tion to its simplest form. In many fractions this common measure is dis- 
^mible at sight, these therefore may be simplified without the aid of the 
above rule 
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Arranging the terms according to the powers of a, 

a*+a*x — ax* — a^)a* — x*(a — x 

a* -f a^x — a^a^ — aa^ 



— a'a? + a V + oar* — x 

— a^x — a V -f ax^ + ar* 



2aV — 2ar* 

2aV — 2ar«\ 
or expunging 2x» ja» + a'x — cm:« — x» (a + ar 



a*x — 3^ 
a^x — a^ 



Whence it appears that a' — a:* is the greatest common measure of 

the terms of the proposed fraction, and, consequently, by dividing 

both numerator and denominator by this common measure, the frac- 

a* -{- a^ 
tion is reduced to its lowest terms, and becomes . 

a* or* 

2. It is required to reduce -g 3-^ to its lowest terms. 



Arranging the terms according to the powers of a ; 

or a* — ar*(a«+ar« 

a^ — a^j a* — ttV 



a V — X* 
a V — X* 



The greatest common measure being a' — or', the fraction in ils 



iowest terms is ^^A 

or 
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ti. Reduce the fraction -^r-^ — z to its most simple form.* 

2ar -f Sax + a' '^ 

ax — a' 

Ans. — = . 

X + a 

Qaa^-^aa^ 12ax 

4. Reduce the fraction to its lowest terms. 

6ax — 8a 

Ans.- 



2 



5. Reduce the fraction -= — ^ to its most simple form. 



a^ — a^iM-xj^ — y* 

Ans. . . , ■ 

or — xy+jr 

gj^ 24x 9 

a. Reduce the fraction r—z ~ to its lowest terms. Ans. #• 

2ar — 16a: — 6 

(29.) From having the greatest common measure of two quanti* 
ties, their least common multiple may be obtained, this being equal 
to the product of the two quantities divided by their greatest common 
measure : For, let x be the greatest common measure of a and h, 

and put - = p; and - = g ; then p and q cannot have a common 

X X 

measure ; now, since a = pXy and b = qXy and since pq is the least 
common multiple of p and q, and therefore pqx the least of px and 

nh 

qx; pqx (or its equal — ), must be the least common multiple of 

their equals, a and b. The least common multiple of three quanti- 
ties is had by first finding that of two, and then the least common 
multiple of it and the other quantity, &c. 

To Reduce Fractions to a Common Denominaior, 

(30.) Multiply each numerator, separately, into all the denomina- 
tors, except its own, and the products will be the new numerators. 

Multiply all the denominators together, and the product will be 
the common denominator. 



* In finding the common measure, either numerator or denominator may 
be taken as the first divisor, whichever is found most convenient. 

t This fraction appears less simple than the original one, but it is ir^ 
reality more so, the numerator and denominator of the former being, le* 
spcctively, r-f-y times that of the latter. 
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That this process alters the farm merely, and not the value of the 
several fractions, will appear from observing that the numerator and 
denominator of each fraction are both multiplied by the same quan- 
tity, viz. by the product of the denominators of the other fractions. 

Note. If one of the given denominators should happen to be 
equal to the product of all the others, (as in Example 1, following,) 
then this denominator will obviously be the same as the common 
denominator, found by the above rule, for the other fractions ; so 
that it will be sufficient to operate upon these only in order to reduce 
the whole to a common denominator. (See the second solution to 
the first Example.) 

EXAMPLES. 

1. Reduce the fractions — , — , and — to a common denominator. 

xy y X 

axy ^ 

aarX a?y X a; = as^y > the new numerators. 

aXxyXy ^axt^ j 
xyXyXx = ary = the common denominator ; 

.•. the three fractions are -5-^, — 5-?* and —5^. 

Since, however, in each of these fractions xy is common to both 
numerator and denominator, this quantity may be expunged, and the 
fractions written in the following more simple form : 

a ax^ ay 
xy' zy' xy 

But, by attending to the Note (above) we arrive at once at these 

simplified forms. Thus, taking the second and third fractions only, 

as the product of their denominators gives the denominator of the 

first, the process will be 

axXx=^ ao^ ) 

> the new numerators, 
aXy — ay^ 

xy the common denominator ; 

hence the three fractions are 

a ao^ ay 

xy xy* xy 
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2. Reduce the fractions — • — , and |, to a common denominator. 

ax X 

. 16a? Mx , 3ax» 
^^'- W' W' ^^^ 4i? 

' ^ . , 16 8rt' ^ Sax 

Or more simply, — , — , and — • 

fix "{• \ X '\' (I 

3. Reduce and — :; — to a common denominator. 

a 3 

6a: -f 3 , aX'{-a^ 
Ans. -^^ and -^. 

2a:* — a 

4. Reduce — - — , a, and 4, to fractions having a common de- 
nominator.* 

. 23s\ — a 2a' , 8a 

Ans. — , -r-. and ^7-. 

2a ' 2o' 2a 

3^ — 2 2a^ — a:+4 

6. Reduce — z , and to a common denominator. 

4a a-\-x 

. 2aa^+Sa^ — 2x — 2a , Saa:*— 4aa:+16a 

Ans. —a — and —-3 — z • 

4a' + 4aa: 4a* -f 4aa: 

6. Reduce , , -= -„, to a common denominator.t 

x + y x—y'a^ — if 

a{x — y) b{x-x-y) c 
^^^- x'—y^ > x« — 3^' ?^" 

,- T> J a — a: a + x a — x 1 ^ , 

7. Reduce , —7-5 sr. , » to a common de- 

ar a:(a*^a:*) a 4- ar a — x 

nominator. 

. (a + x)(a — xy a-\-x x{a — a:)' x{a-\- x) 
x{a^ — x') * x{a^ — x'' x{a^ — s^' i^i'^^?) 



* Whole quantities may be put under a fractional form by making their 
denominators unity : thus, 

f See Note, page 36. The student will have frequent occasion for the 
property mentioned at page 29, viz. that the sum multiplied by the difference 
of two quantities gives the difference of their squares, 
4 
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ADDITION OF FRACTIONS. 

(31.) Reduce the fractions to a common denominator. Add tho 
numerators together, and under the sum place the common de- 
nominator. 

EXAMPLES. 
, A ,, , 2& ,1 

1. Add together -= — ra and -. 

ar-\-(r x 

26 1 2bx x^-^-h^ a^+26x+6" ^ . ^ 

"i — — 3 — IT + la — w ~ — Z3TT2 *"® '^^^ required. 



a:«H-6* • a? ic'-h/^^a: ' x'+l^x x'+b^x 

X 4- V X — V 2a:' 4- 2v' 

2. Add together — ^ and -— ^. Ans. , ^ 

8^+2 4x4-3 , 5x-f4 

3. Add together , — 7 — > and . 

^ a o c 

bc(Sx+2) + ac{Ax+S) +ab{5X'\-A) 

abc 

^ , „ , 2a 3a' 26 , . 

4. Add together -j-, — , — , and 4. 

4a«+a»6+46^+a6 
^^^ 2^6 

XV 1 

5. Required the sum of -^ 5, » and . (See Note. 

* """jT ^ "T y '^~~~y 

page 36.) 



Ans. 



x*-3/^ 



6. Express .r — J h ^ — 5-^Ti in a single fraction. 

y — 2mpf—px 
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SUBTRACTION OP FRACTIONS. 

(32.) Reduce the fractions to a common denominator, which 
place under the difference of the numerators. 

EXAMPLES. 

• 

12a? _ 6ax 

1. Subtract from -r-. 

a 5 

6ax 12a: 6a^x 60a? {6a» — 60)x ^ ^.«. 

—z = -z, = — = ^ = the dirorence required. 

5 a 5a 5a 5a ^ 

o G I* ♦ 2^+1 r '^^ A 17a? — 2 

2. Subtract — rr— from —-• Ans. ;; • 

3 2 6 

3. Subtract from — ---— Ans. 5 — . 

X — 1 a?+l a?" — 1 

4. Subtract from . Ans. 



ar-fy a? — y a;* — ^ 

5. Subtract -= 5 from . Ans. ■ , ■ — 5-. 

a» — y^ X — y a* — y« 

« CI ^ . 2ar—lSx-\'l ^ 5a:— 3 . 3a:+2 

6. Subtract -^ — ; from — — — . Ans. -. 

ar — 1 a:+l a:— 1 



MULTIPLICATION OF FRACTIONS. 

(33.) Multiply the numerators together, and it will give the nu- 
merator of the product. 

Multiply the denominators together, and it will give the denomi* 
nator of the product. 



EXAUFLES. 



4ax 2a 

1. Multiply -— by — . 



4aa: 2a Sa'a? . , , . . 

-—- X — = - -=- the product required. 
3 o lo 
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2. Multiply — ^—^ by — . 



4a: + 6t/ 
Ans. = the product in its lowest tenns 

X 



3. Multiply — jr — by . Ans. 

^^-^ 2 -^ a — X a — X 

O -4- X (L "-^ X tt ^~~ X^ 

4. Multiply , , and ■ , . , together. 

a*— 2aV+ar* 

5. Multiply ^, and together. Ans. 1. 

^^ X ' x-\-y x—y ^ 



6. Multiply ^^ -P^ by 



2 "J^ 3ra— x)' 

Ans. ^+^. 



DIVISION OF FRACTIONS. 

(34.) Divide by the numerator of the divisor, and multiply by the 
denominator ; Or, which is the same thing, invert the divisor, and 

proceed as in multiplication. 

X 2x X 

Thus, if - is to be divided by — ; then, dividing - by 2ar, gives 

X 2x 

— -. But 2j: is 7 times ■— ; therefore, as the divisor was 7 times 
4a: 7 

too great, the quotient must be 7 times too little ; consequently, 



a: „ 7ar 7 
4x 4a; 4 



is the true quotient. 



EXAMPLES. 



4x-f6 ar-f3 

1. Divide — - — by -^r — . 
3 -^ 2ar 

4x4-6 2x 8x'+12x 
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ax-{'b hx—a . a&a?+^ 

2. Divide by — i — . Ans. —, •-.. 

a '' abx — r 



6(a+a?)+2 4 

3. Divide -^-3 by ^^^-^y 



3{a"— a:»)f(a— arl 
Ans. — ^ jr-^ 



A Tk' ji • Sax — 1 ar— a 

4 Divide a+ t by 



ax+l 

a\bx+2a*)+a(x+h)—l 
^^^' b{x—a) 

J. Divide, 12 by ^— ^ — ^ — a. Ans. -j- -—i, 

6. Divide — i — ; — -= — by . , « * ^^* • 



INVOLUTION. 

(35.) Involution is the raising of quantities to any proposed 
power. 

If the quantity to be involved be a single letter, the involution is 
represented by placing the number of the power a little above it, as 
was observed in the definitions at the beginning. 

The power of a simple quantity, consisting of more than, one let- 
ter, is also similarly represented : Thus, the square or second power 



of abc is (abcYy or abc , or a'ftV, the third power is {abcf^ &c. 

(36.) If the simple quantity be some power already, or if it be 
composed of factors that are powers, then the index, or indices, 
must be multiplied by the* index of the power to which the quantity 
is to be raised : Thus, the second power of a* is a', because o*X a? 
= a* ; also, the nth power of a' is a**, because a^X c? X a^X a? 
. . to n factors is ^ \ the nth power of o*" is a""*, because, in 
4* 
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like manner, a^Xa^Xa^ to n factors is a"*, whether m 

be whole or fractional. In the same manner the nth power of €^b^c 
is a^"&'*"c", &c. 

If the quantity have a coefficient, that coefficient must be raised 
to the proposed power, and prefixed to the power of the letters. 

Note. If the quantity to be involved be negative, the signs of the 
eoen powers must evidently be positive, and those of the odd powers 



negative. 



EXAMPLES. 

The square of 2ax is 4aV. 

The fourth power of 6a'a: is 1296aV. 

The third power of — c^lrc is — a^fcc*.* 

The fourth power of x^jf^ is a^ff^* 



V. ..a« 



The sixth power of 2— is ^^tj-* 

The nth power of 3aV is S^'af^a^. 
The fifth power o£ a^xy is a'ary. 

The fiflh power of 3- is 

The seventh power of — o~*af~^ is 

a"* 
• The fourth power of — ^-j is 

The nth power of a"*j:'* is 

(37.) When the quantity is compound, the involution is performed 
by actual multiplication. 



3 1 

* The quantity a? signifies the third power of a^. The denominator 

Df every such fractional exponent always expresses, agreeably to the nota- 
tion explained in the definitions, the root, and the numerator the power of 

that root. If, for instance, a represented 4, then a^ would represent its 

second or square root, viz. 2 ; and a^ would express the cube or third 
oower of this root, and would therefore signify S« 
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EXAMrLES. 

What is the fourth power of a +6! 

a+b 
a + b 


The square 


a* + ab 

ab + b^ 

a« + 2ab + 6« 
a+b 


The cube 


a» + 2a^b + ab^ 

a'b + 2ab^ + l^ 

a+b 




a^b + Sa'b^ + Safe* + ft* 


The fourth power 


a* + 4a'ft 4- 6o*ft» + 4a6'» + 6* 



43^ 



What is the square oC a + b + cl 
a + b + c 
a + b + c 



a* + ab + ac 

ab + b^ + be 

ac + be + <? 



a' + ^ab + 2ae + l^ + 2be + (^=za^+ 2ab + V J 2e (a + b) 
+ e''={a + by + 2e{a + b) + c«. 

In the involution of a + ^ we observed that its squaj^j was equal 
to the square of a -f the square of 6 + twice the product of a, 6 ; 
and, in the square of o + 6 + c, by considering a + 6 as one term, 
we have the same property, viz. it is equal to the square of (a+b) 
+ the square of c + twice the product of (a + 6) c, as we have just 
seen ; and It might also be shown, in a similar wav. that the sauare 



,44 EVOLUTION. 

of a quantity of four terms has the same property, by separadng 
the three first terms, and considering them as a single term ; and so 
on of any polynomial whatever. 

Required the cube of (a — ar). 

Ans. o' — Sa^x+Saa^ — x\ 

Required the square of 4ax-fx+l. 

Ans. 16aV+8aa:*+8aa:+a:*+2x4.1. 

Required the 4th power of (a — x). 

Ans. a* — 4aV+6aV — iaa^+a^. 

Required the 4th power of y'x'+j^ 

Ans. x*+2a:*y*+jf*. 

Required the 6th power of y/a-{-x. 

Ans. a*+8a'a:+3aa:'+a:'. 

Required the 5th power of ^x — y, 

Ans. (a: — y) ^x — y. 



EVOLUTION. 

(38.) Evolution is the extracting of roots. 

The evolution of simple quantities is represented by indices, simi- 
larly to involution, and if the simple quantity have already an index, 
or if it be composed of factors having indices, the operation of evo- 
lution is performed by dividing the index or indices, being the re- 
verse of the operation of involution : thus, the nth root of a""* is a"*, 



r t 



the nth root of a*" is a", the nth of a't* is a" 6", &c. Hence the 
roots of quantities are properly expressed by means of fractional 

■2. 

mdices ; for the cube root of a' is a^, and the cube root of a or a} 

IS a^ ; also the fourth root of ah^ is a^6*, &c. 
It likewise appears that, since the division of the powers of the 
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same quantity is performed by subtracting their indices, when llie 
divisor is greater than the dividend, the quotient must be a quantity 
with a negative index : thus, 

-3 = a»-» = a-»; ^ = a«-^ = a-^ &c. 
^ a' a* ' 

a" ^ a" 

also, — = a""^ = a\ but — = 1, 

whence results this singular property, that a° is always = 1, what- 
ever be the value of a. It also follows that 

— or - = ar-^ = a~*; -r = -^ = a~% &c. 
a a a^ a^ 

a° 1 
or -- = -- = a"", 
a" a" 

Hence, generally, both powers and roots, as also the reciprocals* 
of both powers and roots are correctly represented by means of ex- 
ponents or indices. 

Note. Since the even powers of all quanthies, whether positive 
or negative, are alike positive, (Art. 36, Note,) it follows that the 
even roots of all positive quantities may be either positive or nega- 
tive ; but the odd roots of a negative quantity must be negative, and, 
of a positive quantity, positive. 

EXAMPLES. 

The cube root of aV is a' a^, 

1 1 15 

The 5th root of -jr« is "~H~T> or a~«6~*. 

The square root of ^-^^ is ^^^ or ax^b-^c-^d-^' 

oca ■■ 3. « -i' 
b^<^d^ 

The cube root of — 8a-»Mar^ is — 2a-'6'ar-^ or — 



ax 



f 



• The reciprocal of any quantity is unity divided by that quantity ; 

thas, -« is the reciprocal of o^, — r— is the reciprocal of a-^x, &c 
AT a-\-x 
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The 4th root of —^j. is — ,-•, or 2a^6' . S-'c-^d'*. 

4 

The square root of -j — is 

The 4th root of a-^b'^c is •^ 

The cube root of — 27 a^b^x-^ is 

The 5th root of — - — is 

The cube root of , jl is 

To Extract the Square Root of a Compound Quantity, 

(39.) Arrange the terms according to the dimensions of some let- 
ter, and extract the root of the first term, which must always be a 
square ; place this root in the quotient, subtract its square from the 
first term, and there will be no remainder. 

Bring down the two next terms for a dividend, and put twice the 
root just found in the divisor's place, and see how oflen this is con- 
tained in the first term of the dividend, and connect the quotient both 
to the last found root and to the divisor, which will now be com- 
pleted. Multiply the complete divisor by the term la* placed in the 
quotient, subtract the product from the dividend, and to the remain- 
der connect the two next terms in the compound quantity, and pro- 
ceed as before ; and so on till all the terms are brought down. 

The reason of the above method of proceeding will appear obvi- 
ous from considering that, as the square of a + 6 is a'+2a5-|-6* (Art. 
37), the square root of a*-f 2ab + &' must 

be a + 6. Now a is the root of the first a'+2ab + fc*(o + b 

term, whose square being subtracted, a' 

leaves 2ab+b^j the first term of which 

divided by 2a gives 6, the other part of 2a+6)2aft-f J* 

the root, which, connected to 2a, com- 2ab-\-b^ 

pletes the divisdr 2a-f &» and this multi- 

plied by 6, the term last found, gives '' * 

2ab + ¥, which finishes the operation; 

and these several steps agree with the rule. 






I 
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11 the root consist of three terms, a+b+c, its square will be 

(a 4 6)*-f 2c(a + 6)-fc'(Art. 37), and we may return from this 

square to its root in a similar manner, viz. by finding first a, and 

then 6, as above, and then deriving c from (a +6) in the same way 

that b was derived from a ; which is also according to the rule, and 

tne sanflfe might be shown when the root consists of four, or a greater 

number of terms. 

a^^2ab-\-li^+2c{a+b) + c^{a + b + c 



a" 



2a +b 



2ab + &« 
2ab + ¥ 



2 (a + ft) -h c 2c(a + 5) + c' 

2c(a + 6) + c" 



1. 



EXAMPLES. 

9ar* — I2jr*+ I6a:« — 8a:+ 4(3a:"— 2ar + 2 
9a:* 



6a:«— 2a: 



12ar* + 16a:* 
12a:* + 4a:" 



6«* — 4x + 2 



12a:2— 8x + 4 
12a:"— 8a: + 4 



4a:« + 12ar* + 5x* — 2ar» + 7a:"— 2a: + 1 (2a:* + 3a:" 
4a:« 



— c-i. I 



43:*+ 3a:" 



12a:* + 5a:* 
12a:* + 9a:* 



4a:* + 6a:"— a: 



_4j^_2a:* + 7a:" 
_4a:<_6a:*-f a^ 



4a^ + 6a:" — 2a: + 1 



4a:* -f 6a:"— 2a: + 1 
4ar* + 6a:"— 2a:-f 1 
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3. Extract the square root of 4ar*— 16ar'+24x"— 16ar+4. 

kns.23^ — 4a; +2. 

4. Extract the square root of 16xH24jr*-f 89x»+60x-f 100. 

Ans. 4aT*+3a:+10. 

6. Extract the square root of 1 +ar. 

6. Extract the square root of 9a:« — 12a:^ + 10a:*— 28ar» + 17a:* 

— 8a:-f 16. 

Ans. 3ar*— 23:*+ 



(40.) From the above method of extracting the square root of 
algebraical quantities, is derived that for the extraction of the square 
root of numbers, usually given in books on arithmetic. In order to 
extract the square root of a number, it is necessary, first, to ascer- 
tain how many figures the root sought will consist of; which may 
be done by placing a dot over every alternate figure, commencing 
with the units : the number of these dots will be the number of 
figures in the root; for since the square root of 100 is 10, the 
square root of every whole number less than 100 must consist of 
but one figure ; and since the square root of 100 is 10000, it follows 
that the square root of every number between 100 and 10000 must 
consist of but two figures ; likewise, since the square root of 1000000 
is 1000, the square root of every number between 10000 and 1000000 
must consist of but three figures, dec; and in each of these cases 
the number of dots will be 1, 2, 3, &c. dec. respectively. 

Let it be required to find the square root of 56644. 

Here the points indicate that the root con- 
sists of three figures, and the greatest square 56644 ( 238 
contained in 5 is 4, therefore the first figure 4 
of the root is 2, whose square taken from 5 
leaves 1, to which the two next figures 66 
being connected, gives 166 for the first divi- 
dend. Put 4, the double of the root figure, in 
the divisor's place, and it is contained in 16, 
4 times ; but, upon trial, 4 is found rather too 
great, the next figure of the root is therefore 3, 
\vhich number being placed in the divisor com- 



43 


166 
129 


468 


3744 
3744 
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pletes it ; and the product of this divisor and last root figure taken 
from the dividend, leaves 37, to which the remaining two figures axe 
connected, and the same operation repeated. To exhibit, however, 
more clearly the similarity between this and the algebraical process,, 
let the figures of the number 56644 be represented according to 
their values in the arithmetical scale ; thus, the value of the first 
figure 5 is 50000, that of the second 6000, of the third 600, of the 
fourth 40, and of the last 4. Now, as it is necessary that the first 
term should be a square, and as in this case it is not, it will be pro- 
per to substitute for 60000, 40000+10000, 40000 being the great- 
est square contained in it ; the operation will then be as follows : 

40000 + 10000 + 6644 (200 + 30 + 8 
40000 or 



400 + 30 

or 

430 



238 



10000 + 6000 
or 
16000 
12900 



400 + 60 + 8 
or 
468 



3100 + 600 + 40 + 4 
or 
3744 
3744 



To Extract the Cube Root of a Confound Qiiantity. 

(41.) Arrange the terms according to the dimensions of some let- 
ter, and extract the root of the first term, which must be a cube ; 
place this root in the quotient, subtract its cube from the first term, 
and there will be no remainder. 

Bring down the three next terms for a dividend, and put three 
times the square of the root just found in the divisor's place, and see 
how oflen it is contained in the first term of the dividend, and the 
quotient is the next term of the root. Add three times the product 
of the two terms of the root, plus the square of the last term, to 
5 
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the term already in the divisor's place, and the divisor will be com- 
pleted. 

Multiply the complete divisor by the last term of the root, sub- 
tract the product from the dividend, and to the remainder connect 
the three next terms, and proceed as before. 

For (by Art. 37,) the cube of a -f ft is 

a»+ 3a«6+ 3aft« + 5»; 

and, from having the cube given, its root is found by the following 
process, being the same as that directed above, and which, afler 
what has been said of the square root, does not seem to need any 
further explanation. 

a' + 3a«ft + 3a5» + ¥{a + b 



8o» + 3a6 + ft» 3a«ft + Sa¥ + 6' 



If the root consist of three terms, a, 6, c, they may be obtained 
by first finding a and 6, as above, and then deriving c from (a + b) 
in the same manner that b was derived from a. 



EXAMPLES. 



1. Extract the cube root of a:"— 6j:*+15a?*— 20a:»+15a:*— 6jr+l. 
af^^63^+l5x*—20a^+16a^—6x+l (a:»— 2ar+l) 



3a;*— 6ar»+4x' 



—ex^ +15x^—200^ 



3jr*— 12ar'+15a;*— 6a:+l 



3x*— 12ar^+15a:'— 6j?+1 

3ar*— 12ar»+15x*— 6x+l 



1 
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2. Extract the cube root of x^+6q^ — 40x'+96x — 64. 

a* + 6ar^— 40r» + 96a? — 64 (x* + 2x — 4 



3a:* + ea:* + 4x* 



6x* — 40a:' 

6a:* + 12a:* + 8a:* 



3a:* + 12a:' — 24x + 16 — 12x* — 48ar» + 96a: — 64 

— 12a:* — 48ar» + 96x — 64* 



# 



3. Extract the cube root of 8a:» + 36a:* + 54a: + 27. 

Afis. 2x-f 3. 

4. Extract the cube root of 276® — 54a:* + 63a:* — 44a:' + 21»* 
— 6a: + l. 

Ans. 33:" — 2a: +1. 

5. Extract the cube root of o' + 3a*6 + 2al^ -f 6* + 3a'c + Qabr 
+ 8ft«c + 3ac» + 3ftc»+ c». * 

Ans. a + b + c. 

From the foregoing method of extracting the cube root algebraic- 
ally, may be derived the numerical process for the cube root given 
in books of arithmetic. But this tedious operation is now entirely 
superseded by the easy and concise method which we have given in 
our chapter on Cubic Equations, contained in the Chapter on the 
Theory of Equationsj which forms a supplement to the present 
volume. 

* In this example only two terms are brought down each time, instead 
of three, because in the proposed expression there are two terms absent, 
viz. those containing re* and a^. If we write the expression thus, 

a«+ 6a^ rh 0a:*—40a:*zfc Ox»-f 96a:— 64, 

then three terms will, in effect, have been brought down, as in the pre> 
ceding example, since Ox* and Oac^ are each = 0. 



52 SIMFLX EatTATioira. 



CHAPTER n. 

ON SIMPLE EQUATIONS. 

(42.) An Equation is an algebraical expression of equality between 
two quantities. 

Thus, 44-8 = 12 is an equation, since it expresses the equality 
between 4 + 8 and 12 ; also, if there be an equality between a — b 
+ c andf+g — A, then a — h + c=f+g — h expresses that 
equality, and is therefore an equation. 

(43.) A Simple Equation, or an equation of the first degree, is 
that which contains the unknown quantity nmply ; that is, without 
any of its powers except the first. 

(44.) A Quadratic Equation, or an equation of the second degree, 
is that which contains the square, but no higher power, of the 
unknown quantity. 

(45.) An equation* of the third, fourth, &c. degree, is one in 
which the highest power of the unknown quantity is the third, 
fourth, &c. power. 

(46.) And in general an equation, in which the mth is the highest 
power of the unknown quantity, is called an equation of the mth 
degree. 

Note. Each of the two members of an equation is called a side. 

▲XIOHS. 

(47.) 1. If equal quantities be either increased or diminished by 
the same quantity, the results will be equal ; or, in other words, if 
each side of an equation be either increased or diminished by the 
same quantity, the result will be an equation. 

2. If each side of an equation be either multiplied or divided by 
the same quantity, the result will be an equation. 

3. If each side of an equation be either involved to the same 
power, or evolved to the same root, the result will be an equation 

4. And generally, whatever operations be performed on one side 
of an equation, if the same operations be performed on the other 
side, the result will be an equation. 
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PROPOSITION. 

(48.) Any term on one side of an equation may be transposed to 
the other, provided its sign be changed. 

For let x+a — b=^c+d be an equation, and add b to both sides : 
then (by axiom 1), or+a — h+h=C'\-d+by that is a;+a=c+ci-f 6, 
where h is transposed from the lefl to the right hand side of the 
equation, and its sign changed. Again, subtract a from each side 
of this last equation, then x+a — a^c+d+b — a; that is, x=ze 
+d'{-b — a, where a is transposed, and its sign changed; and in 
the same manner may any other term be transposed. 

EXAMPLES. 

Transpose all the terms containing the unknown quantity Xf in 
the following equations, to the lefl hand side, and the known tehns 
to the right. 

1. Given 4a? + 12 = 2x—x + 21. 

Here Ax — 2x + a: = 21 — 12, the terms being transposed 
as required. • 

2. GWen| = 10-f + |. 

XXX 

Here - -4 = 10. 

^^ 2^43 

8. Given 14— « = 6d; + 22. 

. ^. 4 + a? 6(a?— 2) ^ 

4. Given — ^ x = — i-- — ^ — 8. 

8 5 

5. Given Sar + 7 = 28— 5a? + ^"~^ . 

dX 

6. Given oi^ + -y- = a (a? — b) + b, 

7. Given 5a? + 8 — i a? = 6 — | a? + ax, 

8. Given (2 + x)(a — 3) = 18- 2aa?. 

9. Given (a + b) (c — a?) = (a? — a)b. 



FBOBLBK I. 

To clear an Equation of Fractions. 

(49.) 1. Multiply each numerator by all the denominators, except 

its own, and the result will be an equation free from fractions : or 
6» 
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2. Multiply every term by a common multiple of the denomina- 
tors, and the denominators may then be expunged. If the least 
common multiple be used, the resulting equation will be in its lowest 
terms.* 

The reason of the first of these methods is plain ; for multiplying 
the numerator of a fraction by its denominator is the same, in efiect, 
as expunging the denominator ; and multiplying every numerator 
by all the denominators, except its own, which is left out, or ex- 
punged, is the same as multiplying every term by the product of the 
denominators ; each side of the equation is, therefore, multiplied by 
the same quantity, and therefore they are equal (axiom 2). 

The second method is equally obvious : for each term being mul- 
tiplied by a multiple of the denominators, the numerator of each 
fraction becomes divisible by its own denominator, and therefore the 
denominators may be expunged. 

EXAMPLES. 

1. Clear the equation |a: -f f ar = 12 — |x of fractions. 
By the first method, the equation cleared of fractions is 

12x + 56a: = 1008 — 63ar. 

27-4-6 5x 

2. Qear the equation -^ 26 = -- + 2. , 

Here 4 is evidently the least common multiple of the denommatois , 
.♦. multiplying by' 4, 

2x -f 12 — 104 = 5x + 8. 

4Cx+3) -, X 6x — 8 

3. Clear the equation ^ ^ -^2^ = ^ — + 2. 

2a? + 1 3a; + 5 

4. Clear the equation — ;r 4 = — — —• 

r m *u ♦• fl^ + ^ ^ cx + d 

5. Clear the equation 7 = . 

^ c ex 

€LX CL "4" a? 

6. Clear the equation — ; \- b = 0. 

^ a + X X 



* If a common multiple be evident from inspection, this last method will 
generally be the best ; but if not, the other method will be preferable. 
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^ X+S 2x 1 - 

7. Clear the equation — 7— + 6 = — —^ + J. 

4 3 

8. Clear the equation 

4a(a? + l) 2a (a?— 2) _ o + ar 

3 "*" ^1 ""21" + *' 

9. Clear the equation 

3a . ^ 4ax x 



a + — — +2= - + ^ 



a + ar a — x a^ — ac** 

10. Clear the equation 

ax X a 1 

1 = .Jl 1 Z , 

a — X a + X a — x a' — x* 

11. Clear from fractions the equation 

3 — X 3_ 1 X, — 8 
"T~ ■*■ 6 "* 20 "*■ "l0~' 

12. Clear from fractions the equation 

a+x >/a + x >/a — x 

+ 



^^a' — a^ >/ a — x ^^a + x 

PROBLEM II. 

To clear an Equation cf Radical Signs. 

(50.) Transpose all the terms, except that under the radical, to 
one side of the equation. 

Raise each side to the power denoted hy the radical, and it will 
disappear. If there he more than one radical, this operation must 
be repeated. 

EXAMPLES. 

1. It is required to free from radicals the equation 



Va -j-a: + a= i^, 
By transposition, y/a + x = b—a; 
and by squaring each side, a + x=V — 2ai^ + a*. 
2. It is required to free from radicals the equation 



J 3a? + x/a: — 6 — 2 = 3ar. 



By transposition, J 3a: + ^x — 6 = 3a; + 2 ; 
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and by squaring each side, 

Sx + Vx — 6 = 9aj« + 12a? + 4; 
or by transposing, 

^x — Q = 9«* + 12a? + 4 — 3a? = 9aj« + 9a? + 4 ; 
whence, by squaring again, 
a;— 6 = (9a?» + 9x + 4)« = 81a?* + 162aj« + 15Za* + 72a? + 16. 

8. It is required to free from radicals the equation 

Vo'a? + V^=: b. 

By cubing rfx + \^?? = ft* J 

and by transposition, y/a*x^= 6* — tfx ; 

and by squaring a*a^=: (ft* — a*xy = ft* — 2a" 6*x + a*a^. 

4. It is required to free from radicals the equation 

^a?-h7= >/x + 1. 

« By squaring, in order to clear the first side, 

a? + 7 = )a? + 2Vx + 1, 

and by transposing, 

a? + 7 — a? — 1 = 2^^a?; 
that is, 

6=:2x/a?.-.d=:Va?, 

and by squaring, we have finally 

9 = a?. 

5. Clear from radicals the equation 

x/8 — a? + 6 = 8 + X. 

6* Clear from radicals the equation 

Va? — 2 = 4 — 8x/a?. 

7. It is required to firee from radicals the equation 

24 + y/ax + b = 2x — a. 

8. It is required to free from radicals the equation 

a+x/— a+^/a?+2 = 3. 

9. It is required to free from radicals the equation 

Va -f y/2ax = X. 

10. It is required to free the equation 

J 1 + \^a? + y/ax:=z 2 from radicals. 



r 
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11. It IS required to free from radicals the equation 

s/a — a? 4- 2 = 6 — ^x. 

12. It is required to free from radicals the equation 

3^J~r4_l= ^2+ Jx—\. 

PROBLEM lU. * 

To 9olw a Simple Equation containing but one Uhknoum Quantity. 

(51.) Clear the equation of fractions and radicals, if there he any. 

firing the unknown terms to one side of the equation, and the 
known terms to the other. 

Collect each side into one term, and the unknown quantity, with 
a known coefficient, will form one side of the equation, and a known 
quantity the other side. 

Divide each side hy the coefficient of the unknown quantity, and 
the value of the unknown will he exhihited. 

Note. Before performing any of the above operations, the equa- 
tion may sometimes be previously simplified by the application of 
the 1st or 2d axioms, as will be seen in some of the following solu- 
tions. 

exauples. 

1. Given 4* + 26 = 59 — 7aj, to find the value of x. 
By transposition, 4^; + Tor = 59 — 26 ; 
collecting the terms liar = 33. 

> .*. dividing by 11, and we get x=z^=s 8. 

** r^. * ^ 4a? — 2 ^ , , 

2. Given - + 6ar = — r — t to find the value of x. 

o O 

Clearing the equation 6x -f 90x = 12x — 6 ; 
and by transposition, 5ar + 90x — 12a? = — 6. 
or collecting the terms 83a? = — 6; 
.-. dividing by 83, x:=> — /y. 

^ ^. 3a? + 4 7ar — 3 a?— 16 ^ . ^ 

3. Given — r jl — = — ;; — » to find the value of a?. 
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Here we immediately perceive that 20 is the least commox, 
multiple of the denominators ; 

.% multiplying every term by 20, 

12a? -f 16 — 70a: + 30 = 5ar— 80; 

and by transposition, 

12x — 70a: — 6x=:— 80 — 16 — 80; 

or collecting the terms — 63a: = — 126 ; 

.% dividing by — 63, a: = — —- == 2. 

ar-f3 2(ar — 1) 

4. Given — f = — — ^ — - — f , to find the value of ar. 

7 o 

a:4-3 2(ar — 1) , 

By transposition, — ^— ^ = J — | = — 1 ; 

7 o 

and clearing the equation, 8a: -j- 9 — 14a; +14 = — 21 : 

or by transposing, 3a; — 14a: = — 21 — 9 — 14 ; 

and collecting the terms — 11a: = — 44 ; 

— 44 
.% dividing by — 11, a:= — — =4. 

5. Given — 2 = — 1- a:, to find the value of a:. 

3 3 

Multiplying every term by 3, 

6x — 4 — 6 = 18 — 4x + 3x; 
and by transposition, 6a' + 4a: — 3ar =18 + 4 + 6: 
or collecting the terms 7x = 28 ; 
.*. dividing by 7, a: = y = 4. 

^ ^. 3a:+l 3(a: — 1) 9 ^ :, ^ , r 

6. Given —z -^ — — rr^ = -t-j to find the value of a:. 

3x 3x + 2 11a: 

Clearing the first side, 

ft-2 . ft . o ft^ . ft 81a:»+54a: 81a:+54 

9a:*+9x+2 — 9a:*+9ar= — --^- = — -^ ; 

11a; 11 

Or, collecting the terms on the first side, 

,o . ft 81a? + 54 
18a;+2= — ^-—\ 
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and multiplying by 11, 198a? + 22 = 81a: + 64 : 
or by transposing, 198a: — 81a: = 64 — 22 ; 
that is, 117x= 32; .\x = ^3^. 

X — 2 2^/x 
7. Given — ; — = — s— , to find the value of x. 
V a? o 

Clearing the equation 3a: — 6 = 2a:; 

or, by transposing, 3a: — 2a: = 6 ; that is, x=z6. 



8. Given x + y/ 2ax -f a,** = a, to find the value of a?. 



By transposition, ^/2ax + s[^z=^a — x; 

and squaring each side, 2aaj 4- a:* = a' — 2aa: + a^-, 

or by transposing, 2aa: + 2aa? = a' + a:* — x^; 

that is, 4aa: = a% and .•. a: = -— = -. 

4a 4 

9. Given 2 ^a* + a:* = 4 (a — ia:), to find the value of x. 

By squaring each side, 4a' + 4a:* = IBa'^ — 16aa: + 4a:" , 

and subtracting 4a:', ^^&16a' — 16aa; (axiom 1); 

or dividing by 4a, ^^H^P^a: (axiom 2) ; . 

and by transposition, 4a: = 4a — a; 

3a 
and .'. X = ---. 
4 



10. Given a + x = v'a* + x ^/ b^ -^ a^, to find the value of x 
By squaring each side, 

a^ + 2ax + a^=za* + x y/V+W; 



and subtracting a', 2aar + a:* = a: V 6* + a:* (axiom 1) ; 

then dividing by a:, 2a + a: = V ^ + a?* (axiom 2) ; 
and squaring both sides, 4a' + 4aa: + ^ = ^' + ^ > 
or subtracting a:', 4a' + 4aa: = ft' (axiom 1) ; 
and by transposition, 4aa: = 6' — 4a'; 

- y — 4a' 
4a 
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H. Given 1^^ - 1 = ^^ to find the value of x. 

Ans. a: = 7 

2. Given ^ ^ + ^-^ = « — 3> to find the value of x. 

Ans. « =5 8 

13. Given^ — ^ + 6=^J^\tofipdthevalueofar. 

Ans. x = 6. 

14. Given -4o + 7 = ^^> ^ ^^ *^® ^^^"® ""^ *• 

Ans. x = 4* 

15. Given -yi-s — a = -^ + -^> to find the value of x. 

o* — ar a — x a-t-x 

a'+a'— 1 
Ans. X = a — • 

16. Given ^^~^^^ + | = ^ + a, to find the value of x. 

An« ^_ 3a(&+4) 




17. Given fa:" + iar = ar +^P^rto find the value of ar. 

Ans. a; = 1}. | 

18. Given 4aftar" = — X'\-ax ^ ^^ ^^ ^^^ ^^^^ ^^ ^^ 

a — 2ft 
^°"- * = 12a6-3a- 

3ar — 11 6(a? — 1) . 97 — 7a? , - , ^, 

19. Given 21 + — j^— = -^-q — ^ + — g ' 

value of «. -^^s. a? = 9. 

fp X X X 

20. Given - + - + -r + r = "^"^t to find the value of a?. 

2 3 4 5 

Ans. X = 60 

21. Given a?+T*+T* = *'*>to find the value of ar. ' 

o o 

bm 

Ans. xs= 



a+b+c 
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22. Given ^3x — 1 = 2, to find the value of or. Ans. or = J. 

23. Given iJx-^-a^ = a: + J, to find the value of x. 

Ans. a: = J. 



24. Given 3 V 2ar + 6 + 3 = 15, to find the value of x. 

Ans. ar = 5 



26. Given ^ 3ar + 18 — 4 = 0, to find the value of ar. 

Ans. X = 17. 



26. Given Va: + 3 = V21 + a?, to find the value of ar. 

Ans. a; == 4. 



/ 2 5L 

27. Given =^ + y = a + 2y, to find the value of y. 

Ans. y = 1 — a. 



a 



28. Given x + y/a — a? = j to find the value of ar. 

Vo — X 

Ans. ar=a — 1. 



29. Given ^/4 + Va^— a|a|g^^, to find the value of a;. 

^^^^^^n^ Ans. X = 2^. 

80. Given (2 + x)i + x^ = 4^^pc)-* to find the value of ar. 

Ans. a; = }. 



aVESTIONS FRODUCINO SIMPLE EQUATIONS INVOLVING 
BUT ONE UNKNOWN QUANTITY. 

(52.) In order to resolve a question algebraically, the first thing 
to be done is to consider attentively its conditions; then, having 
represented the quantity or quantities sought, by ar, or x, y, &c. if 
we perform with it, or them, and the known quantities, the same 
operations that are described in the question, we shall finally obtain 
an equation from which the values of the assumed letters ar, y, &c. 
may be determined- Instead of representing the unknown quantity 
by X or y, dec. it will sometimes be found more convenient to repre- 
sent it by 2a? or 2y, or by Sx, 3^, &c. for the purpose of avoiding 
the introduction of fractional expressions in those cases where a 
half, a third, &c. of the unknown quantity is directed to be taken : 
6 
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(see Question vii. following.) When we see by the conditions of 
the question that several different fractional parts of the unknown 
quantity will occur in the algebraical statement of those conditions, 
it will be advisable to represent the unknown by such a multiple of 
jr or of y as will be actually divisible into the proposed parts. (See 
Question ii. following.) 

QUESTION I. 

It is required to find a number, such, that if it be multiplied by 4, 
and the product increased by 3, the result shall be the same as if it 
were increased by 4, and the sum multiplied by 3. 

Let X represent the number sought ; 
then, if it be multiplied by 4, and the product increased by 3, there 
will result 4x-[- 3; but this result, according to the question, must 
be the same as a: +4 multiplied by 3; hence we have this equation, 
viz. 

4a: + 3 = 3x + 12 ; 

and by transposition, 4x — 3ar = 12 — 3; 

that is, a; = 9» tlM|aM|er required. 



t^yaoMfas] 



QUESTION II. 

It is required to find a number, such, that its third part increased 
by its fourth part, shall be equal to the number itself diminished 
by 10. 

Let X represent the number. 

m .XX 

Then, by the question, --f-- = a: — 10; 

3 4 

or, clearing the equation, Ax-\'Sx = 12x — 120 ; 

and by transposition, 4ar + 3ar — 12a: = — 120; 

that is, —5a: = —120; 

— 120 
.-. X = — - r= 24, the number required. 

We might have avoided fractions in the statement of the conditions 
of this question, by representing the number sought not by x, but 
agreeably to the directions above, by such a multiple of x as wouki 



\ 
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really divide by 3 and 4. Choosing the least multiple^ the process 
will be as follows; 

Let 12a; be the number. 

Then, by the question, 4a: + 3x= 12a; — 10; 

and by transposition, 4a: -f 3x — 12a: = — 10 ; 

that is, — 5a: = — 10 .\x= ~ =2. 

• — 5 

.•. 12a: =24, the number Jrequired. 

QUESTION III. 

A person left 350?. to be divided among his three servants, in such 
a way that the first was to receive double of what the second receiv- 
ed, and the second double of what the third received. What was 
each person's share? 

Let the share of the third be represented by j 

then that of the second was ..... lik^ 

and that of the first . 4 

and, since the sum of their shares amounts to 350Z., 

we have x+2x + ^x= 350 ; 

or 7a: = 350; 

and .'. x= ^^ = 50; 

whence the share of the first was . . £50 

of the second • . 100 

of the third . . 200 

QUESTION IV. 

It is required to divide 160Z. among three persons, in such a man 
ner, that the first may receive lOZ. more than the second, and th<!i 
second 12Z. more than the third. 

Let the share of the third be x 

then that of the second is a; -f 12 

and that of the first . . a: + 12 + 10; 

and by the question, a: + a: + 12 + a:+ 12 + 10= 160Z. ; 

that is, by addition and transposition, 3a: = 126; 
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whence, a: = ^|« = 42 : 
••. the share of the third is . £42 

second • • 54 
first ... 64 

QUESTION V, 

A merchant has spirits at 9 shillings, and at 13 shillings, per 
gallon, and he wishes to make a mixture of 100 gallons that shall 
he worth 12 shillings per gallon. How many gallons of each must 
he take ? 

Suppose x to he the numher of gallons at 9s. ; 

then 100 — x must he the numher at 13«. ; 

also the value of the x gallons, at 9^., is 9x shillings ; 

and of the 100— a:, at 13«., is 1300— 13j: shillings; 

and the value of the whole mixture, at 12^., is 1200«.: 

.'. Oar -f 1300 — 13ar = 1200 ; 

that is, — 4a? = 1200 — 1300 = — 100 ; 

_100 ^, 
consequently, x = = 25 ; 

. . there must he 25 gallons at 9«. 
and 100 — 25 = 75 . • 13«. 

QUESTION VI. 

How many gallons of spirits, at 9s. a gallon, must he mixed with 
20 gallons at 13^., in order that the mixture may he worth 10«. a 
gallon ? 

Let x he the numher of gallons at 9«., the value of which will be 
9a? shillings ; also a? + 20 will be the whole number of gallons in 
the mixture, the value of which, at 10«., is 10a: + 200 shillings, 
now the value of the 20 gallons at ISs. is 260 shillings : 

.•. 9a? + 260 = 10a? + 200 ; 

and, by transposition, 260 — 200 = 10a? — 9a? ; 

that is, 60 =s a? : 

.• there must be 60 gallons at 9^., in order that the mixture, whicn 
will contain 80 gallons, may be worth 10«. a gallon. 
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QUESTION VII. 

A fish was caught whose tail weighed 9 lbs. ; his head weighed as 
much as his tail and half his body, and his body weighed as much 
as his head and tail together. What was the weight of the fish ? 

Let 2x be the number of lbs. the body weighed ; 

then 9 + ar = weight of the head ; 

and, since the body weighed as much as both head and tail, we 
have 2x =r 9 + 9 + a: ; 

or, by transposition, 2x — x = 9 + 9 ; 

that isy a; = 18 ; 

.*. 36 lbs. = weight of the body, 

9 + a: = 27 lbs. = • . . , head, 

9lbs. = • • • . tail, 

The sum = 72 lbs. the whole weight of the fish. 

QUESTION vni. 

If A can perform a piece of work in 12 days, and B can perform 
the same in 15 days, in what time will they finish it if they both 
work at it together ? 

Let X denote the number of days ; 

then— is the part A can do in a; days ; 

l<o 

and— r is the part B can do in x days ; 

X X 

••• r:; + r^ = the whole work ( = 1 ) : 
12 15 ^ 

and, clearing the equation, 15x + 12a; = 180 ; 

that is, 27ar = 180 ; 

...a:=: VV==6|; 

.*. they will finish it in 6f days. 

9. A person wishes to divide a straight line into 3 parts, so that 

the first part may be 3 feet less than the second, and the second 5 

feet more than the third. Required the length of each part, that of 

the whole line being 37 feet 1 

Ans. the three parts are 12, 15, and 10 feet. 
6^ 
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10. What number is that whose fifth part exceeds its sixth by 7 T 

Ans. 210 

11. Two persons, at the distance of 150 miles, set out to meet 
each other : one goes 3 miles, while the other goes 7. Whdi part 
of the distance will each have travelled when they meet t 

Ans. One 45 miles, and the other 105 

12. Divide the number 60 into two such parts, that their product 
may be equal to three times the square of the less ? 

Ans. The parts are 15 and 45. 

13. Divide the number 45 into two parts, such that their product 
may be equal to the greater minus the square of the less. 

Ans. The parts are Jf and * Jf*. 

14. It is required to divide the number 36 into three such parts, 

that one half the first, one third the second, and one fourth the third, 

may be equal to each other. 

Ans. The parts are 8, 12, and 16. 

15. A person bought three parcels of books, each containing the 
same number, for 12Z. 6s. ; for the first parcel he gave at the rate 
of 5«. a volume, for the second 9^., and for the third 10s. 6d. a 
volume. How many were there in each parcel 1 Ans. 10. 

16. Find a number such that i thereof increased by i of the same, 
shall be equal to } of it increased by 35. Ans. 84. 

17. A post is i in mud, i in water, and ten feet above the water. 
Required the length of the post ? Ans. 24 feet. 

18. There is a cistern which can be supplied with water from 
three different cocks ; from the first it can be filled in 8 hours, from 
the second in 10 hours, and from* the third in 14 hours. In wha( 
time will it be filled if the three cocks be all set running together ? 

Ans. 3 hours 22 min. 24f| sec. 

1 9. A gentleman spends | of his yearly ipicome in board and 
Lodging, f of the remainder in clothes, and lays by 207. a year 
What is his income 1 Ans. 1801. 

20. Two travellers set out at the same time, the one from London, 
m order to travel to York, and the other from York to travel to Lon- 

'don ; the one goes 14 miles a day, and the other 16. In what time 
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will they meet, the distance between London and York being 197 

miles? 

Ans. in 6 days, 13J hours 

21. A person wishes to give Sd. a piece to some beggars, but finds 
he has not money enough by Sd, ; but if he gives them 2df. a piece, 
he will have 3d. remaining. Required the number of beggars. 

Ans. 11. 

22. A gamester at play staked ^ of his money, which he lost, but 
afterwards won As. ; he then lost i of what he had, and afterwards 
won d«. ; after this he lost j- of what he then had, and finding that 
he had but IZ. remaining, he left off playing. It is required to find 
how much he had at first ? Ans. IL lOs.- 

23. A person mixed 20 gallons of spirits at 9«. a gallon, with 36 
gallons at 11^. a gallon, and he now wishes to add such a quantity 
at 14«. a gallon as will make the whole worth 12^. a gallon. How 
much of this last must he add ? Ans. 48 gallons. 

24. If A can perform a piece of work in a days, and B can do 
the same in b days, in how many days will they have finished the 

work if they both work at it together 1 

ah 

Ans. hi — — 1 days. 

25. If A can perform a piece of work in a days, Binh days, C 

in c days, and D in d days, in how many days will they have im- 

ished the work, if they all work at it together ? 

. . abed J 

Ans. m-x — ; — I, . »ji — : — y days. 
abc + abd + ode + o.ac '' 

26. It is required to find a number such, that if it be increased by 
7, the square root of the sum shall be equal to the square root of 
the number itself and 1 more. , . Ans. 9. 

27. It is required to find two numbers, whose difference is 6, such, 
that if \ the less be added to \ the greater, the sum shall be' equal 
to i the greater diminished by \ the less. Ans. 2 and 8. 

28. A labourer engages to work at the rate of 35. 6d. a day, but 
on every day that he is idle he spends 9df., and at the end of 24 days 
finds, that upon deducting his expenses, he has to receive 3Z. 2^. Sid. 
How many days was he idle ? Ans. 5 days. 
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I 29. A person being asked the hour, answered that it was between 
6 and 6, and that the hour and minute hands were exactly together 
What was the time ? Ans, 27' 16^" past 5. 

30. A gentleman leaves 31 5Z. to be divided among his 4 sons in 
the following manner, viz. the second is to receive as much as the 
first, and half as much more ; the third is to receive as much as the 
first and second together, and ^ as much more ,* and the eldest is to 
receive as much as the other three, and i as much more. Required 
the share of each. 

. i The share of the 1st is 24Z., of the 2d 36Z., 
^ of the 3d 80Z., and of the 4th 175Z. 



PROBLEM IV. 

To resolve Simple Equations corUaining two Unknown QuanHHes. 

(53.) When there are given two independent simple equations, 
and two unknown quantities, the value of each unknown quantity- 
may be obtained by either of the three following methods. 

Fir^ Method. 

(54.) Find the value of one of the unknown quantities in terms 
of the other and the known quantities, from the first equation, by 
the method already given. Find the value of the same unknown 
quantity from the second equation. 

Put these two values equal to each other, and we shall then have 
a simple equation containing only one unknown quantity, which may 
be solved as before. 

Thus, suppose ax + by =^ c; and ax -f b'y = c\ 

Then, from the first equation, x = ■ ; 

a 



and from the second . . a; = 



c-Vy, 



a' 
c — by c' — b'y 



whence, equating these two values of a?, 

^ ^ a a 

and clearing the equation, a'c — a'by = ac' — ab'y 
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or, by transposition, ah'y — a'hy=z ac' — a'c; 

that is, (ab' — a'b) y^ac' — a'c; 
_ ac' — a'c 
'''^-^ab' — a'b' 

and this value being substituted in either of the above values of x 
gives 

b'c — be' 



a? = 



ab' — a'b* 



SXAHPLES. 



1. Given ? Qj._2y = 10 S ' *° ^^ ^^® values of x and jf. 
From the first equation x = ^ — ?, 

and from the second ... x = — ^t_Jf j 

5 

23— 3y 10 + 2y 

• • _ SIS - J 

2 6 ' 

or 1 1 5 — 15y = 20 4- 4y ; 

and by transposition, — 15^^ — 4y = 20 — 115 ; 

or — 19y=: — 95; 

— 95 

consequently, x(= — Z— 2)-: 4, 

2. Given I ^^"^ «= 33 ( » ^^ ^^^ *^® values of x and y. 

From the first equation y = — ~ — , 

and from the second ... y = 33 — 4a; ; 

45 — 5x ^^ ^ 
••• 2 = 33 — 4^> 

or 45 — 5af=66 — Sx; 
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and by transposition, Sx — 5x = 66 — 45 ; 

that is, 8a; = 21, 

.•• a?= 7, andy(=3d — 4x) = 5. 

3. Given | g-g = JJ| , to find the values of « and y. 

Ans. a; = 9, and y = 3. 

4, Given jA*_|!!^Q{»to ^^ ^ values of x and y. 

Ans. X = 12, and y = 8. 

6. Given < if X2tf = 14* \ * ^ ^^ *^® values of x and y. 

Ans. 9=3, y = 8. 

Second Method, 

(55.) Find the value of either of the unknown quantities from 
one jf the equations, as in the preceding method. Substitute this 
value for its equal in the other equation, and we shall have an equa- 
tion containing only one unknown quantity. 

Thus, taking the same general example as before, viz. ax+ by=:Cf 
and a*x + b'y = c', if we substitute for x in the second equation, its 

value, ^, as determined from the first, there will arise the 

a 

equation 

i 4- 6y = c ; or ac — a by + ah y =: ae* ; 

and by transposition, aVy — a'by = ae' — a'e : 

^ {ie''^'a'c 

'*'^- ab' — a'h 

> as before. 

j'c he' 

and by substitution, «= -p rr 

EXAMPLES. 

1. Given j g^is?^ 35 ( » ^ ^^ *® values of ar and y. 

T/L —— fiw 

]?rom the first equation 8x = 74 — 6y, or ar = ? ; 

o 



4. Given 
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which value substituted in the second equation, 

222 — 18y ^ 
gives i + 5y = 36; 

.«. 222 — ISy + 40y = 288 : 
or 40y — 18y = 288 — 222 ; 
that is, 22y = 66 ; 

••• y = *f = 3, and X (= ^^i=^) = 7. 

2. Given J - ^]J[ 3« = 34 i * ^ ^*^ ^^® values of x and y. 

Ans. x=i2, and3f=:8. 

3. Given < I-ZLH ~ i i » ^ ^^ ^® values of x and y. 

Ans. jr=:12, andy=6. 

2g + 3y _ 

^ g . 8 ( ^ ^^ ^® values of x and y. 

f 2« s ? 1 

Ans. a; = 1, and y = 6. 

T/^tre^ Method. 

(56.) Multiply or divide each of the given equations by such 
quantities, that the coefficient of one of the unknown quantities may 
be the same in both. 

Destroy the identical terms by adding or subtracting these equa- 
tions, and the result will be an equation containing only one unknown 
quantity. 

Note. If multipliers, or divisors, do not readily present them- 
selves, which will make the coefficient of any one of the unknowns 
the same in both equations, then each of the equations must be mul- 
tiplied or divided by the coefficient of that unknown in the other 
equation, which we wish to exterminate. 

Thus, taking our former general example, ox + ^ = ^» &nd a'x 
^ b'y = c' ; if we multiply the second equation by a, and the first 
by a'y in order that the coefficient of x may be the same in both 
equations, we shall have 
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aa*x + aVy = ac' 
Wa: + a'&y = a'c 



and subtracting afe'y — a'hy=ac* ~ 

ac — a'c 



ae 



.-. y = 



ab'—a'b 



be — be' 

and by a similar process, x = -^j rr 



as before. 



XXAMFLES. 



1. Given 



4x — 8v = 
3x + 



8y= 1> 
4y = 57 J ' 



to find the values of a; and y. 



Multiplying the first equation by 3, and the second by 4, m order 
10 equalize the coefficients of x, we have 

^12x— 9y= 3 
12x + 16y = 228 



and by subtracting 



25^^ = 225 
. .y — jT^ — y, 



, 3 4- 9y 3 + 81 

whence x = — ——- = — = 7. 

12 12 



2. Given 



C 6x -h 5y = 128 ? ^ £ , ,, 

J 3ar -4- 4v = 88 \ ' values of ar and j^. 

Ans. jr = 8, and y = 16. 

3. Given ) _ 2^ + 8t/ = 50 ( ' *^ ^^^ *^ values of x and y. 

Ans. a; = 3 and y = 7. 



ADDITIONAL EXAMPLES. 



1. Given 



6ar + 7y = 

8a:- 



3i/ = 137 \ » *° find the values of a: and y. 

Ans. ^ ^ = 



= 22 
13 



2. Given 



4ar -I- 6v = 20 ( ' ^° ^^^ *^® values of x and y. 



Ans. 



X=z 1 

y = 4 
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3', Given I _ ^^ + ly ^ 3^M , to find the values of x and y. 



Ans. < - 

y = 5 



C ^x 4- ^v ft > 

4. Given ? i^. _ i^ _ _ j J . to find the values of a? and y. 



Ans. ^ '*' - e 



2j? 

Y + 5y= 23 



6. Given < ^^ / » to find the values of x and y. 






AnsI }* - 



6. Given 



2 4 f > to find the values of 



Ans. X ., 

y = 4U 



[ j: = 60 
?• Given ) «.8_?a 3 a 4 > to find the values of a: and y. 

Ans. ) "^ ~ ,2« . 

f^=-2^ 
9, Given j J^Ji^^ «(«— y) ? ^ to find the values of a: and y. 

_^ a + ft / c 
'^"~"~2~V ^ 
a — ft 



Ans. 

/- 



(57.) QUESTIONS PRODUCING SIMPLE EQUATIONS INVOLVING 

TWO UNKNOWN QUANTITIES. 

QUESTION I. 

A vintner sold, at one time, 20 dozen of port wine, and 30 dozen 
of sherry, and for the whole received 120Z. ; and, at another time, 
he sold 30 dozen of port, and 25 of sherry, at the same pri'^es as 
7 



1 
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before ; and for the whole received 140Z. What was the pric^ /f i 
dozen of each sort of wine ? 

Let X be the price of the port per dozeni 

and y that of the sherry ; 

then 20a: + SOy = 120 > ( 2a; + Sv = 12 ' 

> or < "^ 

and SOj; + 26y = 140 ) < 6a; + 5y = 28 
and multiplying the first equation by 3, 
6x + 9y= 36 
and subtracting 6a; + ^2^ = ^^ 

. 4^='8 

.'. y = 2, .•. 2Z. is the price of the pher.7 

12 — Sv 
and ar(= — - — -) = 3 ; .•. 3Z. is the price of the port per < . ami. 



QUEsnoir II. 

A farmer has 86 bushels of wheat at As. 6d, per bushely with 
wmch he wishes to mix rye at 3«. 6d, per bushel, and barley at Ss. 
per bushel, so as to make 136 bushels, that shall be worth 4«. a 
bushel. What quantity of rye and of barley must he take ? 

Let X represent the number of bushels of rye, 

and y the number of barley ; 

then Six shillings is the value of the rye, 

35^ shillings barley, 

and 387 shillings wheat, 

LOW the value of the whole 136 bushels, at 4«., is 544«. ; 

.-. 3ia: + 3y + 387 = 544; 

or 3ia: + 3y = 157; 

also a; + y + 86 = 136, .*. 3a; + Sy = 150 by transposing and 

multiplying by 3 

and by subtraction, -Jar = 7 

,•.«=: 14 

andy(=136 — 86— a?)= 36; 
hence he must take 14 bushels of rye, 

and 36 barley. 
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QVESTION III. 

A person has 27Z. 6s, in guineas and crown-pieces ; out of which 
he pays a deht of 14Z. 17«., and finds he has exactly as many gui- 
neas lefl as he has paid away crowns ; and as many crowns as he 
has paid away guineas. How many of each had he at first 7 

Suppose X the number of guineas paid away, 

and y crowns ; 

then, by reducing to shillings, we have 

21a? 4- 5y = 297 = the amount paid away ) , , 
and 5a: + 21y = 249 = the amount remaining \ ^^ ^^^ question : 

.*. multiplying the first equation by 5, and the second by 21, 

, C 105a: + 25w = 1485 
we have < • jr 

105a: + 441y — 5229 



and by subtraction 41 6y == 3744 

,•. y = 3^^ = 9 = no. of crowns naid away, 

, 249— 21y- ,„ ^ . 
whence x( = — ^) = 12 = no. of gumeas ; 

.•.he had at first 21 guineas and 21 crowns. 

aUESTION IV. 

There is a number, consisting of two digits, which is equal to four 
times the sum of those digits ; and, if 9 be subtracted from twice the 
number, the digits will be inverted. What is the number ? 

Put X = the first digit, 

y = the second ; 

then the number is I0x + y= 4x + 4y > , ^^^ .^^ 

also20a: + 2y— 9 = 10y + xS 

from the first equation 6a: = 3y, or y = 2a:, 

and from the second 19a: — 8y == 9, or, substituting the above value 
of y in this equation, we have 19ar — 16a: = 9, or 3a: = 9 ; 
.•. a: = 3, and y (= 2a:) = 6, .•. the number is 36. 
5. A bill of 14Z. 88. was paid with half-guineas and crowns, and 
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twice the number of crowns was equal to three times the number of 
half-guineas. How many were there of each ? 

^ Ans. 16 half-guineas and 24 crowns. 

6. There is a number consisting of two digits, which is equal to 

four times the sum of those digits; and if 18 be added to it, the 

digits will be inverted. What is the number ? 

Ans. 24. 

7 A man being asked the age of himself and son, replied, " If I 
were i as old as I am + 3 times the age of my son, I should be 45 ; 
and if he were i his present age + 3 times mine, he would be 111." 
Required their ages ? 

Ans. The father's age was 36, and the son's 12. 

8. What fraction is that, whose numerator being doubled, and de- 
nominator increased by 7, the value becomes J ; but the denomina- 
tor being doubled, and the numerator increased by 2, the value be- 
comes J ? Ans. ^. 

9. A man and his wife could drink a barrel of beer in 15 days ; 
but, after drinking together 6 days, the woman alone drank the re- 
mainder in 30 days. In what time could either alone drink the 

whole barrel? 

Ans. The man could drink it in 21^ days, and 

the woman in 60 days. 

10. A farmer sold at one time 30 bushels of wheat and 40 bushels 
of barley, and for the whole received 13Z. IO5. ; and at another time 
he sold, at the same prices as before, 50 bushels of wheat and 30 
bushels of barley, and for the whole received 17Z. How much was 
each sort of grain sold at per bushel 1 

Ans. The wheat was sold at 5«., and the barley at Ss. a bushel 

PROBLEM V. 

To resolve Simple Equatians containing three Unknown Quantities. 

(58.) Either of the three methods given for the resolution of equa- 
tions with two unknown quantities may be extended to this case ; 
but, as the last of the three will generally be found preferable tq the 
others, we shall therefore give it as our 



\ 
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1^ Method. 



(59.) Multiply, or divide, each of the two first equations by such 
quantities as will make the coefficients of one of the unknowns the 
same in both. 

Destroy the identical terms, by adding or subtracting these equa- 
tions, and the result will be an equation containing only two un- 
known quantities. 

Perform a similar process on the first and third, or on the second 
and third, of the original equations, and there will result another 
equation containing only two unknown quantities ; therefore we shall 
have two equations and two unknown quantities : hence this problem 
is reduced to the fokner. 

After what has been done in Art. 12, there does not seem any ne- 
cessity for showing the truth of this method in general terms ; we 
shall therefore proceed to particular examples. 

EXAMPLES. 

C2x + Ay — 3« = 22^ 

1. Given < 4ar — 2y + 5» = 18 > to find the values of r, y, and z, 
(6x + 7y — « = 63) 

Multiplying the first equa. by 2, Ax + Sy — 62 = 44 
and subtracting the second, .... Ax — 2y + 62 = 18 

there results (A) lOy— 11«= 26 

Again, mult, the first equa. by 3, 6x -|- 12y — 9z = 66 
and subtracting the third 6a: + 7y — « = 63 

there results 6y — 82 = 3 

and mult, this result by 2 lOy -^ 16z = 6 

which, subtracted from equation (A) lOy — II2 = 26 

gives 62 = 20 

^ , 3-1-82;. ^ , , 22— 41/-+ 33. ^ 
.•.» = 4,y( = — ^) = 7,and«(= ^ — )= 3. 



J3Vto 
\5) 



CSx + 2y—Az=z 
2. Given < 5a: — 3y + 3^ = 33 J. to find the values of a-, y, and r. 
(7a:+ y + 5« = 65 

7* 



/ 
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In this example it appears, from the coefficients, that y may be 
most readily exterminated ; 

•. multiplying the first equation by 3, and the second by 2, they become 

gx^ 6y — 122 = 24 

IOjt — 6y4- 6»=66 

and by addition(A) 19*— 6« = 90 

Agam, multiplying the third equation by 2, it becomes 

14ar + 2y + lOz = 130 
and subtracting the first, 8a: + 2y — 42 = 8 
tliere results 11a: + 14« = 122 

and multiplying this last equation by 3, and equation (A) by 7, we 

have 

33a; + 42z = 366 

and 133a; — 422 = 630 

and by addition 166a; = 996 

.•. a; = 6 

OaSO » ( = — ) = 4, and y( = 65 — 7a; — 52) =3. 



3. Given < 8x + 7y 4- ^2=122 >tofindthevaluesofar,y,andii 




= 4 

Ans. -^ .V = 9 

3 



"lb 

C 2x—9y+Sz= 41^ 

4. Given < — 5x + 4y + 22 = — 20 > to find the values of a;, y, and 2. 

( liar— 7^— 62= 37) 

Cx=: 2 

Ans. <y = — 3 

(«= 1 

( «+iy+i«=32i 

5. Given \ix+iy4-^2=15>to find the values of ar, y, and 2. 

iix+iy+i»=l2) 

Cx=12 

Ans. ^ y = 20 

C« = 30 
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.X£+2«= 21 

6. Given -^ — « 3x=— 66 Vto find the values of a?, y, and «, 

?fi|=!= 88 




Second Method. 

(60«) Multiply the first equation hy some undetermined quantity 
m, and the second by another, n ; 

Add the two equations, so multiplied, together, and from the sum 
subtract the third equation, and the result will be an equation con- 
taining all the three unknown quantities. 

Then determine m and n, so that two of the unknowns may be 
destroyed, and the value of the other unknown will be obtained. 

Thus, as a general example, let us take the three equations 

ax + hy + c« = €?, 
a'x + h'y 4- cz = d\ 
a"x + h"y + c"% = d" ; 

then, multiplying the first by m, the second by n, adding the results, 
and subtracting the third equation, we have 

{am + a'n — a")x + (6fli + Vn — h")y-\' {cm + chi"^c")z 

=^dm + d'n—d"; 

now, in order to destroy x and y, put 

and6OT+&'n=ft" J^^' 
then, since the coefficients of x and y become 0, they vanish from 
the equation, which becomes simply 

(cfli+c'n — c") z = dm-\-d'n — d" : 

dm'\-dn — d 

• • z — . . . 

cm+cn — c 

The values of m and n being found from equations (A) by last pro* 
blem, are 
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_ a"b' — b"a' ' 
"»- ah' — ha' ' 
ab" — ba" 

and if these values be substituted in the above value of «, and the 
fractions, in both numerator and denominator, be brought to common 
denominators, we shall have 

_^ d{b'a"—a'h")+dXab"—ba")—d"{ab'—ha') 

* - c{b'a"—a'b")+cXab"—ba")—c"{ab'—ba'y 

In a similar manner may x and z be exterminated, and the value of 
y exhibited, by putting 

am "^ an =^ a , 

CM -{• en ^= c I 

and y and z also may be exterminated, and the value of a: exhibited, 
by putting 

hm + b'n=z b'\ 

cm + c'n = c'\ 

and proceeding as above. We shall therefore have 

_ d {c'b"—b'c") + d\bc" —cb")— d" (be' —cb') 

* - alcb"—b'c") + a'{bc"—cb")—a"{bc'—cby 
_ d {da" — a'(^) + <r (gg^ — ca") — d' {ad — ca!) 

^~ b {dd' — a'd") + y {ad' — ca") — ¥ {ad — ca/)' 
_ d {b'a" — a'¥) +d^{air— ba'') — d!' {aV— ba') 

* "■ c {b'a" — a'b") + d {ab" — ba") — d' (a^ — ba')' 

and, by substituting particular values in the above general expres- 
sions, any proposed example may be solved. 

SCHOLIUU. 

(61.) The method above given, has been introduced for the pur- 
pose of obtaining general values for the unknown quantities, that 
may apply to every particular example, by substituting it them the 
particular coefficients for the above general ones ; this method being 
preferable for that purpose to the preceding one. When, however, 
the whole process is to be performed, particular examples are much 
more readily solved by the first method, and therefore we shall not 



SIMPLE EavATioirs. 81 

give any to this. It may here be further observed, that either of the 
two methods may be readily extended to equations containing four, 
or a greater number of unknown quantities, they being solved ac- 
cording to the first method, by equalizing the coefficients of the same 
unknown in any two equations, and then, by addition or subtraction, 
exterminating them one by one ; or, according to the second method, 
by multiplying the first equation by m, the second by n, and the 
third by jp, &c. to the last but one, subtracting the last equation frora 
their sum, and then determining m, n, jp, &c. so that all the unknown. i 
in the resulting expression may vanish, except one, the value of 
which will become known. 

Both these methods, however, from their giving offly one unknown 
at a time, and their requiring a repetition of the process to determine 
each of the others, become at length very tedious ; a circumstance 
which has induced several eminent mathematicians to attempt the 
discovery of a direct method, whereby the values of all the un- 
knowns, in any number of equations of this kind, may be determi- 
ned at once. The most successful of these has been Bezout, who, 
first in the Memoirs of the Academy of Sciences, and then in hi? 
Theorie Generah des Equations Algebriques, p. 172, gave a 
method, which is generally considered as the simplest that has yet 
appeared. It is as follows : 

General Rule to calculate cither all at once, or separately, the 
values of the unknown quantities in equations of the first degree, 
whether they be literal or numeral. 

Let tt, Xj y, 2, &c. be the unknowns, whose number is n, as also 
the number of the equations : Let a, b, c, d, &c. be the respective 
coefficients of the unknowns in the first equation ; a', ft', c', d\ &c. 
the coefficients of those in the second; a", 6", c", d"j &c. of those 
in the third, &c. 

Conceive the- known term in each equation to be affected by some 
unknown quantity, represented by t ; and form the product, uxyzt., 
of all the unknowns written in any order at pleasure ; but this order, 
once determined, is to be preserved throughout the operation. 

Change, successively, each unknown in .this product for its coeffi- 
cient in the first equation, observing to change the sign of each even 
ferm: the result is called ihQ first line. 

Change, in this first line, each unknown for its coefficient in the 
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second equation, observing, as before, to change the sign of each 
even term : the result is the second line. 

Change, in this second line, each unknown for its coefficient in 
the third equation, still changing the sign of each even term, and 
the result is the third line. 

Continue this process to the last equation, inclusively, and the last 
line that you obtain will give the values of the unknowns in the fol- 
lowing manner : 

Each unknown will have for its value a fraction, whose numerator 
will be the coefRcient of the same unknown in the lagt or nth line ; 
and the general denominator will be the coefhcient of ^, the unknown 
at first introduced. 

Suppose we wish to find the values of x and y in the equations 
ax-{-by-{-c==0, and a'ar-f&'y+c' =rO; 
introducing t^ these equations become 

ax+by+ct^iO, and a'x'{'b'y+c'tssO; 

and forming the product, xyt^ and then changing x into a, y into b, 

I into c, and changing the signs of the even terms, we have, for the 

Jirgt line, ayt — bxt + cxy ; then changing a? into a', y into b', t 

into c\ and changing the signs, as before, we have for the second 

Une 

ab't — ac'y — a'bt-\'bcx-{-a*cy — b'cx, or 

(ab' —ab)t—{ac' —a'c)y-{-{bc —b'c)x; 

be' — b'c . — (ac — a'c) a'c — ac 

whence *= ^g;-^j, and y= -^^7:3^75- = -jtH^jJ 

and in the same manner may this method be applied to any num- 
ber of equations whatever, containing an equal number of unknown 
quantities.* 

* Bezoat does DOt give aoy demonstration of this rule in the work above 
eferred to, and seems to have obtained it by induction. But a demon- 
stration from Laplace may be seen in Garnier*8 Analyse Mgebriqtte. 
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(62.) aUESlIOIfS PBODVCIITG SIMPLE EaUATIONS INYOLVINla 

THREE UNKNOWN QUANTITIES. 

QUESTION I. 

If A and B can perform a piece of work in 8 days, A and C to- 
gether in 9 days, and B and C together in 10 days ; in how many 
days can each alone perform the same work ? 

Let the numher of days be x, y^ and z^ respectively : 
then A can do - of the whole in a day ; 

B i ; 

y 

C i -. ; 

z 

and since A and B do the whole in 8 days, 

8 8 

.•.- + -(= the whole work) = 1 ; 
X y^ ' 

also, since A and C do the same in 9 days, 

9 9 

... - J — (= the whole work) = 1 ; 
X z^ ' 

^' ^ 10 . 10 , 

and m the same manner = 1 ; 

y » 

.*. dividing the first of these equations by 8, the second by 9, and 
the third by 10, we have 

X y 

and subtracting the second equation from the first, 

y z 
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and adding the third to this, we get 

also subtracting the third equation from the second, we ha fo 

whence J? == W = 14}f,ai^- = *— tVt = iVfft 

hence A can do the work in 14J^ days, B in 17}^ days, and C in 
23^ days. 

2. It is required to find three numbers, such, that \ of the first, \ 
of the second, and \ of the third, shall together n^ake 46 ; J of the 
first, i of the second, and ^ of the third, shall together make' 35 ; 
and \ of the first, \ of the second, and J- of the third, shall together 
make 28^. Ans. 12, 60, and 80. 

3. A sum of money was divided among four persons, in such a 
manner, that the share of the first was \ the sum of the shares of 
the other three, the share of the second ^ the shares of the other 
three, and the share of the third \ the shares of the other three ; 
and it was found that the share of the first exceeded that of the last 
by 14Z. : What was the sum divided, and how much was each per- 
son's share ? 

Ans. The whole sum was 120J.; also the share of the first 
person was 40L, of the second 30L, of the third 24Z., and 
of the fourth 26L 

4. A person has 22Z. 14«. in crowns, guineas, and moidores ; and 
he finds that if he had as many guineas as crowns, and as many 
crowns as guineas, he should have 36J. 6«. ; but if he had as many 
moidores as crowns, and as many crowns as moidores, he should 
have 45L 16«. How many of each did he have? 

Ans. 26 crowns, 9 guineas, and 5 moidores. 
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CHAPTER III. 

ON RATIO, PROPORTION, AND PROGRESSION. 

(63.) Ratio is the relation which one quantity bears to anothei 
of the same kind, with respect to magnitude. 

Arithmetical ratio is that which expresses'the difference of 
the quantities compared. 

(64.) Geometrical ratio expresses the ^[uotient arising from 
the division of the quantities compared. 

Thus, if a and h be compared, h — a expresses their arithmetical 

ratio, and - their geometrical ratio \* but, to prevent confusion, the 

term ratio is generally confined to the latter sense ; and, instead of 
arithmetical ratioy the simple term difference is used ; so that in 
what follows ratio always means geometrical ratio. Also, to avoid 
the too frequent repetition of the term, two dots are usually placed 
between the quantities to lepresent their ratio ; thus, a : h signifies 
the ratio of a to & ; and a and h are called the terms of the ratio. 

(65.) The first term in a ratio is called the aiUecedent, and the 
other the consequent. 

(66.) In any number of ratios, if the antecedents and consequents 
be respectively multiplied together, the ratio. of the products is said 
to be compounded of the preceding ratios : thus, in the following ra- 
tios, aih^ cid, eif^ the product of the antecedents is ace, and that 
of the consequents hdf^ and ace : hdf is the compound ratio. 

(67.) If the antecedents and consequents be respectively the same 

* In expressing the geometrical ratio of two quantities, it matters not 
whether the second term be divided by the first, as is done here, or the first 
term by the second ; but whichever way is fixed upon, that must be pre- 
served. It is however nsaal, when ratios of different magnitudes are com- 
pared, to express them by the division of the first term by the second ' 
thus, the ratio of 4 to 2 is said to be greater than that of 4 to 3, because 
\ is greater than ^ : but, in the investigation of properties, the way used 
in the text is rather preferable. 
8 
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in each of the simple ratios, sls aib, aib^ a:b, &c..then the com* 
pound ratio is a* : 6', or a' : ft*, &c. according to the number of sim- 
ple ratios ; in which case a' : 6* is called the duplicate ratio of a : &, 
a': l^ the triplicate ratio, &c. ; also, ^ai >/h is called the suh- 
.' duplicate, ^a: ^& the suh'triplicate,, &c. 

(68.) If each antecedent in the simple ratios be the same as the 
c6nsequent in the preceding, as a : &, 6 : c, c : c?, then the compound 
ratio, ahcy &c. . hcd^ &c. is evidently the same as aid, because 

-T-x? -9 d being supposed here to be 'the last consequent. The ratio 

also evidently continues the same if each term be either multiplied 
or divided by any quantity. 



ON ARITHMETICAL PROPORTION AND PRO- 

GRESSION. 

(69.) If there be four quantities, such, that the difference of the 
first and second is the same as that of the third and fourth, these 
quantities are said to be in arithmetical proportion. 

(70.) If there be any number of quantities, such, that the differ- 
ence of the first and second, of the second and third, of the thira 
and fourth, &c. are. all equal, these quantities are said to be in arith- 
metical progression, and the progression is said to be increasing or 
decreasing, according as the successive terms increase or decrease. 

(71.) Theorem 1. If four quantities be in arithmetical propor* 
lion, the sum of the extremes is equal to the sum of the means. 

For let a, ft, c, d, be in arithmetical proportion ; then h — a = cf 
— c ; add a + c to each side of this equation, and there results 
& ^ c = a + d. 

Thbobeu 2. If three quantities be in arithmetical progression 
the sum of the extremes is equal to twice the mean. 

For let a, 6, c, be the three quantities ; then h — a = c — h\ add 
6 + a to each side of this equation, and there results 26 = a + c. 

Theobeh 3. In any series of quantities in arithmetical pro 
gression, the sum of the two extremes is equal to the sum of any 
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two terms equally distant from the extremes ; or it is equal to twice 
the middle term, when the number of terms is odd. 

For let a be the first term in the series, and d the common difier 
ence ; then, if the series be increasing, it is a^a-^-dy a+2d, a+Sd^ 
a-f 4^, &c., in which, if the iii^t and fiflh be considered as extremes, 
we have 

a + (a + 4d) = (o + d) + (a + Sd) — 2(a + 2d); 

and the same may be shown for any greater number of terms ; aa 
also when the series is decreasing. 

Theorem 4. In any increasing arithmetical progression, the last 
term is equal to the first term plus the product of the common dif- 
ference and number of terms less one ; but if the progression be 
decreasingjithen the last term is equal to the first term minus the 
same product. 

Let a be the first term, and d the common dif!erence ; then the 
increasing series is a^ a+dy a-i-2dj a-\-Sdy &c., and the decreasing 
series is a, a — rf, a — 2d, a — 3d, &c., where it is obvious that any 
term in the first series consists of the first term a, plus as many 
times d as are equal to the number of terms preceding the proposed 
term ; and any term in the isecond series consists of the first term a, 
minus as many times d as are equal to the number of terms pre- 
ceding ; therefore the nth term of the former series is a+(n — l)dy 
and of the latter a — (n — l)d. 

Theorem 5. The sum of any series of quantities in arithmetical 
progression is equal to the sum of the extremes multiplied by half 
the number of terms. 

Let a -f (a + c?) -f (a-\-2d) + (o + Sd) + &c. be the progression ; 
then, if the number of terms be represented by n, the last term will 
be a + (n — l)d (Theo. 4); and therefore, by reversing the terms, 
the same series may be written thus, 

\a + {n—l)dl + \a + {n — 2)dl + \a + (n — S)dl+ 

\a + (n—n)d\y 

and adding this series to its equal, as expressed above, 

\2a + (n—l)dl + \2a + {n—l)d\ + \2a + (n—l)d\ + ... 

J2a + (n— l)d = 

twice the sum of the progression ; and as there must be n terms in 
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this last, fXB well as in the proposed series ; and since each term is 
2a -f (n — l)d, ... twice the sum = n { 2a + (n — l)d j ; and the 
sum = i« \2a -\- {n — l)d\; that is, the expression ^or the sum S is 

B=in\2a'h(n — l)d\ 
or S = ^n I a + last term \ 
and this formula is obviously quite sufficient to enable us to deter 
mine any one of the quantities a, d, n, S, or last term, when the 
othem are given. 

EXAMPLES. 

1. Required the sum of 10 terms of the progression 1, 4, 7, 
10, &c. 

Here a = 1, df = 3, n = 10, and I (last term) = o+9J = 28 ; 

nia + l) „ ^ , . .* , . , 

.'. —^-^ — ' = «|» = 145, the sum required. 

2. The first term of an arithmetical progression is 14, and the 
sum of eight terms 28 : What is the common difference 1 

Here the given quantities are a = 14, n = 8, and S = 28. Hence, 
making these substitutions in the general expression for S, we have 

28 = 4 J28 + 7d\ = 112 + 28d 

, 28—112 

therefore the common difference is — 3, and, consequently, the se- 
ries is 14, 11, 8, 5, <kc. 

3. An arithmetical series consisting of six terms has 8 for the first 
term, and 23 for the last : Required the intermediate terms ? 

The expression for the last term I is Z= a + (« — l)^j and in 

the question, a, J, and n are given to find d ; that is, we have the 

equation, 

23-— 8 
2S = S + 5d.'.d= — — - = 3 ; 

5 

hence, the first term being 8, and the common difference 3, the series 
must be 8, 11, 14, 17, 20, 23, where the four intermediate terms are 
exhibited. In this manner we may insert any proposed number of 
arithmetical meaiia between two given numbers. 
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4. Required the sum of 100 terms of the series 1, 3, 5, 7, 9, d^c. 

Ans. 10000. 

5. Required the sum of a decreasing arithmetical series, whose 
first term is 12, and the common difference of the terms i. 

Ans. 150 

6. Required the sum of 25 terms of an arithmetical progression, 
whose first term is i, and the common increase of each term i. 

Ans. 162i<, 

7. Insert three arithmetical means between i and i. 

The means are f , ^j, JJ. 

8. The first term of an arithmetical series is 1, the number of 

terras 23. What must the common diflTerence be in order that the 

sum may be 149^7 

Ans. i. 



GEOMETRICAL PROPORTION AND PROGRESSION. 

PROPORTION. 

(72.) If there be four quantities, such, that the ratio of the first 
and second is the same as that of the third and fourth, these quanti- 
ties are said to be in geometrical proportion : Thus, if - = -, then 

a, 5, c, d, are in geometrical proportion, and this proportion is re- 
presented thus, a:b :: cidy which is read a is to b as c to d^ or as 
a is to b so is c to d, 

b d b"* rf" 
Hence, since if - = -,-- = — , then a" : 6** : : c" : ^ : that is, if 

a c a^ c" 

four quantities be proportional, then the same powers or roots of the 
lour quantities are also in proportion. 

(73.) Theorem 1. If four quantities be proportional, the product 
of the extremes is equal to that of the means. 

b d . 

Let a, 6, c, dj be the proportionals, then - = - ; multiply each side 

a c 

by cu:, and there results be = cut. 
8* 
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Theorem 2. If the product of two quantities be equal to the 
product of two others, then a proportion may be formed of the four 
quantities. 

Let qr=^ps; then, dividing each side by rp, there results - = - 

.\ p : q : : r : 8, 

Theorem 3. If four quantities be proportional, they are also 
proportional when taken inversely ; that is, when the consequents 
are made antecedents, and the antecedents consequents. 

For ir a:b :: cidj then (Theor. 1) cu2 = 6c, and, consequently, 
(Theor. 2) b:a:: die. 

Theorem 4. If four quantities be proportional, they are propor- 
tional also when taken alternately ; that is, the first is to the third 
as the second is to the fourth. 

For i£ a:b :: cidf then — = - ; and multiplying by -^r, there re- 

^ c d - , 

suits - = 1-, .*. a : c : : 6 : a. 
a 

Theorem 5. In any proportion, the first term is to the second 
plus or minus m times the first, as the third is to the fourth plus or 
minus m times the third. 

T*^ ^♦v ^_i_ ^_i_ hdoam d±cm . . 

Let - = — ; then— dt »i = — db m, or = ; thatis, 

a c a c a c 

a:h± am : : ciddz cm. 

Corollary I. Also, since a:c ::b do amid deem (Theo. 4), .*. 

c d dz cm c d . 

-= £-; ; but — = r- .'. 6:rf :: bdzam:ddzcm,and bibdzam 

a 6 db am a b 

iididdzcm; that is, the second term is to the second plus or mt- 

ntis m times the first, as the third is to the third plus or minus m 

^t /• -1 ^ . ^ H" <^^ d — cm - 

times the fourth ; also, since =; = ■= , r, b + am : d -^ C7n 

•\- am b — am 

lib — am : d — cm. 

Cor. 2. And if m be taken = 1, we shall then have 

a : bzha :: c : ddzc, and b : bdza :: d : dd::c; 
likewise, 
. b+a : d+c I : b — a i d — c, or b+a : b^-a 1 1 d+c : d — ei 
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that is, the sum of the two first terms is to their difference as the 
sum of the two last to their difierence. 

Theorem 6. In any number of proportions, if all the correspond- 
ing antecedents and consequents be respectively multip'ied together, 
the resulting products will be in proportion. 

~ z=i - OT a : b : : c : a 
a c 

Let I ^ == ^ ,.» e : f : : ff : h 

t I 

&c* &c. &c. 

Then, multiplying the corresponding sides of the above equations 
together, we have 

hfky &c. __ dhniy dec. 

a«, &c. "" cgly &c. ' 

aei, &c. : h/k, &c. : : cgl, &c. : dhm^ &c. 

Theorem 7. In any number of equal ratios, as one antecedent is 
to its consequent, so is the sum of all the antecedents to the sum of 
all the consequents. 

h tl "f h 

Let the ratios be - = -=:- = &c. : Put - = g : ' 

ace a 

then & = og, d= cq, f= eq, &c., and, by adding these equations 
together, 6 + d + / + &c. =: aq-\-cq-\'€q+ &c. 

= g(a4-c + c + &c.), 
h + d+f+ &^c. h d 

a + c + e + &c. a c 

a : h : : a + c+e+&c. : b+d+f+6ic. 

Cor. 1. Hence, in any number of proportions, where the ratio of 
the two first and two last terms are respectively the same in each, 
the sums of the corresponding terms are in proportion. 

Cor. 2. Hence, also, in two proportions of this kind, if the terms 
of one be subtracted from the corresponding terms of the other, the 
remainders will be in proportion ; since the results are the same as 
if each of the terms subtracted were multiplied by — 1, and added. 
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Car. 8. Therefore, in any number of proportions, having the 
same equality of the ratios, if the corresponding terms of some be 
added, and those of others subtracted, the final results will still be 
in proportion. 

Theorem 8. In any number of proportions, if the sum or difier 
ence of the first and second terms, as also of the third and fourth, 
be respectively the same in each, then the sums of the correspond- 
ing terms are also in proportion. 



Let the proportions be 

a : b 

e '- f 



c : d 
g 2 h, 
I : m 

&c. &c. &c. &c. 

then, by Theorem 5, Cor. 2, 

h±a : d±c ii a i e 

f± e r h±:g : : e t g 

kdz i : mdz I : : i : I 

&c. &c. &c. 

Now, if the first and second terms, in each of these proportions, 
^be respectively the same, then the ratio of the third and fourth terms 
will be the same in all ; but (Theor. 4), 

a : c : : b : d 
e : g :: f : h 
ill : I Jc : m 

&c. &c. &c. &c. 
.•. Theorem 7, Cor. 1, 

a+c+t+dtc. : c+g+l+6^c. : : b+f+Jc+^LC, : d+A-h 

or (Theorem 4), 

a+e-f 1 + &C. : b+f + 1c+&LC. : : C'\-g+l+6iC. : d+h + 

m+&c. 

ScJioL Corollaries similar to the two last of Theorem 7 may ev 
dently be deduced from this theorem. 
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FSOORSSSION. 

(74.) A GEOMETRICAL FBooBESsioN is a seiies of quantities, such*, 
that the quotient of any one of them, and that which immediately 
precedes, is constantly the same ; that is, each is in the same con- 
stant ratio to the next following, throughout the series. 

Thus, the following is a geometrical progression, in which a is 
the first term, r the constant ratio, and n the number of terms : 

a, ar, <a^j ar^j ar^y ar^f ar^ , , . . ar^\ 

From the bare inspection of this series, the following properties 
are obvious : 

1. If any two terms be taken as extremes, their product is equal 
to any two terms equally distant from them ; or, if the number of 
terms be odd, the product of the extremes is equal to the square of 
the middle term ; and hence a geometrical mean between two quan- 
tities is equal to the square root of their product. 

2. The last term in any geometrical series is equal to the product 
of the first term, and that power of the ratio which is expressed by 
the number of terms, minua 1. 

(75.) Problem. To find the sum s of any number of terms in a 
geometrical series. 

Let s=a4-ar+ar*+ar'+af*+ . . . .ar^^; 

then multiplying each side by r, there results 

ar = ar+at*+ar*+ar^+af^+ .... ar^^+ar^; 

and subtracting the first equation from this, we have 

sr — s = ar^ — a, whence s = --^ ; 

r — 1 

or if the last term ar^^ be represented by Z, we have, by substitu- 
tion, 

rl — a 

8= --. 

r — 1 

When, however, r is a proper fraction, and the series, which will 
then be a decreasing one, goes on to infinity, then the last term ob- 
viously becomes ; and the expression for the sum is 

a 

s = . 



94 OEOMETItlCAL PB06BESSI0X. 

Hence this rule : 

(76.) Multiply the last term by the ratio, and divide the difference 
of this product and the first term by the difference between the 
ratio and unity ; observing that in an infinite decreasing series the 
last term =b 0. 

EXAMPLES. 

1. Required the sum of 9 terms of the series 1> 2, 4, 8, 16, &c 

Here o= 1, r = 2, and n= 9, .•• ag^^ = 2* = 266 = the last 

256 V 2 — — 1 
term; consequently, — — =511, the sum required. 

2. Required the sum of the series 1, i, i, i, iV* &c continued 
to infinity. 

Here a = l, r = i, and .*• ^ = 2, the sum required. 

1 — 5 

Given the first term 3, the last term 768, and the number of terms 
9, to find the common ratio. 

Here a =3, Z=768, and n=9, and the general expression for the 
last term being af^^^ we have, in the present case, 

768 = 3r* .-. r = 256* = 2 ; 

hence the intermediate terms of the series are 6, 12, 24, 48, 96, 192, 
and 384 : and in this way may any number of geometric means bo 
interposed between any two given extremes. 

4. Required the sum of 10 terms of the series 9, 27, 81, 243, &c. 

Ans. 266710. 

5. Required the sum of the series 1, — i, i, — i, y^, — ^, &c. 

continued to infinity. 

Ans. |. 

6. Required the sum of 1, i, |, ^, dec. continued to 10 terms. 

Ans. ItWA- 

7. Required the sum of 6 terms of the series 1 — 5+A — J}+ ^^' 

Ans..^a|J- 

8. It is required to insert three geometric means between J and |. 

Ans. The means are i \/f, i, and i \/J. 
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9. Required the sum of the series I -{ 1"3+-3+ &c. to 

infinity. 

Ans. 

X — 1 

10. Insert three geometric means between the extremes 4 and 324 

Ans. 12, 36, 108. 

11. Suppose a body to move eternally in this manner, viz. 20 

miles the first minute, 19 miles the second minute, 18^^ the third, 

and 80 in geometrical progression. Required the utmost distance it 

can reach. 

Ans. 400 miles. 



HARMONICAL PROPORTION. 

(77.) Three quantities are said to be in harmonical proportion, 
when the first has the same ratio to the third, as the difference be- 
tween the first and second has to the difiierence between the second 
and third. 

(78.) And four quantities are in harmonical proportion, when the 
first has the same ratio to the fourth as the difierence between the 
first and second has to the difilerence between the third and fourth. 

Thus, the quantities a, 6, c, are in harmonical proportion when 
a : c : : a — b : b — c; and, a, 6, c, d, are in harmonical pro- 
portion when a : d :i a — b : c — d. 

(79.) From these definitions it follows, that in three harmonical 
proportionals, a, 6, c, any two being given, the third may be found ; 

For, sincea : c :: a — b : b — c, ,\ ab — ac=:^ac — 6c, 

or a6 -f 6c s= 2ac ; 

, 2ac 
•'• o = — ■ — ; 

a + c 

(hat is, a harmonical mean between two quantities is equal to twice 
their product divided by their sum. 
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Also, c = i = a third harmonical proportion to a and b. 

2a — 

(80.) Id a similar manner, if any three out of four harmonical 
proportionals, a, &, c, d^ be given, the other may be found ; fo*" since 

a I d II a — hi c — rf, ,\ ac — ad=^ad — W, 

and from this equation we get 

2ad — ac 2ad — bd , ac 

b = 1 ; c = ; d = 



a ' 2a — b' 

[Rebla^JIk. — ^The proportion aft : cd :: a — b : c — <2 should 
be employed instead of that here given. It corresponds to four har- 
monics, a, ft, c, d, of which the three first and also the three last will 
accord with definition 77. Am. Prs.] 

(81.) QUESTIONS IN WHICH PROPORTION IS CONCERNED. 

QUESTION I. 

Find a number, such, that if 3, 8, and 17, be severally added 
thereto, the first sum shall be to the second as the second to the third 

Let X be the number; 

then X + S : x + S :: x + 8 : a: + 17; 

and by Cor. 2, Theor. 5, Art. 73, we have 

ar4-3:5::a?+8:9, 

.-. (Theor. 1, Art. 73), 9ar + 27 = 5a? + 40, 

or 4x = 13 

.•. ar = y = 3 J, the number required. 

QUESTION II. 

A person has British wine at 5s, per gallon, with which he wishes 
to mix spirits at lis. per gallon, in such proportion, that by sellmg 
the mixture at 9*. a gallon, he may gain 35 per cent. What is the 
necessary proportion 1 

Let the proportion of the wine to the spirits be as a? : y; 
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then bx + 113^ = prime cost o£ x + y gallonsi 
and 9;p + ^y = selling price • • • • , 



.'. Ax — 2y = profit ; 

and by the question, 

5ar + lly : Ax — 2y :: 100 : 35 : : 20 : 7 (Art. 72); 

... (Theo. 1, Art. 73), 80ar — 40y = 35a: + 77y, • 

or A5x= 117^; 

.•. 5a: = 13y; • 

whence (Theor. 2,) x : y : 13 : 6; 

.*. the mixture must be at the rate of 13 gallons of wine to 5 gallons 
of spirits. 

QUESTION III. 

A merchant having mixed a certain number of gallons of brandy 
and water, found, that if he had mixed 6 gallons more of each, there 
would have been 7 gallons of brandy to every 6 gallons of water , 
but, if he had mixed 6 gallons less of each, there would have beeQ 
6 gallons of brandy to every 5 gallons of water. How much of 
each did he mix 1 

Let X be the number of gallons of brandy, 

y the number of gallons of water ; 

C x + 6 : y + 6 
then, by the question, < 

•^ ^ (x — Q : y — 6 

.•. (Theorem 8), x y 

also by the first propo]:tion (Th. 5), a: — y 
and by the second x — y 

.•. (Theor. 7), ar — 6 : 6 :: 2a: : 13 

and (Theor. 1), 13a: — 78 = 12a:, 

.•, a: = 78 ; 

also by substitution (A), 78 : y : : 13 : 11, 

whence 13y=858 

.-. y^ 66; 
9 



: 7 : 6 




: 6 : 5 




:13 :11 (A); 




1 : : a: + 6 : 


7 


1 :: ar— 6 : 


6 
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consequently, the mixttire consisted of 78 gallons of brandy, 2Uid 
66 of water. 

A much simpler solution to this question may be obtained as fol- 
lows. Instead of representing the number of gallons of brandy by 
a:, and the number of gallons of water by y, represent those quanti 
ties by Tx — 6, and 6a? — 6, respectively, by which artifice the first 
condition in the question is at once fulfilled ; so that we have only to 
express the second, viz. 



6 : 5 
1:6, 
a? = 12 ; 



7ar — 12 : 6a; — 12 

or X : 6a: — 12 

whence 6a? = 6ar — 18 

.'. 7a; — 6 = 78 gallons of brandy, 

and 6a: — 6 = 66 gallons of water. 

This neat solution is given in the American edition of this work, 
published by Mr. Ward, of CJolumbia College. 

4. A corn- factor mixes wheat which cost 10«. a bushel with bar- 
ley which cost 4«. a bushel, in such proportion as to gain 43f per 
cent, by selling the mixture at llf. a bushel. What is the propor- 
tion 1 

Ans. There are 14 bushels of wheat to 9 of barley. 

5. It is required to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13; and if the digits be inverted, 
their difierence will be to the number expressed as 2 to 31. 

1 Ans. 39. 

6. At a certain instant, between five and six o'clock, the hour and 
minute hands of a clock are exactly together. Required the time. 

Ans. 27 minutes 16 y^ seconds past 5« 

7. Required two numbers, such, that their sum, difference, and 
product, may be as the numbers 3, 2, and 5, respectively. 

Ans. 10 and 2. 

8. There are two numbers in the proportion of i to }, and such, 
that if they be increased respectively by 6 and 6, they will be to 
each other as } to i. What are the numbers ? 

Ans. 30 and 40 
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9. A person has some choice brandy at 40«. Qd, per gallon, which 
he wishes to mix with other brandy at 36«. a gallon, in such pro- 
portion, that the compound may be worth 39*. 6d. a gallon. What 
must the proportion be 1 

Ans. 7 gallons of the best to 2 gallons df the other. 

10. Find two numbers, such, that their sum, difference, and pro- 
duct, may be as the numbers s, dy and p, respectively. 

Ans; — p— an4 



8+d ^ 9—d 

11. A hare is 50 leaps before a greyhound, and takes 4 leaps to 
the greyhound's 3 ; but 2 of the. grey hound's leaps are as much as 
3 of the hare's. How many leaps must the greyhound take to catch 
the hare? Ans. 300. 

12. If three ag^ts, A, 5, C, can produce the effects a, 5, c, in the 
times e,yj g^ respectively ; in what time would they jointly produce 

the effect d 1 

. ^ ,a h c. 

Ans. d-7-(- + -2.+ -). 

13. The sum of the first and third of four numbers in geometri- 
cal progression is 148, and the sum of the second and fourth is 888. 

What are the numbers ? 

Ans. 4, 24, 144, and 864. 

14. J. and B speculate in trade with different sums. A gains 
1502., B loses 50Z. ; and now A's stock is to ^'s as 3 to 2 ; but, had 
A lost 50Z. and B gained lOOZ., then A's stock would have been to 
^s as 5 to 9. What was the stock of each ? 

Ans. w4's was 900Z. and jB's 350/. 
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CHAPTER IV. 



ON QUADRATIC EQUATIONS. 



Oir OITASRATICS invOIiVIHa OKLX ONI VirKNMnr aVAMTITY 

(82.) A QuADXATic, fi8 had been already defined, is an equation 
that contains the second^ but no higher power of the unknown quan- 
tity or quantities. 

(83.) Quadratic equations, involving blit one unknown quantity 
are therefore either of the fonn 

aa^ db 6 =: db c, 

or aa^ ±bzdizc=:z zhd; 

and accordingly, as they come under the first or second of these 
forms, they ar^ said to be Pure Quadbatics, ojr Adfected Quad- 

BATICS. 

(84.) The solution of a Pure Quadratic is obviously a matter of 
but little difficulty; for, since it contains but one unknown term, 
dtaa^, if this term be made to stand by itself on one side of the equa- 
tion, and the known terms on the other side, then the division of 
both sides by db a will 0vident\y produce an equation expressing the 
value of a^; and the square root of this value must give that of x. 

We shall therefore proceed to 

ADFECTED aUADRATIC SaUATIONS. 

(85.) Let aa^±bxdze^ ±d heon adfected quadrati 3 equa- 
tion, then, by transposing and dividing by a, it becomes 

- . ztidzric 

a a 

or, putting p for -, and i q for ^— it is 

a^ dzpx = =fc ^. 



I 
1 
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■ 

Add now the square of ip to each side of this equation, and there 
results 

where it is readily perceived that the first side is a complete square, 
viz. (xdzipY ; consequently, if the square root of each side he ex- 

III —^—•-^—mm^,- 

tracted, we obtain aritip=dz\/dz^-f ipF (the double aign zb 
b^ing placed before the radical, because the square root of a quan- 
tity mjiy be rfther -}- or — )* ; hence it appears that 

a?= + N/dbgr + ip^ip^ or— Vdzq + ij^^^ip*^ 
(86.) The above general values of x evidently include .every pos- 
sible case, from which sepsi^te formulas 'for each distinct case are 
. readily obtained, and are as follow': 
In equations of the form. 



—pX = ^r, « =: / 

/or — 



or— v/^4- if^ — iP' 



^q + 4p' + ip- 



* Conformably to the general practice, whenever the extraction of the 
sq^re root is represented, the double sign =b is uniformly placed before 
the radical x/, although it might be dispensed with. For, since the square 
root of a qitantity is admitted to be either plus or minua, the symbol y/ 
does virtually contain the double sign : its insertion, however, always 
reminds the student of this. 

f These general expressions for x may also be obtained as follows : 
having reduced the proposed equation to the form ar' d= Jmc = dr <?, as 
above, let us proceed actually to extract the square root of the first side. 
The process is as follows : 

ar" dt jiar I « db ip 



2xdzip\ ±px 

±px + \f. 

It is obvious, from this, that the proposed expression is not a complete 
square, being indeed deficient by the quantity ^j^. If, therefore, we add 
this quantity to each side of the equation, and then extract the square root, 
we shall have, as above, 

or db i p = db sfdcq+T?* 
9* 
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(or — y/—q+if — ip, 
. ( + V—q+ir^ + 4p, 

a^—px^ — q,x=^ 

^or— -• — 



q -Kif + iP- 
(87.) In the two last forms, if 9 be greater than if^y then 



y/ — q 4- j^^ will be impossible, being the square root of a negative 
quantity ; so if one value be impossible, the other is impossible also. 

From the above formulas* the value 0>£ the unknown, in any par- 
ticular example, may be obtained by substitution ; or the operations 
to be performed may be expressed at length as follow : 

(88.) Bring all the unknown terms to one side of the equation, 
and the known terms to the other ; 

Divide each side of the equation by the coefficient of the unknown 
square, if it have a coefficient ; 

Add the square of half the coefficient of the simple unknown to 
each side of the equation, and the unknown side will then be a com* 
plete square ; 

Extract the square root of each side, and from the result the value 
of the unknown quantity is immediately deducible. 

BXAMPLBS. 

1. Given a* + 6a: + 4 = 69, to find the values of x. 
By transposition, a^ + 6x = 55, 

and completing the square, 2" + 6ar = 9 = 64 ; 
.-. extracting the root, ar + 3 = =fc y/'di = db 8 ; 

whence a? = 5, or — 11. 

2. Given 2a^ + 12ar + 36 = 356, to find the values bf ar. 
By transposition, 2a^ + 12a; = 320 ; 

or dividing by 2, a* + 6a: = 160, 
and completing the square, a:* + Oar + 9 = 169 ; 
.•. extracting the root, ar + 3 = db V169 = dt 13 ; 

whence ar = 10, or — 16. 



* Any general rule, expressed in algebraical language, is called a for* 
ffifi/a. 
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3. Given 10a:* — 8a; + 6 = 318, to find the values of x 
By transposition, lOa:* — 8ar = 312 ; 

or dividing by 10, a^ — far= ^js, 
ana completing the square, a:* — }« + A = W 5 
.• extracting the root, x — i==t:x/'yy» = d:y; 

whence a? = 6, or — 6J. 

M r>t' M 36 — ~ a? 

4. Civen 4ar = f- 46, to find the values of a-. 

X 

Clearing of fractions, 4a:* = *36 — x + 46a: = 36 + 45a: ; 
and by transposition, 4a:* — 45a: = 36, 

or a:* — ya? =3 9, 
and completing Jhe square, x^ — y a: + (V)"= 9 + (V)*= ^W 5 
.'. extracting the root, x — y =dbv^3|ji ^^^ . 

whence x = 12, or — f . 

- ^. ^ 3a: — 3 ^ 3a: — 6 

6. Given 5ar = 2a: + — -— , to find the values of x 

X ' o <6 

Clearing of fractions, 

10a:»— 36a: + 6 = 4a:* — 12a: + 3a:" — 16ar + 18 ; 
and by transposition, 3a:' — 9a: = 12, 

or a:* — 3 a: = 4 5 
and completing the square, a:* — 3a: + f = 4 + | = y; 
•'. extracting the root, x — | = d=\/y=s it f ; 

whence a: = 4, or — 1. 
o ri- 3 6 27 

Dividing by ?,^ + -L^ = |; 

and clearing the equation of fractions, 

8a: + 32 + 8a: — 24 = 9a:« + 9a: — 108 ; 
.-. by transposition, 116 = Oa:* — 7a:, or rather 9a:" — 7a: = 116, 

.-. a:" — Ja:=r. i^*; 
and completing the square. 
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•. extracting the root, x — ^^ d= V y/^ = d= f f ; 

whence a: = 4, or — y . 



7. Given >/(4 + ar) (5 — or) = 2x — 10, to find the values of x. 
Squaring each side, 20 + ar— «* = 4a:» — 40x+ 100 ; 
and by transposition, Sa:* — 41ar = — 80, 

... a:2_ya;=:_16, 

and competing the square, 

^-V*+(H)' = — 16 + (H)»=AV. 

.*. extracting the root, x — W = d= VyVir = =^ i^ » 

.«. ar = 5, or f I = 3J. 



>/7a:» + 36a: 



8. Given ^/ 3ar — 5 = , to find the values of x* 

X 

Q • V, M Q ^ 7ar« + 36ar Tar + 36 ^ 

Squaring each side, 3a: — o = -, = ; 

a» X • 

and, multiplying by ar, Sa:* — 6ar = 7a? + 36 ; 
or, by transposition, 3a:' — 12a: = 36, 

... a:»_ 4aj=l2; 

and completing the square, 3^ — 4a: +4 = 16; 
. •. extracting the root, x — 2 = db 4 ; 

whence a: = 0, or — 2. 

9. Given Sa:* + 6 = 7a; + 171, to find the values of x. 

Ans. X = 6, or — 4f . 

10. Given 3x' = 42 — 5a:, to find the values of x, 

Ans. X = 3, or — 4} 

11. Given 4x = 46, to find the values of x. 

X 

Ans. x= 12, or — |. 

6/2x — 11) 

12. Given — ^ +t — 2=24 — 3x,to find the values of x. 

X — 3 

Ans. X = 6, or i 

120 90 

13. Given \- — = 42, to find the values of x. 

3x -[- 1 X 

Ans. X = 3, or — — . 
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14. Given x^+{l9 — xy = 1843, to find the values of x. 

Ans. X = 11, or 8. 

15. Given 326 +ar : x : : 246+ a; : 60, to find the values ofx. 

Ans. a; = 75, or — 260. 

16. Given |34 — 3(a? — 1) } | = 67, to find the values of x. 

Ans. x = 6, or 6 J. 
IQ 14 2x 

17. Given -^ — = V, to find the values of x. 

X XT 

Ans. « = 3, or f |. 

18. Given ^-5 ^ , n. = y — 3j to find the values of y. 

IT — 6y+9 ^ ^ 

Ans. y = 1, or — 28. 

,« ^. 6a:* — 23a; +10 ^ ^ 

19. Given ^-— =: — 7ar + 42, to find the values of ar, 

Ans. a;= Hi, or 4. 



20. Given ar -\ — = 8, to find the values of a?. 

Ans. X = 9i, or 7. 

21. Given 2a? + 4^3^! =^* (^+ 1)> t^ ^^^i the values of x. 

Ans. ar = J + 4^, or J- 41. 

4 4 

22. Given V 4 + V2a:» + ar« = ^-~-, to find the values of x. 

Ans. a; = 12, or 4. 

23. Given x^ + x^ = 6a:^, to find the values of x. 

Ans. a: = 2, or — 3. 

24. Given Var* — a^ =z x — 5, to find the values of x. 

h f\a^ — y 

2=^V 126 • 



Ans. a? = ^ d= ,. /- 



ar + A X 

26. Given 1 ■ — = ft, to find the values of x.* 

X X -{■ a 

Ans. ar=-{-l=b>/^-2:.}. 



ft — 2 



* By putting y for -— -, this equation will take the more simple fonn 
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26. Given y/ a -{- x + y/ b -{- x = y/ a + b -{- 2x^ to find the 
values of x. 

Ans. « = — a, or — 6. 



u x hv/1 = ar, to 

' V V as 



27. Given y x Hv/^ = ar, to find the values of a?. 

X X 

28. Given x -^ — - — = 0, to find the values of x. 

X — 5 

Ans. x = 9, or 4. 

29. Given x + y/x : x — ^x : : 8 >/« + 6 : 2 v^x, to find 

the values of x, 

« Ans. 9 or 4. 

(89.) Every equation, containing only two unknown terms, may 
he reduced to a quadratic, provided the index of the unknown quan- 
tity in one term he douhle its index in the otjier ; for, hy putting y 
for the lowest power, or root of the unknown, y' will be the highest; 
so that the equation will become a quadratic. 



EXAMPLES, 
n 

1. Given «* — 2aa!" = ft, to find the values of ar. 

n 

Completing the square,* «" — 2aa? + a* = a^ + b; 



.•. extracting the root, a? — a = d=\/a*+ b; 

.«. ar-= {a±^cf + 6)*. 
2. Given x + 6 = Vx + 5 + 6, to find the values of x. 



Putting yx -|- 5 = y, the equation becomes y" = y + 6 ; 

or, by transposition, y" — y == 6, 

and completing the square, y* — y + i = 6 + J=y; 

* The actual substitution of y for the unknown terms is not necessary, 
unless it have a compound form, in which case the substitution will often 
considerably contract the operation, and render it free from that complex 
appearance which it would otherwise exhibit. 
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.'. extracting the root, y — i = i±=>/y=itj, 

or y = 3, or — 2;* 
.-. x + 5( = y») = 9, or 4, 
and X = 4, or — 1. 

3. Given ^a: + 21 + i/x + 2l = 12, to find the values of x. 
Putting V* + 21 = y, the equation becomes y" + y = 12 ; 

and completing the square, y'-fy + i = 12-fi=:y ; 
.*. extracting the root, y + i =;= d= J ; 
V .•. y = 3, or — 4 ; 

and ar + 21 ( = y<) = 81, or 256 ; 

.«. ar = 60, or 235. 

4. Given 2a:» -f 3ar — 5 ^2a^ + 3a: + 9 = — 3, to find the 
values of x. 

Adding 9 to each side, 2a:*-f 3ar+9 — 5 V2ar*-|-3a;+9=6; 
and putting y2a:*+3a:+9 = y, the equation becomes 

y« — 5y=6; 
.•. completing the square, y* — 5y+ V = 6 + V = Y ; 
and extracting the root, y — f = ± J ; 

••• y = 6, or — 1 : 
and taking y = 6, 2««+ 3ar-f 9 ( = y«) = 36, 

or ar" + far = V ; 
and completing the square, a:*+|ar+^y = ^^-f ^^j. = tx^ • 
•. extracting the root, ar+ J = ± y ; 

whence a: = 3, or — J : 
or, taking y = — 1, 2a:* + 3a: -f 9 = 1 ; 

ora:*-f Ja: = — 4; 

and completing the square, a:* + f a: + ^ = L^ 

•. extracting the root, ar + | = d= : 



♦ [The negative values of y, in this and in the two following examples, 
should have been omitted by the author. Am. Pus.] 
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— 3d=>/— 55 

whence « = . 

4 

6. Given (2a:+6)*+(2a:4-6)*=6, to find the values of x. 

Ans. X = 5. 

1 2 

6. Given t^t ttj = i + ^ tt., to find the values of x. 

(2x — 4)' (2x — 4)* 

Ans. X = 3, or 1. 

4 5x* 

7. Given 3x3 _- + 692 = 0, to find the values of x. 

Ans. X = 8, or ( — V) • 

8. Given (x+ 12)* = 6— (x+12)*, to find the values of x. 

Ans. X = 4. 



9. Given x = , to find the values of x. 

a 

Ans. xss: dza^ — ^ . 

10. Given x' — -x = 56x~*, to find the values of x. 

Ans. X = 4, or ^49. 

11. Given 3x*+x^ — 3104x*= 0, to find the values of x. 

Ans. X = 64, or ( — - )J. 

— o 

12. Given [ (2* + 1)» + »]«— x= 90 + (2x + 1)', to find the 
values of x. 

Ans. «=S 1 ^ or a: = — 4 ± .£zl!?. 
<or-2i> 8 

ANOTHER ICETHOD OF SOLVING QUADRATICS. 

(90.) Let the equation ax* d= 6x = c he multiplied hy 4a, then 
4a'x' db Aabx = 4ac, and if b* he added to each side, the equation 
hepomes 4aV db 4a6x + 6* = 4ac + 6* ; now the first side is evi 
dently a square, = (2ax d= 6)', whence 

2a 
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Hence the following rule : 

(91.) Having transposed the unknown terms to one side of the 
equation, and the known terms to the other, multiply each side by 4 
times the coefficient of the unknown square. 

Add the square of the coefficient of the simple power of the un-> 
known, in the proposed equation, to both sides, and the unknown 
side will then be a complete square. 

Extract the root, and the value of the unknown quantity is ob* 
tained as before.* 

EXAMPLES. 

1. Given 3a*+5a? — 8 = 84, to find the values of «. 
By transposition, Za^-^-Qx = 42 ; 

and multiplying by 4X 8, or 12, 36x'+60x= 504; 

and completing the square, by adding 6^, 

36a^-i-60a;+2d=:529; 

.'. extracting the root, 6a:+5 = d=23 ; 

^ ' d=23 — 5 „ 
whence or = = 3, or — 4f. 

2. Given a:*+6a:+4 = 22 — Xy to find the values of x. 
By transposition, 3:*+ 7a: = 18 ; 

and multiplying by 4, 42'+28x = 72 ; 

.*. completing the square, 42'+28a;+49r=: 121 ; 

and extracting the root, 2a;+7 = d= 11 ; 

whence x = = 2, or — 9. 

3. Given Sa^ — 7ar+6 = 171, to find the values of x. 
By transposition, 8x' — 7a? = 166 ; 

and multiplying by 4X 8, or 32, 256x* — 224a: = 5280 ; 
r* completing the square, 256a:' — 224a: +49 ^ 5329 : 
and extracting the root, 16a; — 7 = zb 73 ; 

* This method is taken from the Bija Ganita, a Hindoo treatise on Al- 
gebra, translated from a Persian copy by Mr. Strachey. For an account 
of this carious work, see Dr. Hutton's Tracts, vol. ii. page 162. 
10 
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.'. z = - — — = 5, or — V, 

12 



4. Given >J x -\- 12 = , _ , to find the values of x. 

y/ X + 5 

144 
Squaring each side, a; + 12 = — j— - ; 

X -\- i> 

and multiplying by a; + 6, a:* -f 17a: -f 60 = 144 ; 

.'. by transposition, a:* -f 17a; = 84 ; 

and muhipljring by 4, 4ar' + OSa: = 336 ; 

.•. completing the square, ^a? + 68a: + 289 = 625 ; 

and extracting the root, 2a? + 17 = ± 25 : 

±25 — 17 _ ^ 
••.X- ^ 4. 

(92,) It will have been perceived, from the preceding solutions, 
that in equations of the form oac* it 6ar = c, where a is a smoll 
number, and in those of the form a^ db pa: = ^, where p is odd 5 this 
second method is more commodious than the former. One great 
advantage is, that it does not introduce fractions into the operation. 
It will be unnecessary to add any more examples illustrative of this 
method, as those already given (Art. 88) will also suffice for this 
purpose. 

We may however here point out an obvious simplification in the 
process, which it would be worth while to attend to in practice. It 
appears, from the foregoing general formula, thaf a/iy quadratic 
(U^ dzbx = Cy is reducible to the simple equation 

2aa: db 6 = d= y/iac + b% 

which reduced form may in practice be written down at once from 
the proposed equation, without the aid of any intermediate steps : 
for, if we double the first coefficient in the proposed equation, we 
shall have the proper coefficient for x in the reduced equation ; and 
if to the first term thus found we connect with its proper sign the 
second coefficient in the proposed, the first side of the reduced equa- 
tion will be formed.* The second side will be had by multiplying 

* The more advanced student will at once see that this first side is the 
Bide of the limiting equation to the proposed. 
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the absolute term (that is, the second side,) in the proposed by four 
times the first coefficient, adding to the result the square of the se- 
cond coefficient, and covering the whole by the sign of the square 
root. As an illustration, take Example 1, Art. 91, which, afler 
transposition, is 

aa:* + 6ar = 42 ; 

then, forming each side of the reduced equation as above directed, 
we get immediately 

6ar + 5 = =b >/12 X 42 + 26, 

that is, 6a: + 5 = ± 23 ; 

.•. a; = 3, or — 4|. • 

The second example, after transposition, is 

a:« + 7ar = 18, 

.-. 2ar + 7 = d= V4 x 18 + 49 = d= 11 ; 

.•. a; = 2, or — 9. 

When the coefficients and absolute term in a quadratic equation are 
very large numbers, the solution may be more expeditiously obtained 
by the method, explained in The Chapter on the General Theory 
and Solution of Equations of all Degrees^ which forms a supple- 
ment to the present volume. 

(93.) QUESTIONS PRODUCING aUADRATIC EQUATIONS INVOLVING 

BUT ONE UNKNOWN QUANTITY. 

QUESTION I. 

It is required to find two numbers, whose difference shall be 12, 
and product 64. 

Let X be the less number ; 

then a; + 12 is the greater : 

also by the question, a; (ar yh 12) = 64, 

that is, «* + 12ar = 64 ; 

• completing the square, a* -f 12aT + 36 = 100 ; 

and extracting the root, ar + 6 = d= 10 ; 

.«. a: = d= 10 — 6 = 4, or — 16 : 

Hence the numbers are either 4 and 16, or — 16 and — 4. 
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QUESTION II. 

Having sold a commodity for 561., I gained as much per cent, as 
the whole cost me. How much then did it cost ? 

Suppose it cost x pounds ; 

then the gain was 56 — x; 

and by the question, 100 : d; : : x : 56 — x; 

.'. a? = 5600 — lOOar ; 

or, by transposition, a^ + lOOo; = 5600 ; 

and completinjr the square, a^ + lOOx + 2500 = 8100 ; 

.'. extracting the root, x + 50 = d= 90 j / 

whence « = 40, or — 140 ; 

••• the commodity cost 40Z. : the other value of « is inadmissible. 

QUESTION III. 

A company at a tavern had 8/. 15^. to pay ; but, before the bill 
was paid, two of them went away, when those who remained had, 
in consequence, 10«. each more to pay. How m^y persons were 
in company at first ? 

Let X be the number ; 

175 

then, is the number of shillings each had to pay at first ; 

X 

175 

and by the question, h 10 is the number each had to pay after 

X 



two had gone : 



(— + 10) (a?— 2) = 175; 



that is, lZ5flZl559 + i0x_20 = 175 ; 

X 

.-. 175a: — 350 + 10x» = 195« ; 
or lOx* — 20a? = 850 ; 
... a^ — 2ar = 35 ; 

and comj^leting the square, a^ — 2x + 1 = 36 ; 
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.•. extracting the root, x — 1 '= zb 6 ; 

whence, a; = 7, or — 5 : 
•*• there were seven persons at first. 

QUESTION IV. 

A person travels from a certain place at the rate of one mile the 
first day, two the second, and so on ; and, in six days after, another 
sets out from the same place, in order to overtake him, and travels 
uniformly at the rate of fifteen miles a day. In how many days 
will they be together? 

Let X be the number of days ; * 

Then the first will have travelled x + 6 days ; 

and (Art. 30, Theo. 5, chap. 2), (a? + 7) . — ^ is the distance gone : 

also 15a; is the distance the second travels ; 

.-. (a? + 7) . — — = 16a? ; 

and, .-. aj* + 13ar + 42 == SOx ; 

or, by transposition, a^ — 17ar = — 42 ; 

and completing the square (Art. 91), 4a^ — 68ar + 289 = 121 ; 

.". extracting the root, 2a; — 17 = db 11 ; 

, dbll + 17 ,^ 
whence x = = 14, or 3 ; 

hence it appears, that they will be together 3 days after the second 
sets out, who will tlien overtake the first, and be overtaken by him 
again in 11 days after, or 14 from the time of the second setting out.. 

QUESTION V. 

A vintner sold 7 dozen of sherry and 12 dozen of claret for 601^ 
and finds that he has sold 3 dozen more of sherry for 101. than he 
has of claret for 6/. Required the price of each. 

Let X be the price of a dozen of sherry in pounds ; 

when — = the no. of doz. of sherry for lOZ. 
10* 
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and by the question, 8 = = of claret for 61. 

10-^3jr 6a; 
... 6 -T =s = the pnce of a dozen of claret ; 

72ar 
whence 7ar + j^^— ^=50; 

or 70a? — 21a* + 72a? = 600 — 160« ; 
.*. by transposition, 292ar — 21a:' r= 500 ; 

ora:» — Vi^a? = — VS>; 

and completing the square, oj* — W* + ( VV)' = "TSTu > 

(21) 

.% extracting the root, a? — Yi* = =*= W > 

whence or = 2, or ^^ : 

.*• the price of a dozen of sherry was 2/., and pf a dozen of clarot 

6a? 

(= rs r- =) 81. If the other value of a? be admitted, then the 

^10 — 3a? ' 

number expressing the dozens of claret will be negative : it is there- 
fore inadmissible. 

f 

auEsnoN VI. 

It is required to find two numbers, such, that their sum, product, 
and difference of their squares, shall be all equal. 

Let the numbers be represented by x and a? -f 1, then one condi- 
tion will necessarily be fulfilled ; for the sum, a; + (ar -{- 1), and the 
difl^rence of the squares, (a? + 1)' — ^> are each 20? + 1. We 
have therefore only to satisfy the remaining condition, that is, to 
solve the equation 

«« + 0? = 2a? + 1, 
or, by transposition, 

a* — 0?= 1; 



hence 2a? — 1 = ± -^4 + 1 = ± ^5 ; 

. -If^Ji/^^J the number, r«qui«d. 
and x + J = }dbiy5 3 ^ 
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7. It is required to find two numbers, whose sum shall be 14, such, 

that 18 times the greater shall be equal to 4 times the square of the 

less. 

Ans. 6 and 8. 

8. Divide the number 48 into two such parts that their product 

may be 432. 

Ans. 36 and 12. 

9. Divide the number 24 into two such parts that their product 

may be equal to 35 times their difference. 

Ans. 10 and 14. 

10. What number is that which exceeds its square root by 48}, 

Ans. 56^. 

11. It is required to find two numbers, the first of which may be 

to the second as the second is to 16 ; and the sum of their squares 

equal to 225. 

Ans. 9 and 12. 

12. A person bought some she^p for 72/., and found that if he 
had bought 6 more for the same money^ he would have paid 11. less 
for each. How many did he buy, and what was the price of each ? 

Ans. The number of sheep was 18, and the price of each 4Z. 

13. A merchant sold a quantity of brandy for 391., and gained 

as much per cent, as it cost him. What was the price of the brandy ? 

Ans. 302. 
« 

14. In a parcel containing 24 coins of silver and copper, each 
silver coin is worth as many pence as there are copper coins ; and 
each copper coin is worth as many pence as there are silver coins ; 
and the whole is worth 18«. How many are there of each ? 

Ans. 6 silver coins, and 18 copper coins ; 
or 18 silver, and 6 copper. 

15. A traveller sets out for a certain place, and travels one mile 
the first day, two the second, three the third, and so on : in 5 days 
afterwards another sets out, and travels 12 miles a day. How long 
and how far must he travel to overtake the first ? 

Ans. He must travel 3 days, or 36 miles. 
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16. What two numbers are those, whose sum multiplied by their 

product, is equal to 12 times the di^rence of their squares ; and 

which are to each other in the ratio of 2 to 3 ? 

Ans. 4 and 6. 

17. A person being asked his age, said, '^ The number represent- 
ing my age is equal to 10 times the sum of its two digits; and the 
square of the left hand digit is equal to j- of my age." Required 

the person^s age. 

Ans. 20. 

18. Two partners, A and By gained 18L by trade. A^a money 

was in trade 12 months, and he received for his principal and gain 

26Z. : also iTs money, which was dOZ., was in trade 16 months. 

What money did A commence with 1 

Ans. 20Z. 

19. The joint stock of two partners, A and B, was 41 6Z. J.'s 

money was in trade 9 months, and B^s 6 months : when they shared 

stock and gain, A received 228Z., and B 252/. What was each 

man's stock t 

Ans. jI's stock was 1922., and B*3 2247. 

20. Required the dimensions of a rectangular field, whose length 
may exceed its breadth by 16 yards, and whose surface may mea- 
sure 960 square yards. 

Ans. Length 40 yards, breadQi 24 yards. 

21. The plate of a looking-glass is 18. inches by 12, and it is to 
be surrounded by a plain frame of uniform width, and of surface 
equal to that of the glass. Required the width of the frame. 

Ans. 3 inches 

22. The difference between the hypotenuse and base of a right- 
angled triangle is 6, and the difference between the hypotenuse and 

perpendicular is 3. What are the sides ? 

Ans. 15, 9, and 12. 

23. There are three numbers in geometrical proportion ; the sum 

of the first and second is 15, and the di^rence of the second and 

third is 30. What are the numbers ? 

Ans. 3, 12, and 48. 
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24. It is found, by experiment, that bodies in falUng to the earth 
pass through about 16^ feet in the first second of their motion, and 
it is known that the spaces passed through from the commencement 
of motion are as the squares of the intervals elapsed. Suppose, 
then, that a drop of rain be observed to fall through 595 feet during 
the last second of its -descent, required the height from which it felll 

Ans. 5804} feet nearly. 

ON QUADRATICS IKVOLYIirO TWO UNKITOWIf QUANTITIES 

(94.) Equations containing two unknown quantities, in the fbrm 
of quadratics, cannot be solved, generally ^ by any of the preceding 
rules, as their solution, in many instances, can only be obtained by 
means of equations of higher degrees : in several cases, however, 
their solution may be efiected by help of the foregoing methods. 
These cases we shall now explain. 

(95.) When one of the given Equations is in the form of a 

Simple Equation. 

Find the value of one of the unknown quantities in the simple 
equation, in terms of the other and known quantities, and substitute 
this value for that quantity in the other equation, which will then be 
a quadratic containing only one unknown quantity. 

BXAHFLES. 

1. Given < 9^— xJ^ 3w* = 54 i ' to find the values of xand y. 
From the first equation, 

.^ 1^, whence 2x'=^^"-^/^-^^, 

and xy = ^^ ; 
•*• the second equation becomes, by substitution, 

100-20y + y. _10y-y»^^^^^^^ 

and clearing this equation of fractions, 

100 — 20y + ^— 10y + s^+6y«=108; 
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and by transpositioD, 

SfSOy = 8, or j^— Ysf = 1 
*. completing the square, 

and extracting the root, 

y-Y=±V5 
.•. y=4, or— i, 

and «= 3, or y. 
r 4a? + 2y _ ^ 
2. Given \ ^ ^ » to fii^<l the values of x and jf 

f Sxy = 50 

From the first equation, 

g-y 



x = 



2 ' 



hence 45y—5y* = 100, or 6y*—48y = —100; 

.-. y*- &jf = — 20; 
and completing the square, 

4j^_36y + 81 = l; 
.*• extracting the root, 

2y — 9 = d=l; 

whence y = — 5 — = 5, or 4 ; 

9— If 
and » = — 5-^ = 2, or 2 J. 

^ > 9 to find the values of x and y. 

y— «=2 5 

From the second equation, 

y = « + 2, 
and from the first, 

10* + y = Sajy, 



QUADRATIC JSaUATIONS. 119 

Substituting in this the value of y just found, 

lOaJ + a: + 2 = 3a;* + 6«, 
.-. by transposition, 

3a;* — 5a?=2, 
hence (page 111) 

6a? — 5 = i: v^ 24 + 25 

.% X = — - — = 2, or — f. 
o 

consequently, y =r ar + 2 = 4, or If. 

4. Given \ . « J » to find the values of x and y. 

<af+y= 6 > ^^ 

From the first equation, by transposition, 

«*y + 4a?y = 96 ; 

and substituting for a;, its value, 6 — y, as obtained firom the second, 
we have 

(6~y)y + 4(6— y)y = 96, 

or putting (6 — y)y = «, 

x' + 4«=s96; 

.*. completing the square, 

X* + 4^; + 4 = 100 ; 

and extracting, 

» + 2 = =fcl0; 

.-. X, or Oy — y*, = 8, or — 12; 

.-. 3f» — 63f , = — 8, or 12 ; 

and completing the square, 

^_6y+9 = l, or 21; 

.% extracting the root, v 

y — 3 = dzl, or=fcy21: 

whence y = 4, or 2; or 3db \/21 ; and a;( = 6 — y) = 2, or 4; 

or 3 =p v'"21. 

^ a" + «" = o > 

5. Given J _ /l \ ' *® ^^ ^^® values of x and y. 
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By squaring the first equation, 

«*• + 2j:»y" + y«" = a» 
4 times the nth power of the second, gives 

4«"y* = 45". 
By subtraction, 

a*»— 2«-y* + /» =a«— 46". 

Extracting the root, 

«"— y»=c ^o' — 46". 

Therefore, by adding and subtracting this from the first of the given 
equations, and then taking the nth root, we have 



y = J}a — i>/a'— 46"!^ 



^. = 2 



6. Given ^¥ /" > to find the values of x and y. 

. Jar=18 or 12i 
^^^•^y= 3or — 2i 

7. Given < ^_o I 4^ — 1 1 i » ^® ^'^^ ^^® values of x and y. 

. ix=:2 or — 46 
^'^^•^y = 3or 15 

2x + y =22 

8. Given \xy j _ «« / » ^° ^"^^ ^^^ values of x and y. 



. C a: = 8, or 17f , 
A^^-Jy^elor-lSi! 

Sx = 15 + y ^ 
m^xy ^ , to find the values of a: and y. 
^~"2 5 

A«« 5* = 18>or 12i, 
^«-^y= 3,or-2i. 

10. Given \ g^t 2^ ^1^^ _i2 ( ' ^^ ^^ ^^® ^^^"®^ ^^^ ^"^^ 3^- 

Car=l or_7|, 



Ans. % ^ ^j. 7A. 
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1 1 . Given < xX^=z25 i » ^^ ^^^ ^^® values of x and y. 

Ans. ^ * = 9. O"^ -14A 
^ y = 4, or — 6i. 



, to find the vaJues of x and y. 




Ans 5 * = 5 <"• H' 



(96.) If the simple equation consist of the sum or product of the 
unknown quantities, and the other equation of either the sum of their 
squares, the sum of their cubes, the sum of their fourth powers, &c. 
then the solution is obtained by employing a mode somewhat diiler- 
ent from that above given, as in the following general examples : 



EXAMPLES. 



1. Given < » T 2 1: J i to find the values of x and «. 
(x' + y^= b y ^ 

By squaring the first equation, 

x^ + 2a:y -f ^ = a* ; 

and subtracting the second, ar* 4-^ = 6, 



we have 2xy = a^ — b: 



Also, subtracting this from the second equation, 

a^ — 2xy + f=z2b — a'; 

and, since the first side of this equation is (x — y)*, we have, by 
extracting the root, 

X — y = zh ^2b — a*"; 

but X +y s= a; therefore 

(* + y) + (^— y) = 2a? = a ± >/26 — oS 

a±x/26 — a' 
ora: = ; 

and (a? + v) — (^ — y) = 2y = aqp V26 — a\ 

oqpV2fr — o* 
ory = 

11 
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Or thus: 

a 

Put « = #+«, and y = « — x • then x + y =2#, or » = - ; 

.-. ar* = a? + 2m + «», 
and y" = a? — 2«« + «• ; 

••. by addition, a:« + y» = 2a* + 2«« = 5: 

« ^ — 2^ ^ _x. /ft — 2^* 

whence r = — ^ — > *"^" .*.«=» =fc W — ^ — t 

/Tir27 

and « = »+» = «±W — ^ — ; 

5^:12? 



• • 



also y = « — « = aqp4/ 
by restoring the value of a, 



.h-i 



=l=*=\/^ a 



2_o±>/2ft— rf 



h-i 



a»d y = |=T=\/-2— = ^"^^2 ^, as before. 

2. Given < STJJs^ ^ ( » to find the values of x and y. 

By cubing the first equation, 

«»H-3ar»y + 3xy« + y» = o»; 
subtracting the second, ar* + y" = <?, 



we have Sa^y + Sxt^ = o' — c, 



a' — c 



or 3(aP+y)a?y = 3<Mry = o* — c; .«. a?= — ; 

and, by substitution, 



a' — c 



3ay 



^y = a, or a' — c4-3ay* = 3«'yi 



I 
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'. by transposing, and dividing by da, 

ind completing the square, 

a" c — c^ , c? 4c — a* 
V-ay + - = -3^ + - = -j^^; 

'. extracting the root, 



a /4c — a* , a /4c — o* 

a , /4c — a* 

•••'=''-y=2=*=V"i2s- 

Or, ^Au«.' 

Putting a; = « + 2, and ^ = « — z, as in the preceding example, 
we have 

a^ = «» + 3A + 3az» + «»; 
y" = «»— 3A + 3m»— a» ; 



.-. by addition, a* + y" = 2^ + 6««' = c ; 



c — 2a» fc^^i 

whence r= — ^ — t «i^a « = =fc v / — ^ — ; 

j-. /c — ^^ A /c — 2jP 

... x = ,±>y-^— ;andy = ,=p^~^— 5 

•• by restoring the value of «, 



a 
2 



4 / 4 _ « . / 4c — a^ 

■^ ~3^""2=^V~l2r"' 

and .-. y = - qp ^Z -^^^ ' ^ before. 

6. Given )-^T!!«Z/^(>^o find the values of x and y. 
By involving the first equation to the fourth power, 
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a;* _|- 4x*y + 6a:'/ + 4a:y» + / = o* ; 
and subtracting the second, ar*+y* =^> 

there results . . . . 4x»y+6j:'y'+4xy" =a*^d; 

a* — d 

.-. dividing by xy . . Ax" + exy + 4y» "^"^ ' 

Now 4(x+y)«=4«* + 8xy + 4j/» =4a«; 

, o« — d 
hence, by subtraction, 2xy = 4o — — , 

or 2ar'y« = 4a'ary — a* + ci ; 

'.•. by transposition and division, 

d — a* 
a:*y« — 2a'xy= -g— 5 

and completing the square, 

a^y» — 2a«jry + a* = ^^^-^ + a* = 

.*, extracting the root, 



d — a^ . 4 d + a^ 



a?y_o«==fcW--~— , and xy^a^zh\^ — —; 

/d + a* 

and putting, for simplicity's sake, or ± W — — = m, 

we have, by substitution, 



? +« = a. or in + 3^ = ay, or y* — ay = — m; 
.-. completing the square and extracting the root, 



a . /a' , 



whence y= 2 ±\/ 4 — «= 2 ± V 4""* "^ V ~2~ 
and.-. x = o — y=2q:\/— "J"^ V ~~2~* 
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Or J thus : 

Putting a? = « + «, and y = « — «, as in the jpreceding examples, 
we have 



.-. by addition, ar*+y* = 2«*+ U^z'+^zl' = d ; 

and dividing by 2, . . ^+ 6A» + «* =3 ; 

.-, »* + 6a*a»=| — a*; 
and completing the square, and extracting the root, 



««+3«»=±>y| + 8«*; 



.•.« = ±\/— 35»±^^ + 8«*; 



consequently, a: = # rfc ^^ — a** rfc V /h + Q^> 

andj^ = «qF V — 3a^±\/2 + ®^5 
or restoring the value of «, 

andy=|=F\/ — -|-± v/-— 2~"' ^^'^ before. 

4. Given Ja^Tf^s^g (>to find the valuos of x and y. 

By involving the first equation to the fiflh power, 

ar* + 5x*y + 10a:*y» + 10a:*y» + Sary* + y* = a*; 
and subt|acting the «*econd, «* + y* = c ; 

we have . . bs^y H- lOar'y' + lOxy -f 6xy* = a* — c ; 

11* 
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a' — e 



and dividing by 6a?y, «* + 23^y + 2ary* + y* = 
But (a: + y)'= a:» + 3a:«5^ + 3xy« + y» = a»; 

•. by subtraction . . a^y + xt^ = 0' ^ — - ; 



or {x + y)xy = axy = a' g^ ; 

.*. multiplying by 5xy, and transposing, we have 

5a3^i^ — bafxy = e — a*, 



or a^y" — a"ary = 



c — a* 



5a 

and, by solving this quadratic, we obtain 



a» /a* -f 4e 



•'• calling this value of ory, m, we have, from the equation, 

« + y = a, 

— + y = a, or »i + y'=ay, .-. y* — ay = — m; 



a^ /? a , /a« a« /a* + 4« 

2' = 2=^V 4 -"* = 2-=^\/ 4 -2-=^ V -W- 



P=-±\/--=P\/^-±^ 
2 V 4^V 20a 



+ 4c 



, a / a^ /a* + 4c 

Or, *Att5 : 

Putting « = # + », and y = a — «, as in the preceding examples, • 

aj« = «' + 5«*« + ids'*' + 10«^«» + 5m* + z\ 
y» = «« — 5**« + 10a^«* — 10«V + §a«* — «* , 

•. by addition, ar* + y» = 2«5 + 20«'«« -f 10««* s= e^ 
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or s*+2^z'+f^ = ~; 
and by transposing, and completing ine square. 

*. extracting the root, &g« 



whence, by restoring the value of «, 

2 4 ^ ^iT 



a 

« = «+ « = -d= 



o , / a* . /a' 
= 2^-4 V- 



H-4c 



20a ' 

and.-.y = a-x=.=F\/_~d=\/^g^, 
the same as before.* 

5. Given ^ * + ^ ~ M , to find the values of a* + »*, a* + «*, 

ar* + y*j &c. 
By squaring the first equation, 

a' + 2aJ3f + y« = «»,- 
and subtracting twice the second, 2xy = 2p ; 

there results a^ + j^ = if — 2p. 

Again, (a? + y) (a* + ^) = «*— 22W 
*y (* + y) = iw 



* If we had given a; + y, and sfi+ t^, to find a? and y, the question 
would be impossible in quadratics, since, as it is easy to perceive, the ope- 
ration would lead to a cubic equation ; we cannot, therefore; extend -the 
above examples any furAer. 
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Also, {x + y){a*+i^) = 8* — Sp^ 

xy{x' + f):=z 'p^ — ^f 



.-. «* + y* = a* — 4|M* + 2p« 



[n like manner, ^ 

(a: + y) (af* + y*) = i* — 4pa» + 2jp^« 
xy(ar* + y»)= p^—Zfz 



.% a* + y* = «« — 5p/ + 5jp^# 



By ^continuing this simple process, formulas may be deduced tc 
any extent. These formulas, it may be remarked, would have en- 
abled us to arrive at simpler solutions to the four preceding questions 
than those already given. Thus, taking the fourth question, we 
have by the formula last deduced, 

a* — 5a^ + 5ap^ = t 
,\ 5op^ — 6a^ = e — a* 

and, completing the square and extracting the root, 

p = ia« ifc i >/ 1 -^j^ J= xy. 

Now X — y = v^a' — ^p] and half this added to ia gives ar, and 
subtracted from it gives y : hence 

* 5a ' 

Particular Examples. 

1. Given the sum of two numbers equal to 24, and the siim of 

their squares equal to 306. To find the numbers. 

Ans. 9 and 15 

2. The sum of two numbers is 27, and the sum of their cubes 
1941. Required the numbers. 

Ans. 13 and 14. 

y 3* The sum of two numbers is 11, and the sum of their fourth 

powers 2657. What are the numbers 7 

Ans. 4 and 7. 
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4. The sum of two numbers is 10, and the sum of their fiflh 

powers 17050. WJiat are the numbers 1 

Ans. 3 and 7. 

5. The sum of two numbers is 47, and their product 546. Re- 
quired the sum of their squares. 

Ans. 1117. 

6. The sum of two numbers is 20, and their product 99. Requi- 
red the sum of their cubes. 

Ans. 2060. 

7. The sum of two numbers is 19, and their product 78. What 
IS, the sum of their fourth powers? 

Ans. 29857 

(97.) When both Equations have a Quadratic Form, 

In this case, which includes every possible form, no general me- 
thod of procedure can be pointed out ; and the solution, in many 
cases, must be lefl to the ingenuity of the learner : many equations, 
however, that come under this case are irresolvable by quadratics 
cnly^ and require equations of the higher degrees, as has been before 
observed.* When however the proposed quadratics are both homo- 
geneous^ that is, when every unknown term is of two dimensions, 
the solution may always be effected by adopting the artifice of sub- 
stituting for one of the unknowns an unknown multiple of the other ; 
because we shall thus introduce the square of this other into every 
term, and may therefore eliminate it from the equations. The result 
of this elimination will be a single quadratic, in which the unknown 

* The most general form under which quadratics containing two unknown 
quantities can be expressed is the following, viz. 

oofi + 5y* + cxy -{• dx -\- ey = a, 

a'ai* -f ^y ' + c'-cy -f d'x + c'y = b ; 
the solution of which is a branch of the general doctrine of Eliminatioit, 
a subject too abstruse to be treated on fully in an elementary work like the 
present. The elimination of equations of the first degree has been already 
given, in Chap. ii. ; and, for those of the higher degrees, the reader is re- 
ferred to the work of M. Qezout, before mentioned. 

There is also a neat tract on this subject by M. Gamier, entitled " De 
TKlimination entre deux Equations Algebriques d'un Degr6 quelconque.*' 
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is (he assumed multiplier at first introduced, and the determination 
of which loads immediately to the solution. The most general 
form in which a pair of homogeneous quadratics can occur is the 
following, viz. 

a'x^ 4- b'xy -f c'y* = d' J 

To find the values of x and y in these equations, put r = zy, and 

they become 

a»y+52y'+cy* =d } 
a'zy+b'zf+cy=d'S ' 

Hrom the first of which we get 



az* + bz -{• c ^ 
and from the second, 



whence 



aV + b'z + c' ' 
d d' 



az^ + 52 + c a'«' + b'z + c' ' 
or, clearing the equations of fractions, 

a'dz^ + b'dz + cd — ad'z^ + ftcZ'a; + c(f' : 

a quadratic from which the values of z may be found, and, conse- 
quently, those of y and x may then be determined. 



EXAMPLES. 



1. Given j o y2 i q^j! ^ 8 i ' **^ ^^^^ ^^^ values of x and y. 

These equations being homogeneous, are resolvable by the above 
process ; therefore, assuming x = zy^ we have 

4ay _ 2zf = (42 — 2) 2y» = 12, 

and 2/ + 32y* = (2 +32)y*= 8; 

*This general form evidenlly includes a great variety of equations^ 
since it comprehends all those in which any of the coefficients a, 6, c, d^ 
&^, 1^, aie = 0; that is, in which any of the terms are absent. 
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.'. from the first equation, 

^ "'(4« — 2)»' 
and from the second, 

,_ 8 
^ 2 -f 3« ' 

12 8 



••(4«_2)a 2-f3»' 
or 24 + 362 = 32«« — 16« ; 
and by transposition, 

Q9j^ — 52z = 24, or «»— y« = }; 
. completing the square, and extracting the root, 

« — « = =±=||, .•.« = 2, or —I; 

.•. y = ±1, or db^/V5 
and a: = ajy = db 2, or qp i • >/V- 

2. Given 5 2a?tfi3^=3^— 3 ( ' ^^ find the values of aiandy. 

These equations being homogeneous, substitute, as before^ ay for 
X, and we have 

6«y_5«y» + 2y» =|6«« — 5« + iJ Jy* = 12; 
and2«y«— 3y" +3«y=f2«— 3 +3z«|y« = — 3; 

from the first of these equations, 

12 

4/" = 



6;5«_5« + 2' 

and from the second, 

,_ —3 
y^ - 2a — 3 + 3«* • 

12 —3 



6»« — 5» -f 2 "" 2« — 3 + 32*' 
or 24« — 36 + 362« = — 18«« + 152 — 6 ; ••. 64»" + 9« = 30 

... 62» + 2-=y; 
and completing the square (Art. 90), 

1442* -f 24s + 1 = 81 ;. 
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and extracting, 

12» + l = d=9; 

••. «== f, or — {: 

6 
whence ji» = 9, or f f ; .-. y = db 3, or =fc -^, 

and .-. « = ± 2, or qp -r^- 



8. Given ^^ +^Z:^H,to^i ibevnhieB of xwiiy 




4. Given | j^ J 3^^ iJ? | » *<> ^^d the values of « andy. 

. . 17^/768 

= ± 4, or qp - 




72 
Ana. 

= =fc 5, or lib — 5 — • 



6. Given |2^^+!j=_4 | , to findthevaluesof a:andy. 



Ans. 




(98.) XI8CELLANEOU8 EXAXPLE8. 

7b wUch the preceding Methods do not immediately apply. 

I. Given \ **+*+3' = ^l~^ i , to find the vahes of x and y. 
I xy=i o ) 

From the first equation, by transposition, 

a:» + y' + a? + y.= i8; 

and from the second, by multiplication, 

2xy = 12 ; 



\ 
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.'. by addition, «■ + 2xy + y'H-a? + y = 30; 

and substituting in this equation the value of x ( = -)» as obtained 

9 

from the second equation, it becomes 

(j + y)*+(J+y) = 80, 

or putting -+«=», it is «* + » = 30 ; 
•«• completing the square, 

and extracting the root, 

.•. «, or - + y, = 5, or — 6 ; 

whence 6 + ji* = 5y, or — Oy i 

. < y* — 6y = — 6, 
'• <ory« + 6y = — 6; 

and completing the first square (Art. 90), 

4y*— 20y+26 = l; 
and extracting 

2y — 5 = =hl; 

••. y = 3, or 2 ; 

also, completing the second square, 

3^ + 6y + 9 = 8; 

and extracting 

y + 8 = =h^/3; 

.-. y== — 3db v^3; 


whence a: = - = 2, or 3 ; or — 3qc V3. 

y 

2. Given ) ^ji? ZI ^gj ~ 6 \ * *° ^^ *^® values of x and jp» 

From the first equation, 

21 

12 



^ 

I 
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and from the seoond> 

6 

21 6 



• • 



3 



or dividing by 



x — V 



7 2 

= -, .•. ?« = 2a» + 2a: + 2 , 



?+« + !""« 
and by franspositioni 

2a» — 6ar=:— 2; 
•*• completing the square (Art. 90), 

letf"— 40a; + 25=:9; 
and extracting the root, 

4a? — 5 = db3; 
.•• a; = 2, or i: 

and y = -J = 3, or — 24. 

3. Given l^'^l^'^l'Z^^ 

By transposition, the first equation becomes 

a* + 2xy + 8« + y r= 73, 

to which, if the second equation be added, there results 

a* + 2a;3f + |/* + 4ar + 4y = (a: + y)« + 4 (ar + jf) = 117 ; 

and completing the square, 

(a: + y)» + 4(ar + jf) + 4=:121; 

.'• extracting the root, 

(« + y) + 2 = dbll; 

.•. X + y =9, or — 13 ; 

and ar= 9 — y, or — 13 — y: 

and, by substituting these values of x in the second equation, iro 
have 

y" + 2y+ 9 = 44, 

ory* + 2y — 18 = 44; 
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.*. by transposing, and completing the square in the first equation, 

y" + 2y + 1 = 36 ; 
and extracting the root, 

y + 1 = ±6; 
.-. jf = 6, or — 7 2 

also by transposing, and completing the square in the second equa- 
tion, 

y" + Sjf + 1 = 68 ; 

and extracting the root, 

y + 1 = db >/68 ; 
.% y = — 1 ± ^Te : 

hence the values of y are, y = 5, or — 7 ; or — 1 ± >/fi8 : 
and those of x are .*. a: = 4, or 16 ; or — 12 q= >/68. 

4. Given \^^Zy)~^^Xf) = S^^^''^''^^^^''''^''^^ 
Multiplying the first equation by 4, we have 

^^—f—{x + y)l = (x — yy .(x + y) ; 
and, dividing this hy x + y^ there results 

4(x-j,-l) = (x — y)»; 
and by transposition, 

(a? — y)' — 4(a: — y)=:— 4; 
completing the square, 

(a: — y)» — 4(a: — y) + 4 = 0; 
and extracting the root, 

(ar — y) — 2 = 0; 
.'. X — y = 2 : 
and this value of ar — y substituted in the second equation, gives 

4(ar + y) = 32, .-. a: J- y = 8 ; 

and by addition, < ^ "~ > also l)y subtraction > ^ "*" ^ ~ » 

^ <ar + y= 8j ^ <ar— y=r2, 

we get 2a: = 10 ; we get 2y = 6; 

whence ar = 6 ; and y = 3. 
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5. Given < y "*" a: ^ > , to find the values of x and y* 
ix J^y = 26 ) 

4jB8ume a? = « + t?, 

and y = z — t?; 

... a- + y = 2« = 26; 

... 2j = 6 ••. a: = 6 + t?, y = 6 — c. 

Now from the first equation, 

a? + f^ = axy .... (1); 
but «» = (6 + 1?)'= 6» + 3Wj + 86©» + ««, 
ys— (6_„)»=6' — 86*1?+ 8W— «*; 
... a;» + y* = 26» + 6W . . . . (2). 

Again, 

axy = a(6 + t?) {h — v) = a6* — aif .... (3); 

hence, substituting (2) and (3) in (1), we have 

26^ + 66c' = aft* — ac* ; 

.'.{a-\-6h)v^=a¥ — 2¥; 

^^^,_ y(a-2&) ^ 
a 4- 66 ' 

. /a — 26 
/a — 26 

•••^=^ + ^^irr66' 

— 26 



3' = ^-^s/^-66- 



6. Gi .«n ^ y ^ > to find the values of x and y. 



y > , to 
t/=18) 



C ar = 2, or J. 
-^^^- ^ y = 2, or 16. 

7, Givenr^l*g=^^5^'**^ | , to find the values of x and y. 

^- \ yZ i 5. 
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g p. i (^+3^) • (^ — y) = 51 > to find the values of x 
iven < ^_^j^ ^ ^ =z20+y J ' and y. 




•"> 



— 17±>/— 283 
; or 



(99.) QUESTIONS PKODUCINO QUADRATIC EQUATIONS INVOLVING 

TWO UNKNOWN QUANTITIES. 

QUESTION I. 

It is required to find three numbers, such, that the difi^rence of 
the first and second shall exceed the difference of the second and 
third by 6 ; and that their sum may be 33, and the sum of their 
squares 467. 

Let X be the second number, and y the difierence of the first and 
second ; 

then the first number will be or — y, 
and the third, by the question, ^ + jf + 6 ; 
.*. their sum = 3a? + 6 = 33, .*. or = 9 : 

also a^+{x — yy + {x+ y + 6)* == 467, .-. {x — yf + {x + y +6)« 

= 386; 

that is, 2a:* + 12a? + 12y + 2y« + 86 = 886, 

or substituting for x its value = 9, 

306 + 12y + 2y» = 386 ; 

.-. 3^ + 6^=40; 

and completing the square, 

y* + 6y + 9 = 49 ; 

.'. extracting the root, 

y + 3 = =b7, 

and y = 4, or — 10 : 

hence the three numbers are 5, 9, and 19 ; or rather 19, 9, and 5. 
12* 
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QUESTION II. 

It is required to find three numbers in geometrical progression, 
such, that their sum shall be 14, and the sum of their squares 84. 

X 

Let —, X, and xy^ be the three numbers ; 

if 



then, by the question. 



-• + a: + «y = 14, 

and -| + 0^ + aj»^ = 84; 



•*• from the first equation, 

- + ary = 14 — a:; 
or squaring each side, 

-5 + 2x« + ay = (14)« — 28a: + a* 

... - + «» + a:2y«=(14)« — 28»j 

and .'. from the second equation, we have 

84=:(14)» — 28ar-, 

.-. 6 = 14 — 2ar, and .-. x = ^^~^ i= 4 ; 

and substituting this value of x in the first equation, 

t + 4+4y = 14; 

... 43^_lOy = _4, 
or y" — y y = — 1 ; 
and completing the square, 

.*. extracting the root, 

y— f = =t|; 
whence y = 2, or i : 
.*. the three numbers are 2, 4, and 8. 
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ANOTHBK SOLUTION. 

Let X and y denote the two extremes, then ^xy is the mean, and 
by the question, 

«+ V'^+y = 14, 
and a^ + xy + y^ = 84. 
Dividing this equation by the former. 



x—y/xy + y = ^ 


i;^ 




hence, by addition to the first. 






a? + y=:10; 






and by subtraction, 






Vxy = 4, or xy = 


16: 




consequently, 






(« + yy — 4:xy = 100 — 


64 = 


36, 


.'.a: — y — 6 






x + y .=10 






.•. a: = 8, y = 2 




hence the numbers are 2, 4, and 8. 




QUESTION in. 







The sum of four numbers in arithmetical progression is 34, and 
the sum of their squares 334. What are the numbers ? 

Let the two means be a: + y, and x — y; 
then the extremes will be x + 3y, and x — Sy; 
and their sum = 4j: = 34, .•. x = y : 
also the sum of their squares = 4a:* + 20y* = 334 ; 
.*. substituting in this equation the value of x found above, we have 

289 + 20 f = 334 ; 
.% 20y« = 45 ,- 
whence y = db Vf = ± f : 
.-. the four numbers are 13, 10, 7, and 4. 



140 aVSSnONS in aVADBATIC EaVATI01fS« 

atlESTION ZV. 

The sum of three numbers in harmonical proportion is 13, and 
the product of their extremes is 18. What are the numbers? 

Let the extremes be x and y ; 
►hen the mean will be — ^ (Art. 79, Ch. 8) ; 

and their sum = a? + — =-- 4- v = 13 : 

also the product of the extremes s= xy =ilBi 

-. by substitution, 

36 

and multiplying by x + y, and transposing, 

(a: + y)«— 13(ar + y) = — 86; 
•*. completing the square (Art. 90), 

4 (« + y)* — 52 {x + y) + 169 = 25; 
and extracting the root, 

2(« + y) — 18s=:d=5; 
.'. a? + y = 9, or 4 ; 
whence {x + y)" =81, or 16 : 
and subtracting ^xy = 72, 

we have {x — y)'= 9, or — 56; 

.-. x — y = 3, or db >/ — 56; 
and adding • x + y z= 9 



2x = 12 ; .'. a: = 6 ; 

also by subtracting 2y = 6 ; •*. y = 3 : 
hence the three numbers are 3, 4, and 3. 

Othervsise : 

Let the extremes be a? + y* and x — y\ 

a» «« 

then the mean will be ^: 

X 
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a« — «* 
and their sum = 2x -{ =-- =s 13; 

X 

also the product of the extremes = «■ — y* = 18; 
••• by substitution, 

2x + — = 13; 

X 

and multiplying by a;, and transposing, 

2a* — 18j?==— 18; ^ 

•*• completing the square (Art. 90), 

16a* — 104a? + 169 = 26 ; 

and extracting the root, 

4a? — 13 = ±6; 

••. 0? = f , or 2 : 

and substituting the first of these values in the equation s^ — j^ =r 
18, we have 

y— 3^ = 18, .-, 3^ = J, and y=:|: 
hence the numbers are 6, 4, and 3, as above. 

aUESTION v. 

It is required to find four numbers in arithmetical progression, 
such, that the product of the extremes shall be 45, and the product 
of the means 77. 

Let X be the first term, and y the common difierence, then the 
numbers will be 

ar, ar + y, a? + 2y, a? + 9y; 

and by the question, 

a^ + 3xjf = 45, 

a*+3a?y + 23^ = 77; 

•'. by subtraction 2y' = 32, 

.-. y = 4 : 
hence the first equation becomes 

a:* + 12a: = 46 ; 
which solved, gives ar = 3 : hence the four numbers are 

3, 7, 11, and 15. 



i,^^ :•' 



-''/ 
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QUESTION VI. 

It is required to find two numbers, such, that their sum, product, 
and the difference of their squares may be equal to each other. 

Let X represent the greater number, and y the less, 
then, by the question, ? ^ ]|] jj ^ ^_ ^ 

Dividing each member of the second equation by a? + jf, we have 

1 = a? — jf, r, y =s X — 1. 
Substituting this value of y in the first equation, 

2x — l=:a^ — x, 

.\ a^ — 3a: = — 1, 
which solved, gives 

3+ ^/5 1 + n/6 

7. There are two numbers, whose sum, multiplied by the greater, 
gives 144, and whose difference, multiplied by the less, gives 14; 
What are the numbers ? Ans, 9 and 7* 

8. What number is that, which, being divided by the product of 
its two digits, the quotient is 2, and if 27 be added to the number, 
the digits will be inverted ? Ans. 36. 

9. A grocer sold 80 pounds of mace and 100 pounds of cloves 
for 65Z., and finds that he has sold 60 pounds more of cloves for 
20Z. than of mace for 10/. What was the price of a pound of each t 

Ans. 1 lb. of mace is IO5., and 1 lb. of cloves 5^. 

10. It is required to find three numbers, whose sum is 38, such, 
that the difference of the first and second shall exceed the difference 
of the second and third by 7, and the sum of whose squares is 634. 

Ans. 3, 15, and 20. 

11. There are three numbers in geometrical progression, whose 
sum is 52, and the sum of the extremes is to the mean as 10 to 3. 
What are the numbers ? Ans. 4, 12, and 36. 

12. It is required to find two numbers, such, that their product 
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shall be equal ^o the difference of their squares, and the sum of their 
squares equal to the difference of their cubes. 

Ans. J , ana -—-- 

13. The product of five numbers in arithmetical progression is 
10395, and their sum is 35. What are the numbers ? 

Ans. 11, 9, 7, 5, and 3. 

14. The sum of three numbers in geometrical progression is 13, 
und the product of the mean and sum of the extremes is 30. What 
ftre the numbers? Ans. 1, 3, and 9. 

15. The arithmetical mean of two numbers exceeds the geome- 
trical niean by 13, and the geometrical mean exceeds the harmonicul 
mean by 12. Required the numbers. Ans. 234 and 104. 

16. There are three numbers, the difference of whose difierencos 
is 5; their sum is 20, and their product 130. What are the num- 
bers? Ans. 2, 5, and 13. 

17. The fore-wheel of a carriage makes six revolutions more 
than the hind- wheel in going 120 yards ; but if the circumference 
of each wheel be increased one yard, it will make only four revolu- 
tions more than the hind-wheel in going the same distance. Re- 
quired the circumference of each. 

' Ans. The circumference of the fore- wheel is 4 
yards ; and of the hind- wheel 5 yards. 



ON IRRATIONAL QUANTITIES, OR SURDS. 

(100.) An Irrational Quantity, or Surd, as it is sometimes 
called, is a quantity affected by a radical sign, or a fractional index, 
without which it cannot be accurately expressed ; the quantity itself 
not being susceptible of the extraction which the index denotes. 

Thus, ^2 is a surd, because, as 2 is not a square, its square root 

cannot be accurately extracted ; also, -«/ 6, 3*, 6^, &c. are surds, 
since none of them are susceptible of the requisite extraction ; and 
therefore cannot be otherwise accurately expressed. 
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Theorem 1. The square root of a quantity cannot be partly 
rational and partly a quadratic surd. 

For if >/a = 6 + >/c, then, by squaring each side, we shall have 
a=sft' + 26>/c + c, and .*. 2ft >/ c = a — ft* — c ; and, conse- 

quently, >/c = ^ ; that is, an irrational quantity equal to a 

rational quantity, which is impossible. 

Theorem 2. In any equation, consisting of rational quantities 
and quadratic surds, the rational quantities on each side are equal, 
as also the irrational quantities. 

Let 'the equation bea+ ^b=z x + ^y^ then, if a be not equal 
to Xj let it be equal to d? db m, and then ardbm+>/& = x+ >/ y, 
••. ±in+ >/ft= y/y; that is, the square root of a quantity is partly 
rational, and partly a quadratic surd, which is impossible (Theor. 1). 

Theorem 3. If ^/(a + ^b)=^ x + yj then will >/(a — %/ft) = 
x— -5f : x and y being supposed to be one or both quadratic surds. 

For since a + >/& = ^ + 2xy + ^, and since x and y are one 
or both quadratic surds, ^ + ^ must be rational, and 2xy irrational ; 
••. (Theor. 2), a = a:* + y', and >/ 6 = 2xy, consequently, a — y/b 
^a^ + y*— 2xy = (« — y)", .\ y/(a — y/b) = x — y. 



REDUCTION OF SURDS. 

(101.) Problem i. To reduce a Rational Quantity to the 

Form of a Surd, 

Raise the quantity to the power denoted by the root of the surd 
proposed ; then the corresponding root of this power, expressed by 
means of the radical sign, or a fractional index, will be the given 
quantity under the proposed form. 

examples. 

1. Reduce 2 to the form of the square root. 

Here 2" = 4, .•. s/4 = 2 under the proposed form« 

2. Reduce 32* to the form of the cube root. 



Here {Sa^f = 27ar", .-. 3x» = V27a:'. 
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3. Reduce aV to the form oif the fifth root. 

4. Reduce -; to the form of the fourth root. 

5. Reduce — r to the form of the cuhe root. 

X 

6. Reduce a'ar* to the form of the square root. 

Problem ii. To reduce Surds expressing different Roots to equiva* 

lent ones expressing the same root. 

Bring the indices to a common denominator; then raise each 
quantity to the power denoted by the numerator of its index, and 
the common denominator will denote the root of each. 

EXAMPLES. 

1. Reduce >/2 and ^4 to surds expressing the same root. 
Here the indices, brought to a common denominator, are | and f ; 

.*. the proposed quantities are the same as 2* and 4* ; or y 8 and 
yi6. 

2. Reduce er and a' to surds expressing the same root. 

Here the indices brought to a common denominator, are f and } ; 

.-. the proposed quantities are equivalent to a^ and a^ ; or to ^a^ 
and yo*. 

3. Reduce 4^ and 5^ to surds expressing the same root. 

4. Reduce 2^/3 and 3v^2 to surds expressing the same root. 

5.' Reduce 6^ and 5* to surds expressing the same root. 
6. Reduce or* and y* to surds expressing the same root. 

Problem hi: To reduce Surds to theit most Simple Forms. 

Surds, which admit of simplification, may always be divided into 

iwo factors, one of which will contain a perfect power correspond- 

in<i to the surd root : 
• 13 
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Hence, to simplify such surds, extract the root of that factor which 
is the perfect power, and multiply this root by the other factor, with 
the proper radical sign prefixed. 



EXAMPLES. 

1. Reduce ^a^b to its most simple form. 

Here, since a' is a perfect square, y/d^b =. a^h. 

2. Reduce ^135 to its most simple form. 

V136 = V27 X 6 = 3V5, the answer. 

3. Reduce 5%/54 to its most simple form. 

6 ^/54 = 5>/9 X 6 = 5 X 3 v'B = 15 >/6, the form required 

4. Reduce 3 V 108 to its most simple form. 



5. Reduce l/cu? + bx^ to its most simple form. 



6. Reduce yb (a* + a^b) to its most simple form. 

(102.) If the surd be in the form of a fraction, it may be simpli- 
fied by multiplying both numerator and denominator by some quan- 
tity that will make the denominator of the ^ requisite power ; as in 
these '•.*:' 



EXAMPLES. 



1. Reduce >/i to its most simple form. 

Here VI = Vt^^ = x/tVX = 4 >/6. 

2. Reduce ^ >/4 to its most simple form. 

i ^/^ = WH = i VAX 21 = tV V21. 

3. Reduce r\/j to its most simple form. 

4. Reduce 5^} to its most simple form. 

5. Reduce iVi to its most simple form., 

aft" 

6. R^ucc Vt-? — : — V to its most simple form. 

4 (a + a:) ^ 
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ADDITION AND SUBTRACTION OF SURDS. 

(103.) Reduce the surds to their most simple forms ; then, if the 
surd part be the same in both, add or subtract the rational parts,^ 
md annex the common surd part to the result : but if the surd parts 
be diflerent, then the addition or subtraction can only be represented 
by the proper signs, + or — . 

EXAMPLES. 

1. What is the sum of >/18 and >/8? 



Here n/18= >/9 X 2 = 3^2) _ ,^ 

> , .*. 5\/2 = sum. 

and >/ 8= >/4x 2 = 2>/2 ^ 



2. What is the difference between y/l08ax^ and >/48aa:"t 

^/i08aJ?=: ^Sfix^X 3a=6a?>/3a> , .% 2«>/3a=:dif. 
. and 'J~lBas?= VlGx" x 3a = 4a? >/8a > ference. 

8. What is the sum of 3 ^32 and 2 ^"54? 

32/32 = 3y 8x4 = 62/4> 

^ ^^ — ^ ^* > ,.-. 6t'4 + 6^2 = sum. 

and 2 3^64 = 2^27 X 2 = 6?^2 > 

4. What is the difference between Vl92 and ^24 ? 

Ans. 2V3. 

5. What is the sum of 3 v^f and 2 VyV ^ 

Ans. ^y/W. 

6. What is the difference between V A and >/| ? 

Ans. fVv^^' 

7. What is the sum of v/24^ 2^/72", and as/bs?l 

Ans. 2v'6 + 12v'2 + oaV^. 

8. Required the sum of ^600 and ?/108. 

Ans. 8V4. 

9. Required the difference between 3^1 and 2v't^. 

Ans. |>/10. 

10. Required the difference between iy/i and i>/f 

Ans. j^^\^6. 

* The rational part b called the eo^ffieieni of the surd. 
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11. What is the difference between 5x/20 and 3xM5. 

Ans. >/5. 

12. What is the sum of ^/27, >/48, 4n/147, and 9y/75. 

Ads. 50>/8. 



MULTIPLICATION AND DmSION OF SURDS. 

(104.) Reduce the surds to equivalent ones expressing the same 
root (Prob. 2), and then multiply or divide as required. 



1. Multiply V8 by Vl«- 

Here 8* X (ICf)* = 8* x (16)* = V8'x(16)^= •/bVi X 256 
= V8(2)«X 4(2)«= V32(47=4V^ = product. 

2. Divide VT2 by V 24. 

(12)* (12)* ^ (12)" ^ 27(2)« 

Here t= ?= V7o7v== Vo7Hvf== V 3== quotient. 

(24)* (24)^ ^^*> i'CS) ^ 

3. Multiply 2^1 by Syf. 

4. Divide A^/ax by 3>7^. 



5. Multiply 4V3 by 3^4. 

6. Divide 4^32 by ^16. 

7. Multiply 6a* by 3a*. 

8. Multiply 2v^ by VT 

9. Divide iv^S by t^/2. 



Ans. 2^15. . 
Ans. 45/— i. 

' ay 



Ans. 12 V 432. 
Ans. 2v^ 

Ans. ISVfl* 
Ans. 18. 
Ans. i^/10 
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To extract the Square Root of a Binomial Surd. 

(105.) A binomial surd is that in which one of the terms, at least, 
is irrational ; as a dz,y/b, or >/a =b >/&.* 

(106.) In order to extract the square root of a+ Vft> put >/(a4- 
y/b)=zx + y; and it follows that ^/(a — y/b) = x — y (Art. 160, 
Theo. 3). 

Let each of these equations be squared, and we have 

o + y/b = a^ •{• 2xy -f j/" 

a — y/b=z a^ — 2xy + j^ ; 

.'. by addition . . 2a = 2a^ + 2i^y or o = «* + j/". 

Let the same two equations be now multiplied together, and there 
results 

V{a + Vh)X >/(a — >/6) = ««— 3/«, or y/ {a^ — b)=z a^—f/"'* 

hence, both the sum and difference of a^ and ^ being given, we 
have, by addition and subtraction, 

. a + V{a^ — b) . , a — V(a"— ft) 
«*= ^ i, andy«= ^ /; 

. c a + V{a*—b)l _ Ca— >/(a« — ft)> 
... ar=x/ j ^ ^^,andy==V' j A ^J . 

consequently, 

(107.) In order that the expressions within the brackets may be 
rational, it is evident that both a and -/(a* — b) must be rational ; 
in which case, each of the above values will consist either of two 
surds, or of a rational part and a surd. , 

The above formul® will apply to any particular example, by sub- 
stituting the particular values for a and b ; observing, that if b be 
negative, the signs of b in the formulse are to be changed. 

* The term binomial is often confined soleiy to surds of the form »2+V^ 

or ^/fl+^/ft; and those of the form a — x/6, or ^a — y/b^ are called t^ 

sidual surds. 
13» 
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VXAMFLES. 

1. What is the square root of 8 + ^/ 89 ? 
Here a = 8, and & = 39 ; 

2. What is the square root of 10 — </96l 
Here a = 10, and & = 06 ; 

... -^(ib— -/96)= x/6 — 2. 

3. What is the square root of 6 + V^Ol 

Ans. 1 + >/^» 

4. What is the square root of 6 — 2 >/5l 

Ans. y/5 — 1. 

6. What is the square root of 7 — 2 x/10? 

Ans. y/6 — y/2. 

6. What is the square root of 42 + 3 x/174f ? 

Ans. \/'28 + x/Ti^ 

To find MulHpUers which will make Binomial Surds roHondl. 

(108.) Surds may often he rendered rational by being multiplied 
by some other quantity, which quantity, when the surd consists of 
but a simple term, is always easily found : if, for instance, the surd 
>/ a is to be freed from its irrational form, it must evidently be mul- 
tiplied by >/a ; for ^/a X >/a £= a ; and if y/a be the form of the 
surd, then the multiplier myst be v^a'; because yaX ^a^= ^a 
r= a: and, generally, the multiplier that will make y a rational, is 
ya"~' ; because l^aX ^a""* = Va" = a. The more usual bino 
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mial forms may too be readily rationalized ; such forms consist of 
either the sum or difference of two square roots^ or else of the sum 
or difference of two cube roots. In the former case the multiplier 
will be suggested from the property, that the product of the sum and 
difference of two quantities is the difference of theu squares. In 
the latter case the multiplier will be a trinomial svrd, consisting of 
the squares of the two given terms, and of their product with its sign 
changed; that is to say, the form ^adby/b will be rendered ra- 
tional by the multiplier y/a*zp ^ab + ^h^, since it is plain that the 
extreme terms of the product will be rational, and that the fyar in* 
termediate terms destroy each other. But it is not so easy to disco- 
ver, at once, the multiplier that will render any binornial surd ra- 
tional ; the method, of proceeding, however, hi this case, is derived 
from the following investigation : 



l?y division 



a:— y 






Here the first of these series will terminate at the nth term, whether 
n be even or odd ; the second will terminate at the nth term, only 
when n is an even number ; and the third, only when n is an odd 
number ; for, in other cases, they will go on to infinity, as will ap- 
pear by substituting different numbers successively for n.* 

Now put a:" = a, y" = ft ; then x = y a, and y = yft ; and the 
above fractions become, respectively, 

a — b a — b _ a + ft 

and 



ya—yV li/a + yV ya + yft' 
and since x = ya, a:**"' = y a**"' ; a?"^ = ya""*, &c. ; 

also f = Vft* ; y* = !y ft*, &c. ; 
and, substituting these values in the above quotients. 



* We cannot prove the truth of these 4>ropeTties otherwise than by in 
duction in this place ; since the general demonstration of them requires tht 
Binomial Theorem. See Barlow's Theory of Numbers^ chapter 6. 



152 MULTIPLICATION AND 



OS 






= ya"-»— Va""*& + Va""'**— Va*^ft'+ &c. 



Therefore, since the divisor multiplied by the quotient produces 
the dividend, it follows, that if a surd of the form ^a — y/b^ be 
multiplied by 

ya"-» + yar^b + Va"^&' + &c. 

to n terms, the product will be a — 6, a rational quantity ; also, if a 
surd of the form Va + yb, be multiplied by ya"-* — ya"-*6 + 
yoT^l^ — &c. to n terms, the product will be o — 6, or a + 6, ac- 
cording as n is even, or odd, each of which products is a rational 
quantity. 

The Examples which follow, although worked by the general for- 
mulas here given, may nevertheless be readily solved by the two 
simple rules stated at the commencement of this article. 

EXAMPLES. 

1. It is required to find a multiplier that shall make ^1 — ^5 
rational. 

Here a = 7, 6=5, and n = 3, .•: the multiplier, Va"~V + 

V a*H6 4- &c. = V49 + V^ + \/25, 

and by actual mul 

w _ 

tiplication ^343+^/245+^176, 

~ V245— V175 — V125 



there results ;i/343 # # — ^125 = 7 — 5, 



as there ought. 

2. It is required to find a multiplier that will make 2+^3 
rational. 
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Here 2 + 3/3 = ^'8 + v/3, .-. a = 8, ft =\ and ii = C, . the 
multiplier, Va"-* — Va""'fr+ &c. 



3. It is required to convert - 5-- into a fraction that shall 



= ^64— V24 + V9 = 4 — ^24 + V^- 

3 
•i^5 — ?/2 
have a rational denominator. • 

^ 3(V25 + VIO + V4) ^ ^^ ^ ,^ j„ ^ ^^ 
o— — 2 

4. It is required to convert — y^ into a fraction that shall 

have a rational denominator. 

a(y/ a — >/ ft) 



Ans. 



a — b 



5. It is required to convert 3 :.— 3-7- into a fraction that shall 

have a rational denominator. 

Ans. ^^^-^ — V^ + Vf) 

x + y 

6. It is required to find a multiplier that will make V^ + V^ 
• rationaL 

Ans. V27 — v/36 + i/^ — ^/QA. 
The answer here given to this last example has, like those above, 
been determined from the general formulas ; but the proper multi- 
plier may be more readily obtained, and in a preferable form, by the 
rule at the commencement of the article : thus the multiplier y/S — t/A 
will bring the proposed form to V 3 — V 4, and the multiplier 
\/3 + >/4 reduces this last to 3 — 4, so that the complete multi- 
plier sought consists of the two factors ^/^ — V^ and V3 + >/4, 
which produce the multiplier in the answer. 



ON IMAGINARY QUANTITIES. 

(109.) Imaginary quantities are those expressions which repre* 

sent any even root of a negative quantity, as >/ — a, i/ — a, &c. 
the values of such expressions being unassignable. These quanti- 
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ties difler from other surd expressions, inasmuch as the values of the 
latter, though inexpressible accurately, may still be approximated 
to ; but imaginarics are not susceptible even of approximate values : 
notwithstanding this, however, they are of considerable use in va- 
rious parts of the mathematics, and, when subjected to the ordinary 
rules of calculation, often lead to possible and valuable results. 

(110.) With respect to the addition and subtraction of these quan- 
tijties, the operations are the same as for quantities in general ; but, 
as regards their multiplication and division, several particulars must 
be attended to that do not attach to other quantities ; and which we 
shall here enter upon. 

(111.) It is evident, in the first place, that >/ — a X y/ — a must 
be equal to — a; for the square root of any quantity multiplied by 
that squate root, must produce the original quantity, and therefore 
no ambiguity can here arise with respect to the sign of a. It is alFO 

equally evident that y/ — a X y/ — a must be > equal to Vo' ; for if ' 
this be not the case, the rule for the signs in multiplication is not 

general : it therefore follows, that — a must be equal to Vfl'- 

But it may be said that ^/a' is also = a, and that therefore it 
would follow that a = — a : this reasoning is, however, erroneous, 

for it is not true that Va' is also = a, since the symbol V does not 
contain both the signs + and — , but either -f or — , and, conse- 
quently, if it be shown to contain the one, it cannot at the same time * 
also contain the other ; in the present case, therefore, V contains 
only the minus sign, and, consequently, 

V — aX y/ — a = — Va' = — «• 
(112.) Our being able to destroy the ambiguity of the symbol >/ 

in the expression V^S arose solely from our previous knowledge of 
the manner in which a' was produced, viz. from the involution of 
— a ; and that therefore the reverse operation being performed on 
«', must bring back the original quantity — a. If we had had no 
knowledge of the generation of a', whether it was produced from 
{+a) X (-fa), or from ( — a) X ( — a); that is, whether a' repre- 
sented (+a)', or ( — a)*; then, in the reverse operation, we could 
of course have had no knowledge of the precise quantity which 
ought to have been produced ; that is, the symbol of extraction would 
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have been ambiguous, and the operation could only have been ex- 
pressed by saying Va' = + a, or — a. 

In the same manner, if it be known that a* is produced from (+a) 
X (+a), then Va? = + Ja^ = + a. 

(113.) Again, if we have two unequal imaginary quantities, 

V — a and %/ — 6, we know that their p]x>duct, ^ — a X ^ — h 

= ^ab; but we do not immediately perceive whether this result is 
to be taken positively j or negatively; because here the quantity, 
whose root is to be extracted, was not generated from that root, but 
from two unequal factors^ the proper sign may, nevertheless, be 
determined, for since 



^ — a =V« X y/ — 1, and >/-— 6 =^/6 X V — 1, we have 



V— ox y/—b = (y/ax V—l)'Whx %/— 1) 



= ^ab X — 1 = — ^abi 

Hence it appears that the proper sign of ^ab is minus : and thus 
may any imaginary be represented by two factors, of which one is 

a real quantity, and the other the imaginary V— ' 1 1 and therefore 

the expression, >/ — 1, may be considered as a universal factor of 
every imaginary quantity, the other factor being a real quantity, 
either rational or irrational. 

(114.) From what has been just said, and from the property that 
the multiplication of like signs always produces plus^ it follows that. 

The product of two imaginaries that have the same sign, is equal 
to minus the square root of their product, considering them as real 
quantities. That is. 



(+V— a)(+>/— a) = — >/a« = — a; 



as also 



and 



as also 



{—y/—a) (— ^— a) = — Va*=— a; 



(+y/—a)(+y/—b) = —^abi 



{—y/—a) (— >/— b) = — x/a* 
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(115.) But if the two imaginaries have different signs, ther their 
product will evidently be equal to plus the square root of their pro- 
duct, considering them as real. Tliat is, 

t EXAMPLES. 



1. Multiply 2^/ — 3 by Z^—2. 
Here 2y/^^ X d^^^= — 6^/6. 



2. Multiply 3 + ^/— 2 by 2 — >/— 4. 

3 + 7=2 



2— v^ 



6 + 2V— 2 



— 3>/— 4+n/8 



6 + 2^/— 2 — 3V— 4 + >/8. 



8. Multiply 4V— 5 by 3^/— 1. 

Ans. — 12 \^ 5 



4. Muhiply _5^/— 2by— 3>/— 5. 

Ans. — 15>/10. 



6. Multiply 4 + >/— 3 by >/— 6. 



Ans. Ay/ — 5 — >/15. 



6. Required the cube of a — b^/ — 1. 

Ans. a» + bW—l — Sa* (& + «^^— !)• 

(116.) The quotient of two imaginaries having the same sign, is 
equal to plus the square root of their quotient, considering them as 
real quantities. That is, 

+ V— a_ +VflX y/— l_ 4-^?. 

as also 

— y/ — a — y/aXy/ — 1 , ,o 

= ■ = + V T« 

—y/—b — vftx>r— 1 ^ 
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t 

^117.) Bui if tne two imaginaries have different signs, it is evi* 
dent that their quotient will be equal to mimia the square root of 
their quotient, considering them as real quantities. 



EXAMPLES. 



1. Divide 6^—3 by 2^—4. 



2>/— 4 



2. Divide 1 + >/— 1 by 1 — y^—h 



Here the multiplier that will render 1 — >/ — 1 rational .is 1 + 



/—I (Art. 108), 



l + V— 1 _ 2x^—1 
1 — x/^T"" 2 



= >/— 1. 



8. Divide 2>/— 7 by — 3>/— 6. 



4. Divide — v^— 1 by _6>/— 3. 



Ans. —iVi 



Ans. + 



6y/2 



6. Divide 4 + ^—2 by 2 — x^— 2. 



Ans. 1 + >/ — 2. 



6. Divide 8 + 2 >/— 1 by 3 —2 >/— 1. * 



Ans. tV(5 + 12>/— 1). 



SCHOLIUU. 



(118.) The arithmetic of imaginary, or impossible quantities, has 
been a subject of much disagreement among mathematicians ; some 
affirming that the operations of these quantities are altogether absurd, 
and others, though admitting the validity of the operations, diflering 
in their opinions of the results which they ought to produce. The 
most celebrated among the latter are Emerson and Eulcr, the for- 
14 
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mer asserting the product of V — a and V — h to be V — ah* 

and the latter making it + y/ab\; and yet they both agree that 

{y/ — a) . {>/ — a) = — a: hence it appears that they not only 
difier from each other, but even from themselves ; for if, according 

to Emerson, (V — a) . (V — b)— y/ — aby whatever be the values 
of a and b^ the equality must still subsist when & = a ; that is, 

(V — o) . (^/ — a) = y/ — a*, an imaginary quantity ; but the 
same product has been admitted to produce a real quantity, — o; 
therefore one of the conclusions must be absurd. The same incon- 
sistency attaches to Euler's supposition, /or, according to him, when 
ft = a, we should have + %/a' = — a, which is also absurd. 

(119.) The methods of operating on these quantities, as pointed 
out in the preceding articles, are free from the inconsistencies here 
noticed, and difier from the operations performed on quantities in 
general, only as it respects the restricted and definite sense in which 
the symbol V is to be taken in their results, it sometimes meaning 
-f \/, and at other times — V , but never indifferently ± ^/, as in 
the ordinary operations on real quantity. 

(120.) We might also have shown th^ft when a real and an imagi- 
nary quantity were to be multiplied together, or to be divided the one 
by tlie other, that similar processes to those already given were ap- 
plicable ; but, as the results would always be imaginary, no benefit 
would be derived /rom performing the actual operation ; by way of 
elucidation, however, let it be required to find the product of ^/a and 

y/ — 1. By the ordinary rule, 



Vax >/— 1 = VttX v( — 1)' = V«X VI = V«> 

* "Thus, v^— flX v'— 6=^— fl6, and ^Z— aX— /— 6 = — >/ 
-— a5, &c. Also, v/ — aX-/ — a = — a, and^/ — aX — y/ — a= + fl," 
&c. — Emerson's Algebra, p. 67. 

f "The product of ^ — 3 by y/ — 3 must be — 3; the product of 
y/ — 1 by y/ — 1 is — 1; and, in general, by multiplying V — f^ by 
v^ — a, or by taking the square of y/ — a, we obtain — a." " Moreover, 
as -y/a multiplied by y/b makes y/ab, we shall have vZ6 for the value of 
y/ — 2 multiplied by v/ — 3 ; and ^/4 or 2 for the value of the product of 
^ — 1 by V — 4." — ^Euler's Algebra. 
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but this result, in its unrestricted sense, is the same as =b >/ (=b v' o)» 
and, in order to arrive at its definite signification in the present case, 
we have 

VaX i/{ — lT^V(y/a x V"(=17)= >/ (>/a x — 1) 

= V( — Va). 

(121.) It maybe here further remarked, that imaginary quantities 
always occur in the analysis of a problem, when its conditions 
involve any absurdity or impossibility ; as if it were proposed to 
divide the number 12 into two parts, such, that their product may 
be 40. If this question be solved by the ordinary rules, the two 

parts will be found to be 6 + >/ — 4, and 6 — ^/ — 4, being both 
imaginary, or impossible in numbers. But, besides this, the use of 
imaginaries, as we have before said, is very extensive in some of the 
higher branches of analysis, and their application to a variety of 
highly interesting particulars has lately been shown by Benjamin 
Gompertz, Eisq., p. r. s., &c. in his Tracts on " The Principles and 
Application of Imaginary Quantities.*'^ 

* Some modem writers disapprove of these expressions being called 
quantities ; but, as they are susceptible of the same operations as quanti- 
ties in general, and do often lead to results whose values are assignable, 
there appears to be no impropriety in the appellation. The term imagi' 
fiary, however, does seem to require some modification ; for, although the 
values of the quantities so called are unassignable^ and even inconceivable^ 
yet, speaking according to the common acceptation of the term, it seems 
saying too much to call them imaginary, 

Lacroix, and those who say these expressions are not representatives of 
quantities^ call them imaginary expressions, or imaginary symbols ; but these 
appellations are still more objectionable, for as expressions^ or symbols^ they 
are certainly not imaginary, but real. 
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CHAPTER V. 

ON THE BINOMIAL THEOREM ; AND ITS APPLICATION 
TO THE EXPANSION OF SERIES, &c. 

(122.) The Binomial Theoheh is a theorem discovered by Sir 
Isaac Newton,* whereby any power, or root, of a binomial may be 
obtained without the labour of performing the actual involution, oi 
extraction. The power or root so found, is usually called the expats 
sion of the binomial ; but, before we proceed to investigate the form, 
or law of this expansion, it will be necessary to prove the truth of 
the following theorem : 

THEOREM. 

(123.) If the series a + Bor -f ca* + dx* + &c. be equal to the 
series a' + b'x + cV + dV + &c., whatever be the value of af, 
then the coefficients of the like powers of x will be respectively 
equal the one to the other ; that is, 

A = a', b = b', c = c', &c. 

For since the two series are equal, whatever be the value of x, they 
are equal when x = ; but, in this case, the first scries becomes 
simply A, and the second becomes a' ; therefore, a = a' : and it also 
follows, that 

Bx + ex* + Dx* + &c. = b'x + c'x" + d'x' + &c. ; 

* It appears to be not quite correct to ascribe the first discovery of this 
celebrated theorem to Sir Isaac Newton, as it was known and applied in 
the case of integral powers before his time. (See Dr. Hutton's History 
of Logarithms). Newton, however, was undoubtedly the first discoverer 
of the theorem under its present form, since none of his predecessors had 
ever shown its application in the cases of fractional, or negative exponents. 
It is remarkable, that, although this theorem was one of Newton's earliest 
discoveries, he has left no demonstration of it; and he is therefore suppo- 
sed to have inferred its generality from an induction of particular cases. 
See Biot's Life of Newton.) 
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whence, dividing by x, and supposing a: = 0, we have b = b' j and, 
by proceeding in a similar manner, it may be shown that c =r c' 
o = d', &c. 

INVESTIGATION OF THE BINOMIAL THEOREM. 

(124.) Let m be any positive number, either whole, or fractional ; 
and let it be required to exhibit the expansion of (a + x)"", or of its 

equal a*"(l +-) . 

1. In the first place, since, every power, or root of 1 is 1, the first 

X 

term in the expansion of (1 + -)"'must be 1 ; and, consequently, the 

X 

first term in the expansion of a"*(l + — )"*, or (a + a:)*" must be a"*. 

2. Hence it follows, that the first term in the expansion of , r-i 

^ (tt+ar)™' 

or of (o + ar)-*, must be -- , or a~™. 

or 

8. Therefore we may conclude, that whether m be whole or frac- 
tional, positive or negative, the first term in the expansion of (a+ar)"* 
must always be a™. 

(125.) Let now the exponent m, of the binomial a + ar, be increased 
by 1 ; then the expansion of (a + a:)*"+* will be equal to each term 
in the expansion of (a + x)"^ multiplied by a + ar ; now the first term 
in the expansion of (a + a:)* has been shown to be a*", therefore 
a^ X {a -{• x) ^=z o"*+* '{•a'^x=i 'the first term, and the literal part of 
the second, in the expansion of (a -f »)"*+* ; but as the complete 
second term may, for aught we know to the contrary,, have a coeffi- 
cient, B, it may be represented by Ba'"a:, where b will be = 1, should 
there be no coefficient. Let the exponent of the binomial be again 
increased by 1 then the expansion of (a 4- 3:^"+* will be «qual to 
each term in the preceding expansion multiplied by a + ^ ; now we 
have just seen that a"'+*'+ Ba^'a? are the two first terms in the pre- 
ceding expansion ; therefore^ by omitting the coefficient of the third 
term, the value of which we are unable at present to foresee, we 
shall have 

(a""+* -f- wTx) x{a+x):=z a"»+» + (b + 1) oT-^'x + oTa!^ 
14* 
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equal to the first and second terms, and the literal part of the third 
term, in the expansion of (a+xy^K Increase the exponent of the 
binomial again by 1, then, in like manner, the expansion of (a-}-a:)'*+* 
will be equal to each term in the preceding expansion multiplied by 
a + x; consequently, 

(a"'+« + a'^^^x + a'^a^) X (a + ar), 

by omitting the coefficients, = a"^^ + a'^'^^x -f a"*+*a:* -f- a'^a^ = the 
literal parts of the four first terms in the expansion , of (a -f- x)"*"*^: 
and by thus continually increasing the exponent by 1 to n, we shall 
have the literal parts of n + 1 terms in the expansion of 

where it is plain, that any term is equal to the preceding multiplied 
by -. 

(126.) Now to determine the coefficients of these terms, it ap- 
pears that if the coefficient of the second term in the expansion of 
(a + x)'"'!'* be b, that the coefficient of the second term in the suc- 
ceeding expansion will be b + 1 ; therefore the difierence between 
the exponent and the coefficiejnt of the second term must be the same 
in each expansion, whatever be the value of m; but when i7i=0, the 
coefficient of the second term in the expansion of (0 + 0:)'"+', or (a+x)* 
is 1 ; and the difi^rence between this and the exponent is 0, therefore 
the difference must be always ; that is, the coefficient of the second 
term in any expansion must be equal to the exponent. 

(127.) Put now m -f n = r ; and let 

(a + x)' =za' + Bo'-^x + ca'^x' + Da'^V + &c. ... (A) 

where b = r, and c, d, &c. are undetermined. Square each side of 
this equation, and we have for the square of the first side (a' + 2ax 
-{- x^)', or by considering 2ax + x* as one term, it may be written 
thus, {a'-f (2ax + x")!*"; the quantity within the brackets being a 
binomial, the first term of which is a\ and the second (2ax + aF) ; 
therefore, to exhibit the expansion of this, it will be only necessary 
to write a' instead of a, and (2ax + x^) instead of x in the expan- 
sion of (a + x)% and we have {a*+(2ax-{-x*) J*" = a^'-f Ba*^'-'> (2ax 
H-x») + ca^"^ (2ax + x*)' + Da^'-^H2ax+a^^ -f &c., and by actu- 
ally involving the quantities within the parentheses, and writmg 



ON THE BINOMIAL THKOSEX. 163 

the terms containing the like powers of x one under the other, the 
result is 

Also, for the square of the second side of the equation (A), wo 
have 

Ba«^'x+B«a*^ar^+Bca"^ar»+&c. f 

ca«-V+Bca'^ar>+&c.r ' * '^°^* 
Da*^ar*+&cJ 

Now, since these series (a') and (b') are equal, whatever he tha 
value of x^ hy the theorem previously demonstrated, the coefficients 
of the like powers of x are equal the one to the other ; that is 

2b = 2b ; or . . . . b = b ; 

B + 4c = 2c+ b', .-. c=-^— = — ^ — '-; 

. .« « .o c(b— 2) b(b — 1)(b — 2) 
4c + 8d = 2d + 2bc, .-. D = -1— — : = -i —1-1 < : 

and, hy proceeding in the same manner, we shall find 

d(b — 3) B(B — 1)(b — 2)(b — 3) 



E = 



2.3.4 



and also the remaining coefficients f, o, &c. in terms of b ; hut 
those already deduced are sufficient to show the law of their forma- 
tion, since it is obvious that the numerator of each is equal to the 
numerator of the preceding multiplied by an additional factor ; and 
the denominator equal to the denominator of the preceding multi- 
plied by an additional factor ; the factors in the numerator succes- 
sively decreasing by 1, and those in the denominator successively 
increasing by 1. 

Now B has been shown to be equal to r ; hence the expansion of 
(a + xy is 

(a 4- gy = a" + rar'x + ^(^~^) q^ar' + ''^^"l^ ^^~^^ aT^x" -f 

&c. ; or restoring the value of r =;= m + n, and putting m = 0, we 
have 
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1. (a + ar)- = 

n(n — 1) _. . nfn — l)(n — 2) _. - . , 
a"+«a"-*ar + ^ — ^ ar*x^ + --^ ^^ ^ a"-*ar' + dec- 
Putting m = — (« 4- «)j the series becomes 

2. (a 4- «)"• = • 

Or, putting m = - — n, it becomes 

p 



8. (a + a?)« = 






€(?_!) (?_2) , 
+ ^ 8.3 «' '^+*'°- 

and putting m = — (^ + t)) we have 
4. (a + ar)"« = 

-; p-f+« f(f+i) -<-;^_^ 

^2 

_ 2 — ^ ^ ^ y a a* + &c. 

2.3 

which b the law of expansion that we proposed to investigate ; the 
first series showing the expansion when the exponent of the binomial 
is a podtive integer ; the second showing the expansion when the 
exponent is a negative integer ; the third when the exponent is a 
positive fraction ; and the fourth when the exponent is a negative 
fraction* 

(128.) But our proof of this law extends only to n + 1 terms ; 
let us therefore examine the coefficients of the respective terms in 
the first series, with a view to ascertain to how many terrn^ they can 
possibly extend. These coefficients are 
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n(n-l) n(n-l){n-Z) n(n-l)(«-2)(n-3) ^ ^ 
^' "*' 2 ' a:^ ' 2.3.4 ' ^''' 

Now it is obvious that this series of coefficients can never extend to 
that in which the numerator is 

n{n — 1)(» — 2)(n — 3) .... (n — n); 

that is, in which the negative term in the last factor is n ; because 
n — n=^ 0, and, consequently, the coefficient, and, indeed, the entire 
term would vanish, as well as all that follow it ; therefore the series 
must terminate at the term immediately preceding this ; that is, at 
ihat in which the negative term in the last factor is n — 1 ; now the 
negative term in the last factor is evidently always 2 less than the 
number of the term ; thus, in the third term it is 1, in the fourth 2, 
&c., and therefore, when it is n — 1, yie term must be the n+lth ; 
consequently, our proof extends throughout the whole series. 

(129.) But in the second, and the other two series, the exponents 
are entirely unconnected with n; these series will, therefore^ be 
unlimited, since n + 1 terms may express any number from 1 to 
infinity. 

(130.) Hence we conclude that when the exponent is a positive 
integer, as n, then the series will terminate at the. n + lth term ; 
but when the exponent is either negative or fractional, the series will 
not terminate, but may be carried on to infinity ; as is also evident 
from the bare inspection of the terms. 

(131.) It also follows, that since in the expansion of (a + a;)**, the 
exponent of a in the first term is n, and that of 2*, ; and because 
the exponent of a in every succeeding term is decreased by 1, and 
that of X increased by 1, the n + 1th, or last term, will be ar", the 
last but one aar"^*, the last but two a'x"^', &c. (the coefficients beihg 
omitted), and these will evidently correspond to the literal parts of 
the fi.rst, second, third, &c. terms respectively in the expansion of 
(X 4- a)**, and therefore the coefficients of the last, last but one, last 
but two, &c. terms in the expansion of (a + x)", are respectively 
equal to those of the first, second, third, &c. terms in the expansion 
of (x + a)", since the series themselves are equal ; but the coeffi- 
cients of the first, second, third, &c. terms in the expansion of 
ix -t- a)" must be the same as those of the corresponding terms in 
the expansion of (a + a:)", therefore in the expansion of (a + a?)" the 
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coefiicients of the terms from the first to the middle are respectively • 
the same as those from the last to the middle. 

(132.) By making a and x each equal to 1, a curious property of 
the binomial may be exhibited, viz. 

(1 + ir, or 2-, = 1 + m+ !?^(?LZ1> + 
m(m — l)(m — 2) ^ m (m — 1) (ct — 2) (m — 3) ^ ^^ ^^ 



2.3 ' 2.3.4 

that is, in any expansion of a binomial, whose terms are both posi- 
tive, the sum of the coefficients is equal to the same power, or root 
3f 2. 

Also, if a = 1 and a? = — 1, we have the following property, viz. 

(1 — !)"•, or 0, = 1 — m + 

m(m — 1) m(ro — l)(m — 2) m(m — \)(m — 2) 

2 2T3 ^ 2.3,4 ' ^"^ 

that is, in any expansion of a binomial, one of whose terms is nega- 
tive,* the sum of the coefficients is = ; and therefore the sum of 
the positive coefficients must be equal to the sum of the negative ones. 
On account of the great importance of the Binomial Theorem in 
every department of Analysis, we feel disposed to present the stu- 
dent with another method of investigating it. But, not to detain 
him longer from its practical application, we shall postpone this 
second mode of establishing it till the close of the Chapter, (see 
page 173). 

AFFLICATION OF THE BINOMIAL THEOBEM TO THE EXPANSION 

OF SERIES. 

(133.) 1. To expand (a + or)*" when mis a Positive^ or Negative 

Integer. 

Make the first and second terms a*", and OTa'"~*x, respectively ; 
then, to find the others, multiply the coefficient of the term last 
found by the index of a in that term, and the product divided by the 

t 

* Binomials of this kind are sometimes called residual quantities. 
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number of the term will give the coefficient of the next term :* with 
respect to the literal parts, the powers of a are to decrease, and those 
of X increase by unity in each successive term. This will appear 
plain from inspecting the expansions of (a -}- xy and (a -}- x)"*. 

Note. When m is positive, the coefficients need only be calculated 
as far as the middle term, those of the other terms being the same, 
taken in an inverted order (Art. 131). If one part of the binomial 
be negative, then the terms involving its odd powers must be negative. 

EXAMPLES. 

1. It is required to expand (a + ^)'} or to express the 8th power 
of (a + iP). 

Here 

The first term is a*. 

The second 8a'x. 

The third i^oV = 28oV 

The fourth —^ aV = S6oV. 

The fifth 22JL£ aV = 70aV. 

4 

And from these the other terms are obtained (Note). 

Hence (a + xy = o' + Sa'x + 28ay + 66aV + 70aV + 66aV 
+ 28oV + 8aar^ + ««. 

2. It is required to expand (x — fff^ or to find the 9th power of 
(or — 3f). 

Here 

The first term is «*• 

The second — Oar'y. 

* It is worthy of notice, that one or other of the two factors formings the 
product will always be exactly divisible by the number of the term, and 
that therefore in practice we may first perform the division upon one fac- 
tor, and then multiply the quotient by the other, which is the simplest 
method of arriving at the desired coefficient. 
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The third ^— xY = Z^xy. 

The fourth ^ a^i/ = — SAxY 

The fifth . ^^^ ^y' = 126a:*y*. 

Hence (« — y^ = x^ — 9a^y + 36jry — 8Aj^f + 1260^^^* — 
126xy + Six'y^—SGa^y' + 9x^ — f. 

3. It is required to expand (a + a:)"*, or ; r^. 

Here 

The first term is a"'. 

The second — 2a'^x. 

The third ~^^ ~^ a-^x" = 3a-^a:». 

Tl,e fourth ?Alli a-*-t» = — 4a-*a:». 

&c. &c. &c. 

Hence (a+ar)"*, or , ^ ,, , = a-* — 2a"-«ar -f Sa'V — 4a-^aJ» 

1 2ar 3x« 4a^ , 1 „ 2x 3ar' 

a^ a^ a* a* a* ^ a o* 

1 

4. It Is required to expand (a -f 2jt)-*, or j — ■ , . 

Here 

The first term is a"*. 

The second . . — 3a-*2ar = — 6a-*ar. 

The third "" ^ ^ ~ ^ a-^ (2xy = 24fl-^a:', 

The fourth . . . : . . 1^^^ a"^ (2a:)» = — 80a-^x». 
&c. &c. &c. 
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• Hence (a + 2x)-^, or -, ^r-^ = a"-» — 6a-*a? + 24a-*x» — SOa^a^ 

^ ^ (a+2xy 

1 6x 24a^ 80a?» . 1 ,, 6ar 24a:" 

-f &c. ; or -Ti 1 + — I fi- + o^c. = -5(1 1 r- 

80a:» . X 

6. It is required to expand (x — ^y, or to find the 7th power of 

^°^- I 2Uy + 7ary« — y^ 

6. It is required to find the 7th power of (x + 2y). 

c x^ + l\a^y + 84ar«y« + 280xy + 560a:»y* + 672x«y» + 
^°^* ^ 448x3/' + 128^. 

7. It is required to find the cube of a + ^ + ^9 or of (a + ft) 4* c. 
Ans. (a+ft)'+3(a+ft)V- + 3 (a + 5)c« + c", or a' + 3a'6+3a6" 

+ V+ Zafc + 6a5c + 3^c + 3ac" + Sfec* + c*. 

2 

8. It is required to find the expansion of r-^. 

\c 4- x) 

2 4x 6x» 8x» 

o" 

9. It is required to fmd the expansion of —^-^ 

. 1 ,, 65 , 24ft« 806» . 



.2 m 



(133.) 2. To expand (a + x)», — being either Positive or Negatite. 



n 



Agreeably to the law of the terms already established, if wo put 

u for — , we shall have 
a 

A B c D 

m ^ m ^ 

(a + x)« = o» + - AQ H — sa H ^ — cq + &c. 

15 
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where a, b, c, &c. represent the first, second, third, &c. terms re^ 

spectively. 

Or, 



.- :? TO m — n m — 2n . , 

(a + a?)» = o» + - AQ + -- — Bd H CQ + &c. 

n Zti on 

which last form is the most commodious in practice, and differs hut 
little from that in which the binomial theorem was first .proposed by 
Newton. 

EXAMPLES. 



1. Express the value of y 6* -f a? in a series. 
Here (a + a?)" = (6* -f xy^ .•. a = 6^, m = 1, n = 3, and 

X 

Whence a" = {Vy = b = a. 
tn ,. X X 

m — Sn _ g 2.5x* a; _ 2.5.8a:* _ 

— ^^— Da- — yjX ^-g-gjj X p - — 3.6.9.12ft" ~" * 

Here the law of continuation is manifest ; 

2j;» 2.5a:» 2.5.8a:* 



2. Find the value of 77^ r-, in a series. 

{b^ + x)h 

Here , = (b^ + ar)-*, .•. a = 5*, m = — 1, n = 2, 

and Q = T7;» 
6* 
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at -i 1 

Whence a» = {¥) ' = ^ = a. 

m __ 1 ^ ^ ^ _ 

m — 2n S.or' x 3.6a^ 

-3^ CQ = -| X ^^ X g5 = -^;j^= D. 

m — 3n ^ 3.5ar» x _ 3.5.7a?* _ 

— J— -Da-— iX— g-j^, X p-.^^__H 

&c. &c. &c. 

1 1 0? 3a:» 3.5jj» . 3.5.7ar* 

" (6» + o:)* " ft 26» ^ 2.4ft* 2.4.6ft^ 2.4.6.8ft* 

3. Find the value of (ft* — a:)* in a series. 
Here a = ft', a: = — a:, in = 1, n = 2, and a = — tj. 

Whence a » = (ft^)* = ft = a. 

m , . a; x 



»i — n , a? X «■ 

-2j^B* = -iX-2jX-jj^ ^^ = c. 

m — 2n _ 3 ^ *_ ^^ _ 

__ CQ _ — f X — 2;^ X — ^ = — ^^^j^ = D . 

""in""^"""*^ ""2:4T6ft«^ ~ ft"' "^ "" 2.4.6.8ft' "^ 
&c. dz;c. &c. 

...(£^_ar> -'>— 25 2.4ft»~2T6ft»~p".6:8ft''"^- 
4. Find the value of (ft* — xy in a series. 
Here a=:h^j x = — x, m = 3, n = 4, and q = — tj. 

Whence a- = (ft^)* = ft^ = a. 
m -.f X 3x' 

n ** 4fti 
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2» 46* ^ 4.86^ 

m—2n , ^ 3a:« ar 3.5ar» 

— ---ca = — AX— X— n= :=»• 

3» 4.8ft* ^ 4-8.126* 

m—2n . ^ 8.5jr» ^ a? 3.5.9af* 

^'^ 4.8.126^ '^ 4.8.12.166 a 

&C, &c. &c. 

4 3 8x 3a:* 3^a* 3.6.&af« 

... (6» — X)* = 6* J T jT T^- 

46* 4.86* 4.8.126* 4.8.12.166^ 

&c. Or, 
a 1 „ 3a: 3x« 5a:" 5.9a:* . ^ 
(^-') =Vft^^"""2~2^~2^6~2^~ ^'^ 
6. Express the value of ^ 7 in a series. 

Here 5^7 = (8 — 1)*, .-. a=8, x = — 1, »i = 1, » = 3, and 
Whence a" = 8^ = 2 = a. 



?Aa = ix2x-l=-3^ 
»i — n 



Ba = — f X — ^-^x — oi^" — 



2n ^ 3.2' 2» ■" 3.6.2* 



= c. 



f»— 2n _ _1_ V _L-__L- =D 

__C3a- — fX— g-^x gs- 3.6.9.2' 

m — 3n . 5.1 5.8 



DQ— ^X Q ft a o7 X OS- 



'S^ '^"""""'^ 3.6.9.2'" 2» 3.6.9.12.2*" 

dec. &c. &c. 

11 5 5.8 

• '^ ' ~ 3.2* 3.6.2* 3.6.9.2' 3.6.9.12.2*° 



= s. 



6. Required the value of v/ 6* + a: in a series. 

a: a^ Sr^ 

2b~2A^'^ 2X66* ~ 2.4.6.86 



.a: a:* 3a:» 3.5a:* , . 

Ans. 6+^77 — ^T-m+oT-^Xs— o. ftQi,7 + «c. 
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7. Required the value of ^ in a series. 

X 3** , a.bal' 3.5.7a:* , 



8. Required the value of (a -f ar)' in a series. 

I- 2x x^ 4** 7:p* 
^' « <1 + 3^- 3V + 3V- W + *^-> 

9. Required the value of ^9 in a series. 

A Qj.J_ J^ . 5 5.8 

^"^' "^ 3.2»"" 3.6.2* "^ 3^:9:2^" 3.6.9.12.2'o "^ ®°" 

10. Required the value of V 2 in a series. 

A , . X 1 . 8 3.6 

Ans. 1 + « ' — 4- &c. 

^ ' 2.4 ^ 2.4.6 2.4.6.8 ^ 

11. Required the value of (a* — sfy in a series. 

1 , . 3a:« 8«* bsif 5.9a» . 



(^135.) We promised, at page 166, to present the student with an- 
other method of investigating the Binomial Theorem. The method 
which we had in view is that which follows. 

It has already heen shown (page 161,) that the first term in the 



m 



developement of (a -{- xY must always he a": we may assume, there^ 
fi>re9 

m m 

(a + xY = a" + Ba: + Ca:» + Da:* + &c. 
OFi changing x into jr, 

m m 

(a + y)»= a» + By + Cy^ + Dy» + &c. 
hence, by subtraction, 

m m 

(a + «)•— (a + yY = B(a?— y) + C(a^—f) + D(,a^—f) + &c. 

and consequently, 
15* 
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f9 



(a + ;,)_(a + y)- i^ZT]; ^B + C(a: + y) + 

D(aJ» + yx + 3^^ + E(ar» + ya:" + y»x + y») + &w:. 

If now we were to suppose a? = y, the second member of this 
equation would present itself in a definite and intelligible form ; but 
the first would become {, a fraction in which both numerator and 
denominator have vanished. As however this vanishing fraction, 
has a definite value, shown by the second side *of the equation, there 
can be no doubt that its ambiguous form, f , must have arisen from 
some common factor in the numerator and denominator of the ori- 
ginal fraction having become 0, by putting in that fraction x = y.* 
If then we could discover this common factor, we should be able, by 
expunging it from both numerator and denominator, to free the frac- 
tion from all ambiguity, and the result of our hypothesis, or = y, 
would then be definite in form as well as in value. Now we shall 
be able to efiect this by transforming our fraction into another of 
equivalent value, by means of the following substitutions. 

Put tt = (g + a?)", tj = (g 4- y)* .•. x — y = «•* — «*, and, conse- 
quently 

5^ = B + C (ar + y) + D (a:» + y ar + y«) + 
E(x^ + ya* + ^x + f)+ &c. 

■ 

Now both numerator and denominator of the first member of this 
equation are divisible by w — u, and u — ©is the very factor which 
vanishes for x = y, as is at once seen by referring to the substitu 
tions just proposed. This factor will be removed by actually di- 
viding numerator and denominator by u — e, which reduces the 
fraction to 

u^'+vu^+v'vr^^ .... 1,-1 = B + C(x + y) + 

D(a:« + yx + y«)+&c. 



^ TTie theory of vanishing fraeiiona will be found fully discussed in the 
volume on the Theory of Equations. 
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Introducing now the proposed hypothesis, x=y, which leads to «=«, 
we have 

that is, by restoring the value of t>, 

m 

n a + ^ 

m 

Multiply both members by a + ^> and then, instead of (a -f- x)" in 
the first member, write its developed form with which we set out, 
and we shall have 

^ar+ -Bar+ -Cx^ + -Dar»+&c.= 
n n n n 



Ba + 2Cd 
B 



ar4-3Da 
2C 



a:"+4Ea 
3D 



a;*+ dec. 



Hence, by the theorem at page 160, 



0Kk ^^ MB. ^ 1 

Ba = — a", therefore B = — a* 
n n 

2Ca + B = ^B.....C=^L__ 

(!!?-2)C 

8Da+2C=-C D = -^-5 

n oa 

(^-3)D 

4Ea + 3D=-D E=-^-i 

n 4o 



&c. 



&c. 



Consequently, 



-(--1) 
(a 4- or)* = a« 4- - a*' a? + ^ a« ar + 



n It ft ~— » • , . 

— ; a" ar + &c. 

2.3 
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. In this demonstration m and n may obviously be any whole num- 
bers whatever, and m may be either positive or negative. 

(136.) By the aid of the binomial theorem, we may, by a simple 
and elegant process, obtain the development of a' in a series accord- 
ing to the ascending powers of x. The quantity a* is called an ex- 
ponential quantity, and the development of which we speak is called 
the exponential theorem : this theorem we shall now investigate, on 
account of its importance in the theory of logarithms, and in other 
departments of analysis. 

The Exponential Theoretn. 

We are here required to exhibit the development of a* according 
to the ascending powers of x. We shall commence by showing 
that the proposed form of development is possible. 

Put a = 1 + 6 .'. a* = (1 + 6)*, and, by the binomial theorem, 

(1 + 6)-= 1 + x6 + t^pl ^ + *-(?z:^K^=f) J. 

x(»--l)(x-2)(x-3) 
^ 2.3.4 u T «^^ 

and it is obvious, that if the multiplications indicated by the nume- 
rators in the right hand member of this equation were actually exe- 
cuted, the result would be a series of monomials in or, in a^^ in x", 
dz;c., which we might arrange in a regular ascending order. The 
term in x is ascertainable at once from mere inspection: it is \b — 

V 6» ft* 

— + -5 — + 6cc.\x; so that we may safely conclude that a* 

may be developed in the form 

ft* ft» ft* 

a* = l + {ft— TT + -S- — -r + &c.Ja: + Ba:* + Car» + &c. 

^ o 4 



Having thus seen the possibility of the proposed development, let 
us assume 

a* = 1 + Aa? + Ba:» + Ca:* + «Sic. 
in like manner, a* = 1 + Ay + By* + Ct^ + &c. 

.-.by subtraction, 

a*—a^ = A {x — y) + B(j^ — f) + C(a;» — y») + &c (2). 



;;j....(i); 
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Again, by the original assumption (1), 

a<-») = 1 + A(x— y) -f B(x— y)» + C(ar — y)» + &c., 

or transposing the 1, and then multiplying each member by a?^ 

a* — a»=a»JA(ar— y)+B(ar— y)»+C(x— y)»+«Sic,| . . . (3). 

Hence the second members of (2) and (3) are equal ; these w(i 
may simplify by dividing each by x — y. Perform this division, 
and in the quotients put x = y, then the second member of (2) will 
become A + 2Bar -}- ZCa? + &c., and that of (3) will be reduced to 
simply A . a'', or, which is the same thing, to A . a* ; hence, substi- 
tuting for a* the series which we have assumed for its development, 
we have this equation for determining the assumed coefficients, viz. 

A+2Bar+3Ca:"+4Dar»+&;c. =r A(l +Aa?+Ba:»+Ca^+&c.) ; 
hence, comparing the coefficients of the like powers of x, we have 



B = — , C = J^, D = — ^^, &c. 
2' 2.3' 2.8.4* 



Hence (1), 



, , . A«x» AV , A*x* , ^ 
a'=l+Ax+— + ^-^ + ^-^-^ + &c., 

which is the exponential theorem^ and in which 

Ai=(a — 1) — i<a — l)« + i(a — 1)»— &€• 
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CHAPTER VI. 

ON LOGARITHMS AND THEIR APPLICATIONS. 

(137.) LoGAKiTHXS are certain numbers invented by Lord Napier 
for the purpose of facilitating arithmetical computations by reducing 
every numerical process to the simple operations of addition and 
subtraction. To understand how this is efiectedy we must consider 
every positive number as a power, whole or fractional, of some as- 
sumed root fixed upon at pleasure ; from this root all positive num- 
bers are supposed to be generated, by involution or evolution, and it 
is the exponent of this root which is called the/o^ort^Amof the num- 
ber or power generated. A table therefore containing the logarithms 
of the numbers 1, 2, 3, 4, &c. is nothing more than a table of the 
several exponents which the assumed root must take to produce the 
numbers 1, 2, 3, 4, &c. Thus, if a be any assumed number, and 
such values be successively given to x that will make a* = ft, a'=-- c, 
a* = d, &c., then these difllerent values of x are the logarithms of &, 
c, d, &c. respectively: If a: = 0, then a* = l, whatever be the 
value of a, (Art. 38, Chap, i.) ; hence the logarithm of 1 is always 0. 

(138.) The assumed root a is called the base of the system of 
logarithms, and from different bases difi^rent systems of logarithms 
must evidently arise ; but it has been found to be most convenient to 
assume 10 for the base, and upon this assumption all our modem 
logarithmic tables are constructed. The advantage of the base 10 
over every other base will be seen hereafter. 

(139.) Assuming therefore a= 10, we have 

10»= 1, 10* = 10, 10* = 100, 10» =r: 1000, &c. 

that is, the log. of 1 is 0, the log. of 10 is 1, the log. of 100 is 2, 

the log. of 1000 is 3, &c. 

Also 10-« = tV» 10-* = rJy. 10^ = tAit. &c. ; 
-hat is, the log. of y^ is — 1, the log* of y-Jy is — 2, the log. of 

jhv is — 3, &c. 
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(140.) Hence, since the log. of 1 is 0, and the log. of 10, 1, it 
follows that the log. of any number between and 10 must lie be- 
tween and 1 ; and in the same manner the log. of any number 
between 10 and 100 must lie between 1 and 2, &c., and therefore 
these logarithms may be either accurately found, or may be approx- 
imated to, to any degree of precision. But before we explain the 
method of obtaining this approximate value of the logarithm of any 
given number, it will be convenient to establish the following char- 
acteristic properties of logarithms. 

(141.) Theorem 1. The sum of the logarithms of any two num- 
bers is equal to the logarithm of their product. 

Let h be any number, and let its logarithm be x ; and let c be any 
other number, whose logarithm is x'; then a* = b^ and a*' = c; 
and by multiplying, o*+*' = he ; that is, x -{• x' is the logarithm 
of be. 

Cor. 1. Hence the sum of the logarithms of any number of num- 
bers is the logarithm of their product. 

Cor, 2. Therefore n times tlie logarithm of any number is the 
logarithm of its nth power. 

Theorem 2. The difference of the logarithms of any two num- 
bers is equal to the logarithm of their quotient. 

For since a* = 6, and a*' = c, by dividing, 

«* «_,. ^ , . , J b 

--^ = o*^ =c -, that IS, a: — x = log. -. 
a" c' ^ e 

Theorem 3. The nth part of the logarithm of any number is 
equal to the logarithm of its nth root. 

* I X i 

For if a* = 6, a" = 5», that is, - = log. fc^. 

n 

Theorem 4. If there be any series of quantities in geometrical 
progression, their logarithms will be in arithmetical progression. 

Let the geometrical progression be 6, n6, n'ft, n'6, &c., and let x 
be the log. of ft, and z the log. of n ; then a* = 6, and a* ^ n 
therefore the progression is the lame as 

a% a'+% a'+«', a'+% &c., 

where the logarithms ar, x -{- z, x -{- 2z, ar -f 3«, &c. are in arith- 
metical progression. 
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FROBLBU. 

I 

(142.) To find the logarithm of any given number. 

Let V be any given number, then it is required to find the value 
of X in terms of a and n, so that we may have a* = n. For this 
purpose put a = 1 + m, and n = 1 + n ; then (1 + m)* = 1 -|- n, 
and therefore (1 + m)** = (1 + n)'i whatever be the value of y , 
hence, by expansion, 

or expunging the 1, and dividing by y, we have 

Suppose now y = 0, and this equation becomes 

whence a: = log.(l+«)==^=g±g^;; 

or substituting for n and m, their respective values y — 1, and a — 1, 
we have 

lo^ ^_ (N-i}-i(N-iy + i(N-iy-&c. 

Hence we have the value of log. n in terms of n and a ; but this 
expression for the logarithm of any number is of but little use in 
constructing a table of logarithms : we must therefore investigate a 
method of finding other expressions that may be more suitable for 
this purpose. 

(143.) Since the value of the denominator of the above fraction 
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depends entirely upon the value of the base a, it will accordingly 
difier in different systems of* logarithms ; but the numerator being 
\vholly independent of the base a, must be the same in every system. 
(144.) The reciprocal of the denominator is called the modulus 
of the system, and is usually represented by m ; so that we have 

log. (1 + n) = M (n — i»" + W— in* -f &c.) ; 
and supposing n negative, 

log. (1 — n) = m( — n — in' — W — in* — &c.); 
and subtracting this equation from the former, 

1 + n 
log. (1 -f n) — log. (1 — w) = log. -^ (theo. 2) = 

2M(n-f Jn* + in* + &c.) 

(145.) Now, since diis is true for every value of n, put 

1 



2p+ 1 



= n, then 



2p + 2 2p 1 + np+l 

^+«=2TTi''''^'^"==2rTT''--i:=:7i=--r-' 

consequently. 

Hence, if log. p be given, the log. of the next greater number may 
be found by this series, which converges"*^ very iast, and therefore, 
sixice the k^. 1 is given = 0, we can from this get log. 2, and thence 
the logs, of all the natural numbers in succession. 

A series is said to converge when its value is finite ; its terms diminish 
in such a way that the more of them we take, setting oul^from the first, 
the nearer will their sum approach to that of the entire series. The more 
rapid the rate of diminution is, the greater is the convergency of the 
series, that is, the less will any proposed number of the leading terms 
difier from the whole sum. (See the new edition of the " Essay on Loga- 
rithm«/') 
16 
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(146.; To construct a Table of Napieriariy or Hyperbolic Loga- 
rithms, 

Before we can employ the series which we have just given for the 
purpose of forming a table, we must assign some value to x, and as 
this value may be arbitrary, let it be 1, which is the value assumed 
by Napier, the inventor of logarithms ; we shall then have 

and making p successively equal to 1, 2, 3, &c, we shall have 
log. 2 = 2a + lj+g-L. + &c.) = -6931472 

1<^. 3 = 2(J + ^,+ l+&c.)+log.2 . . =1-0986123 

log. 4 = 2 1og.^(theo. 1) =1-3862944 

log. 5 = 2(* + ^+^+&c.) + log.4 .* =1-6094379 

log. 6 = log. 2 + log. 3 = 1-7917595 

log. 7 = 2(TV + 3^+g^. + &c.) + log.6 =1-9459101 

log. 8 = 3 log. 2 = 2-0794415 

log. 9 = 2 log. 3 = 2.1972246 

log. 10 = log. 2 + log. 5 = 2-3025851 

&c. &c. 

By proceeding in this way, the logarithms of all the natural num- 
bers according to this particular system may be obtained ; but tables 
constructed conformably to this system, in which we see the loga- 
rithm of 10 is 2*3025851, are by no means so advantageous for the 
general purposes of computation as those in which the logarithm of 
10 is 1, as has been before observed ; we shall therefore show how 

(147.) To construct a Table of Common Logarithms. 

In the system of common logarithms, the value of m is to be de- 
termined from the supposition that the base a is 10, and as the value 
of the logarithms in any system depends entirely on the value of 2m, 
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if this value in one system be r times that in another, the logarithm 
of any number by the former system must be r times that by the 
latter, and vice verm ; now, in the hyperbolic system, the logarithm 
of 10 is 2.3025851, therefore, in order that the logarithm of 10 may 
be 1, the value of 2m, in the common system, must be the 2*3025851tb 
part of its value in the hyperbolic system ; but in this system 2m=:2, 

2 

therefore, in the common system, 2m = ^ ^^^^ = "86858896 : 

•^ 2*3025851 

hence, to construct a table of common logarithms, we have 
log.(P + l) = .86858896(^-2_ + _!_ + _!_ + 

&c.) + log. p ; 
that is, by making p = 1, 2, 3, &c. successively. 

log. 2 = -86868896 (i + g; + r^g + &c.) . • = -3010300 

log. 3 = -86858896 Q + ^^ + i-+&c.)+ log. 2 = -4771213 

3.5 O 

log. 4 = 2 log. 2 = -6020600 

log. 6 = -86858896(f+-i-5z+^^+&c.)+log.4= -6989700 
log. 6 = log. 2. + log. 3 = -7781513 

log. 7 = -86858896 (^ + ^^ + ^^ + &c.) + log. 6. 

= -8450980 

log. 8 = 3 log. 2 = '9030900 

log. 9 = 2 log. 3 = -9542426 

log. 10 = log. 2 + log. 5 = 1-0000000 

and in this manner may a table of common logarithms be construct- 
ed ; and since the logarithms in the hyperbolic system are 2-3025851 
times those in the common system, from having a table of the one 
we may form from it a table of the other. 

(148.) In common logarithmic tables, the decimals only of the 
logarithms are inserted, and the integral part, which is called the 
indeXy or characterisHc, is omitted, because this integral part is 
always known from the number itself, whose logarithm is sought ; 



1 
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for if this number consist of two integral figures, it must be either 
10, or some number between 10 and 100, and, consequently, its 
logarithm must be either 1, or some number between 1 and 2, that 
is, the integral part must be 1. In the same manner, if the number 
consist of three integers, the integral part of its logarithm must be 
2, &c., so that the index, or characteristic, is always equal to the 
number of integral figures in the proposed number, minus 1. 

(149.) It also follows, that in this system the logarithm of any 
number, and that of one 10 times as great, differ only in the index, 
the decimal part being the same ; so that the decimal parts of the 
logarithms of all numbers consisting of the same figures remain 
the same, whether those figures are integers or decimals, or partly 
integral and partly decimal ,* thus : 

log. 8526 = 8-5472823 

8526 
log. 852-6 = log. — g-- = log. 3526 — 1 = 2-5472823 

log. 35,26 = log. ^^^ = log. 352-6 — 1 = 1-5472823 

log. 3-626 = log. ' = log. 35-26 — 1 = -5472823 

8-526 - 

log. -3526 := log. —^ = log. 3-526— 1 = 1-5472823 

•3526 - 

log. -03526 = log. = log. -3526 — 1 = 2-5472823 

log. •008526 = log. = log. •03526 — 1 = 3-5472823 

Also, 

^'^•me • • • • =-3.5472828 

•««-8^6 =-2-5472823 

^i-WM --1-6472823 

&C. i&C. 
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We may now perceive the superiority of this system above every 
other, since the above property, which belongs only to this particular 
system, will evidently greatly facilitate the construction of a table, 
it being only necessary to compute the logarithms of the whole 
numbers ; whereas, in every other system, each particular number, 
whether integral or decimal, requires a particular logarithm. 

These advantages of the present system were first suggested by 
Mr. Briggs, soon afler the invention of logarithms, and on this ac- 
count are sometimes called Briggs's logarithms. 

To determine the Napierian Bom. 

(150.) We have already remarked, that, in Napier's system, the 
base was that particular value of a which satisfied the condition 

(a — 1) — i(a — 1)»+ J(a — 1)' — &c. = 1. 
Let us call this particular value e, then, by the exponential theorem, 
(p. 176), 

which for a; =s 1^ gives for the base e the value 

«=14-l-l — A 1 4- &C 

^^2^2.3^2.3.4^ 



which may be thus calculated : 


2. . . . =: a 


i = 


•5 . . . =6 


ii = 


•1666666666 — c 


ic = 


416666666 = d 


id = 


83333333 = e 


*« = 


13888888 -/ 


4/ = 


1984127=^ 


i^- 


248016 = h 


iA = 


27557 = % 


tV< = 


2755 = A: 


A* = 


250 = Z 


tV« = 


21 =«» 



2-718281828' 



hence the value of the Naperian or hyperbolic base Is 2'7 18281828 
16* 
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What is here said upon the subject of logarithms is doubtless suf- 
ficient to convey to the student a correct notion of their nature and 
properties, as also of the practicability of constructing a table of 
them to any extent. The labour, however, of actually computing 
a whole table of logarithms by means of the series here investigated, 
would be great in the extreme ; they are, however, susceptible of a 
variety of transformations much better adapted to the use of the 
computer. To explain and exhibit these would carry us too far into 
the business of series, and would occupy too large a portion of this 
treatise. But the inquiring student, who is desirous of ample inibrm- 
atioii upon the most expeditious methods of calculating a table of 
logarithms, may refer to the second edition of the author's " Essay 
on the Computation of Logarithms ;" and the manner of using a 
table thus constructed is fully explained, in the introduction prefixed 
to the " Mathematical Tables.'' 



APPLICATION OF LOGARITHMS. 

LOOARITHMICAL ARITHMETIC. 

(151.) From what has been already said on the nature and pro* 
perties of logarithms, the following operations, performed by meand 
of a table, will be readily understood without any further explana- 
tion. 

Example 1. Multiply 23*14 by 5*062. 

Here the log. of 23*14 in the tables* is 1*3643634 
log. of 5*062 -7043221 



2*0686855 = log. of 
117*1347 = the product. 

* The tables employed are Young's '' Mathematical Tables," computed 
to seven places of decimals. 
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2. Divide -06314 by -007241. 

Here the log. of -06314 is 2-8003046 
log. of -007241 3-8597985 



•9405061 = log. of 8-719792 = tho 
quotient. 

Required the fourth power of -09163. 

Here the log. of -09163 is 2-9620377 

4 



5-8481508 = log. of -0000704988. 



Required the tenth root of 2. 

„ log. 2 0-30103 

Here -fjr- = -— - — = -030103 = log. 1-07179. 



10 10 
Required the value of :P— . 

Here 6 log. 8 + i log. 7 — } log. 6 = 4-51645 + •2816993 — 
•1556302 = 4.6415191 = log. 43794-53. 

Required the value of -rrr — 5- — . 
^ 4821 X 6* 

Ans. 78-64561. 



required the value of \ /??i?^ 

V 43» 



^°^' 6^72818' 



The few examples here given are sufficient to show the great ad- 
vantage of logarithms in abridging arithmetical labour, in which 
indeed consists their principal, although not their only value. There 
are many analytical researches which it would be impossible to can*}- 
on without their aid, and many others in which the introduction of 
l<^arithmic formulas greatly facilitates the deductive process. It 
would be easy to propose questions, the solutions of which might be 
comprised in a few lines by logarithms, but which, without their aid, 



188 ON EXPONKNTIAL EQUATIONS. 

would occupy many volumes of closely printed pages. The follow- 
ing is a striking example. 

Let there be a series of numl)ers commencing with 2, and such 
that each is the square of that which immediately precedes it : it is 
required to determine the number of figures which the 25th term 
would consist of. 

The series proposed is obviously 

2, 2«, 2*, 2S 2", &c. 

the exponent of the nth term being 2^', and consequently the expo- 
nent of the 25th term is 2*^ = 16777216 ; consequently, calling the 
25th term x, we have 

X = 2»«^", whence log. x = 16777216 log. 2 

= 16777216 X -30103 
= 5050445-33248 ; 

hence, since the index or characteristic of this logarithm is 5050445, 
the number answering to it must consist of 5050446 figures, so that 
the number x, if printed, would fill nine volumes of 350 pages each, 
allowing 40 lines to a page, and 40 figures to a line. 

ON EXPONENTIAL EQUATIONS. 

(15^.) An exponential equation is an equation in which the un- 
known term is expressed in the form of a power with an unknown 
index ; thus, the following are exponential equations : 

a* = b, a^ = Uy — = c, &c. 

a 

(153.) When the exponential is of the form a', the value of a; is 
readily found by logarithms ; for of a* = 6, we have 

X log. a = log. 6, .•. X = 1-^-— • 

Also, if a&*= c, put If =1 y, then o* = c, whence y log. a = log. c ; 

.•. y = -sL_ put this = J, then If^zd. .-. a: = ,--^« 
' Ipg.o '^ . log. 6 

(154.) But if the equation be of the fbnn a^ = a, then the value 
of X may be obtained by the following rule of double position. 
Find by trial two numbers as near the true value of op as possible, 
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and substitute them separately for Xy then, as the difference of the 
results is to the difference of the two assumed numbers, so is the 
difierence of the true result, and either of the former, to the di^r- - 
ence of the true number and the supposed one belonging to the result 
last used ; this difierence therefore being added to the supposed num- 
ber, or subtracted from it, according as it is too little or too great, 
will give the true value nearly. 

And if this near value be substituted for a;, as also the nearest of 
the first assumed numbers, unless a number still nearer be found, 
and the above operations be repeated, we shall pbtain a still nearer 
value of X, and in this way we may continually approximate to the 
true value of x. 

EXAMPLES. 

1. Given of = 100, to find an approximate value of x. 

Here af log. x = log. 100 = 2, 
and upon trial x is found to lie between 8 and 4 ; 
•*• substituting each of these, we have 

3 log. 3 = 1-4313639 
and 4 log. 4 = 2-4082400 



.-. -9768761 = difference of results, 
.-. 9768761 : 1 : : 4082400 : -418, 
whence 4 — -418 = 3-582 = x nearly. 

Now tliis value is found, upon trial, to be rather too small ; and 
3*6 is found to be rather too great ,- therefore, substituting each of 
these, we have 

3-682 log. 3-582 = 1.9848779 
3-6 log. 3.6 = 2.0026890 



.-. -0178111 = diff. of results. 

.-. 0178111 : -018 : : 002689 : 002717, 

whence 3-b — -002717 = 3-597283 = x very nearly. 

The operation of solving the equation x^=i a may be conducted 
differently, by using logarithms throughout ; thus, in the equation 
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X log. X = log. a, call log. a;, x* ; and log. a, a' ; then xx* = a', .*. 
log. X + log. x' = log. a', that is, ar' + log. x' = log. a! ; hence we 
have to find a number x\ which, when increased by' its log., shall 
be equal to log. a', which may be effected by the rule of position be- 
fore given. 

Thus, taking the same example as before, viz. x* = 100, we have 
log. 100i=2=a', and log. 2=«3010300 ; .-. « -flog. ar'= -3010300, 
and the nearest value of x' in the tables below the true value is *55507, 

which added to its log. 1*7450514, gives '3010214, and .*. the near- 
est value above the truth is *55598, which added to its log. 1:745092, 
gives '3010392 ; hence, by the rule : 

3010392 3010300 

3010214 3010214 



178 86 



.'. 178 : 1 : : 86 : 0483, 
consequently a?'= '55597483 = log. ar, .-. x = 3-597284. 
If a be less than unity this solution fails, since o! is then Dilative, 

and therefore the log. a' is unassignable. But if we put a; = -, and 

a = ^, we shall have, by substitution, the equation }fl = y, .*• y log. 

h = log. y ; put log. h = h\ and log. y = y', then yV = y\ .-. log. 
y -f log. y = log. y\ or y* + log. It = log. y* ; whence y' may be 
found by the preceding rule. 

2. Given of = 5, to find an approximate value of x. 

Ans. a? = 2-1289. 

■ 

3. Given o^ = 2000, to find an approximate value of x, 

Ans. X = 4'8278. 



COMPOUND INTEREST. 

(155.) Interest is a certain sum paid for the use of money fb? 
any stated period, and when the interest of this money is regularly 
received, the money, or principal, is said to be at simple interest 
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but when, instead of being regularly received, it is allowed to go to 
the increase of the principal, then the interest of the whole is called 
compound interest. 

(156.) An Annuity is a yearly income, or pension. 

(157.) «The present value of an annuity is that sum which, if put 
out at compound interest, shall amount to sufficient to pay the an- 
nuity at the time it becomes due. 

(158.) Problem 1. To find the amount of a given sum in any 
number of years at compound interest. 

Let r represent the interest of IL for 1 year, and put IZ. + r = H= 
the amount in 1 year. 

Then 11. : r : : r : r' = the amount in 2 years, 

IZ. : R : : r' : r' = the amount in 3 years, 

&c. 

Therefore r* is the amount of 11, in » years, and, consequently, the 
amount of £p is pR", .*. calling the amount a, we have log. a = 
log. p + n log. R, and log. p = log. a — n log. r. 

° n log. R 

Therefore any one of the quantities a, jp, R, ra, may be found from 
having the others given. 

Cor. 2. If a = mp, then 

__ log. mp — log. p ^ log. m -f log. p — log. p ^ log. m 
log. R log. R log. s* 

(159.) If the interest, instead of being due yearly, is supposed to 
become due half-yearly, quarterly, or afler any other given period, 
then n, of course, instead of representing years, represents some 
number of those periods, r being the interest for one period. 

EXAMPLES. 

1. How much would 300Z. amount to in 4 years, at 4 per cent. 
^ |ier annum compound interest ? 

Here p = 300, r = 1 + ^-f ^ = 1.04, and n = 4 ; 

.-. log. a = log. p+n log. R = log. 300 + 4 log. 1-04 = 2-5452545 
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the number answering to which in the tables is 350-9575 .*. the 
amount is 3502. 19«. Hd. 

2. How much money must be placed out at compound interest to 
amount to lOOOZ. in 20 years, the interest being 5 per cent. ? 

Here a = 1000, r = 1 -|- ^f^ = 1-05, and n = 20 ; 

.'. log. p=log. a—n log. R=log. 1000 -—20 log. 1-05 =2-576214, 
the number answering to which is 376.89 : 

.*. the principal is ST 61, 17s. d^d, 

3. At what interest must 3002. be placed out to amount to 350Z. 
19s. 2(2. in 4 years? 

Here p = 300, a = 350-957, and n = 4 ; 

log. a— log. p log. 350-957 —log. 300 . , ^ . _ .^ 
.*. log. R = -^ ^-^ = -5 e __ .0170333, 

the number answering to which is 1-04 ; 

.-. r = -04, and -04 X 100 = 4, the rate per cent. 

4. In how many years will 4002. amount to 6402. at 4 per cent 
compound interest ? 

Herep = 400, a = 540, and r = 1 -f yfo = 1'04: 

__ log. a — log. p __ log.540— log. 400 _ -1 303338 __ 
'*•'*"" iogTR log. 1-04 ■" -0170333 "" 

7-65 years. 

5. What will 6002. amount to in 6 years at 4^ per cent, compound 
interest, supposing the interest to be receivable half-yearly 1 

2-25 
Here p = 600, n = 12, and r = 1 + —^ = 1-0225 ; 

••. log. a=log. p+n log. R=log. 600+12 log. 1-0225=2-8941109 ,' 
the number answering to which is 783-63 : 

.-. the amount is 7832. 12«. 7d, 

6. In what time will a sum of money double itself at 5 per cent, 
compound interest? 

Here m = 2, and r = 1-05; 
^ _ log.«_ log. 2 _ '30103O0 _ _ 
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7. In what time wiO 500Z. amount to 900/. at 5 per ceAt. com- 
pound interest ? 

Ana. in 12*04 years. 

8. What would 2002. amount to, if placed out for 7 years at 4 

per cent, compound interest ? 

Ans. 263{. 3«. 8id. 

9. At what rate of compound interest must 376Z. 17 J. 9df. be 
placed out to amount to lOOOZ. in 20 years? 

Ans. 5 per cent. 

10. In what time will a sum of money double itself at 3} per 

cent, compound interest? 

Ans. 20*149 years. 

Pboblem II. To find the amount when the principal is increased 
not only by the interest, but also by some other sum at the same 
time. 

The amount of the original principal p mn yeaxs is jpR", and if 
A be the sum that is continually added, the first ▲ will be at interest 
fi — 1 years ; the second will be at interest it — 2 years, &c., and 
therefore the sum of their amounts is 



ar'*~* -f AH*^ -f ar"^, or 

a(r»-»+ R*~'+ 1). 

Now the terms within the parenthesis form a geometrical progression, 
whose first term is s***S and ratio r, therefore the sum will be a X 

B* — 1 B" — 1 

-• ; .*. the whole amount is pR* + AX , or, when A=:|i)y 

then a = ^ — ^^^. 

r 

If, however, a is not added the nth year, then we have a =:pR"-f 

AB(r"-* — 1) ^ flR(R»— 1) 

— ^ ^, or when a = p, a = -—-^ -» 

r r 

a(r*— 1) 

C0r. 1. If, instead of ji= a, we have p = 0, then a = -^^ '; 

r 

which expresses the amount of an annuity a, at compound interest 

left unpaid for n years. 

17 
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Cisr- 3« If P be the present value of the annuity ▲ lor n years, v 
must be such, that if it were put out at compound interest for n 
yoars, it would amount to the same sum as the annuity, that is, we 

x(b" 1) ^^^ IT 

must have pb" = -^ -. whence p = . 

r r 

Cor* 3. If n be infinite, then -- will vanbh. in which case we 

shall have p = -• 

r 

BXAKPLBS. ' 

1. Suppose SOOif. be put out at compound interest, and that to the 
stock is yearly added 20Z., what will be the amount at the expiration 
of 6 years, the interest being 4 per cent. 7 

Here p == 300, a = 20, and r = -04, 

.% a = i«*+i?^?— ^^ = 800(l-04)* + 

20 X 1>04[(1'04)' — 1] 
H04 ■ 

Now log. 800(1*04/ = log. 300 + 6 log. 1-04 = 2.5793211 

= log. 379-595, 

and log. (l-04)» = 5 log. 1-04 = -0861665 = log. 1-216652 : 

.-. a » 379-59d4-500x 1-04X -216652 = 492.2^54 = 492Z. 5«. U. 

2. How much will an annuity of 50Z. amount to in 20 years at 
3} per cent, compomid interest ? 

3 5 
Here a = 50, r = -^ = -035, and n = 20, 

_ a(b"— 1) _ 5 0(l-085»— 1) 

now log. (l-035)~ = 20 log. 1-086 = -298806 = log. 1.989784 : 

50 X -989784 ,,,«, ,^ „, 

... a = ~-r = 1413Z. 19#. 7d. 

.035 

3. Required the present value of ah annuity of 501. which is to 
continue 20 years at 3^ per cent, compound interest. 
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By the last question, the amount is 14137. 19s, 7d,, also b = 
1-035, and n = 20 : 

... PR"= 141398, .-. log. p = log. 1418.98 —n log. » = 2-861 6372 

= log. 710-62 = 7107. 12s. 4d. 

4. If the annual rent of a freehold estate he £a, ivhat is its pre- 
sent value at 5 per cent, compound interest 7 

Here, since n is infinite, p = — = -— = 20a ; that is, the pre- 

r -05 *^ 

sent value is 20 years^ purchase. 

6. What is the amount of an annuity of 307. forhome 16 years 
at 4i per cent, compound interest 7 

Ans. 6817. Us. Aid. 

6. In what time will an annuity of 207. amount to 10007. at 4 

per cent, compound interest 7 

Ans. 28 years. 

7. What is the present value of a perpetual annuity of £Ay 

allowing 3 per cent, compound interest? 

^^ Ans. 33|a. 

(160.) We shall conclude this chapter^ the application of loga- 
rithms with the following problem, y^ » 

8. Suppose the interest of £1 for the xth part of a year to be -, 

it is required to determine the amount of £a in one year when x 
is infinitely great. 

Calling the amount ▲, we have 

A = a(l-^)- 
and taking the Napierian logarithms of each side of this equation, 

log. A = log. tt + a: log. ? 1 H — J 



= log.a + xJ--^ + ^-&c.J 
«log.a + r-g + ^-&c 
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Jjet now X be infinitely great, then the terms haying x in the denomi- 
nators vanish, so that 

log* A = log. a + r. 

Put log. n for r, then 

log. A =s log. a + log. fi = log. uji. 

.*. A = an ; 

that iSf the amount is equal to a times the number whose Napierian 
logarithm is r. — (See Note B at the end.) 



CHAPTER yn. 



ON SERIES. 

THE DIFFERENTIAL METHOD. 

(161.) Ths Diffbbbntiai. Mbthod is the method of finding the 
successive diflferences of the terms of a series, and thence any inter- 
inediate term, or the sum of the whole series. 

PBOBLEX X. 

(162.) To find the first term of any order of difierences. 

Let ttf bf e, df e, &c. represent any series; then, if the successive 
differences of the terms be taken, these differences will form a new 
series, which is called the first order of differences ; in like manner, 
if the suooessive differences of the terms of this last series be taken, 
a neir series, called the second order of differences, will be obtained, 
&c. Thus, 
1st order of differeaoes. 
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ft — a e — ft d — e 



2d order, e — 2ft + a, d — 2c + ft, . c — 2rf + c, 4cc. 

c — 2ft + o i2 — 2c + ft 



3d order d — - 3c + 3ft — a, e — Zd-\-Se — ft, &c. 

Now, since in the first order the first term in any difference is the 
same, except the sign, as the second in the succeeding difference^ In 
subtracting any difference from the succeeding, the first term in the 
former must be placed under the second term of the latter, and, cpn- 
sequently, the same must take place in every succeeding order* 

Hence the coefEcients of the several terms, composing either of 
the differences belonging to any order, are respectively the same as 
the coefficients of the terms in the expanded binomial, being gene- 
rated exactly in the same way,* the terms that are subtracted being 
in reality added with contrary signs. 

Therefore, representing the first difierence of the 1st, 2d, 3d, &<% 
order respectively by /i'. A*, a', &c. we have for the first difference 
of the nth order, 



•Thus, 
1 
1 


— 1 = coefficients of the first order, 

— I 


1 


— 1 
-1+1 


• 


1 

1 


-2+1 = 
— 1 


: coefficients of the second order. 


1 


-2+1 
-1 + 2- 


.1 


1 , 


— 3+3- 

• 


. 1 , „ third order. 


17 


&c. 



• . 
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When n is an even nvmber^ 

r . n(n — l) «(n — 1){« — 2), , . 
A'' = a — n*+ -^ — 'c ^1 _i_L ^d + flcc. 

When n M an odd number^ 

1 n n{n—l) , n(n — l)(ii — 2) , . 
ti^^—a + nb ^-^ — '-C + -^ ^^ ^li — &c 



' Bequired the first term of the fourth order of differences of the 
series 1. 6, S7, 64, 125, &c 

Here a, ft, c, d, e, &c. = 1» 8, 27, 64, 125, &c. and n = 4. 

« • V • 4 

+ 162 — 256 + 125 = ; 

hence the first term of the fourth order is 0. 

H. Required the first term of the fiflh order of differences of the 
series 1« 3, 3*, 8*, 3^, dec 

Here a, ft, c, d^ e, &c. = 1, 3, 9, 27, 81, &c. and n = 5, 

• «j.«A n(n — 1) ^ n(n — l)(n — 2) ^ 
•• -« + «* 2—^+ 273 ^- 

'*^~'lV?^"~'^ -f&c. = -a + 5ft-10c + 10^- 
2 • 8 • 4 

5c+y=_l + 15 — 90 + 270 — 405 + 248 = S«=: the first 

term of the fiflh order of diflferenoes. 

Zm Required the first term of the third order of differences of the 

series 1, 2», 3», 4', &c. 

Ans. 6. 

4. Required the first term of the fourth order of difierences of the 
series 1, 6, 20, 50, 105, &c. 

Ans. 2. 
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(163.) To find the nth term of the series a, &, c^ d^ e, &c. 

Let A*, A", A', A^, &c. represent the first term in the first, second, 
third, fourth, &c. order of differences respectively, then, in the gene> 
I'al expressions for the first term of the nth order, we shall have, by 
making n suocessively equal to 1, 2, 3, <^., and transposing, 

6 = a + A», 

c = — a + 2ft + aS 
d= a — 36 4- 3c — a', 
€ = — o+ 46 — 6c + 4d + A*, 
/= a — 66 + 10c— 10<i + 6c + A», 
&C. = dz;c« 

Or, by substitution, 

brzz a + a\ 
c = a -f- 2A» -f A«, 
rf = a + 3a» + 3a" + A«, 
€ = a + 4a* + 6a* + 4a' + A*, 
/= a + 5A» + 10A« -f- 10A» + 5A* + A* 
6ec. = &c 

where the coefficients of a, A», A', A', <&c. in the «+ 1th term of the 
series a, b, c, (2, &c. are the same as the coefficients of the terms 
of a binomial raised to the nth power, that is, the n -f 1th term is < 

,, n(n — 1) ^- nCn — l)(n — 2)^. 
tt + nA' + -A_ ^A" + _!^ _JA ^A»+ &c. 

and therefore the nth term is 



SXAMPLES. 

1. Required the tenth term of the series 1, 4, 8, 13, 10, &c« 

1, 4, 8, 13, 19, 
3, 4, 5, 6, 

1, 1, 1, 
0. 
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Here the first terms of the differences are 8, 1, and ; 
that is, A" = 3, A* = 1, and A' = 0, also a = 1, and « = 10 ; 

... a + (n— 1)A» + (n — lK« — 2) ^,^3^ + 27 + 36 = 64, 

which is the tenth term required. 

2. Required the twelfth term in the series, 1*, 2*, 8*, 4', 5^, &c. 

1, 8, 27, 64, 126, 

7, 19, 37, 61, 

12, 18, 24, 

6, 6, 

0. 

HeieA»=7, A«=12, A»=6, A<=0, also a=l, and « = 12; 

=: 1 + 77 + 660 + 990 = 1728, the twelfth term. 

3. Given the logarithms of the numbers 101, 102, 104, and 105» 
to find the logarithm of 103. 

Here, of five consecutive terms, four are given to find the inter- 
mediate one. To accomplish this with perfect accuracy would re- 
quire us to know the value of A*, which is itself not generally deter- 
minable without the term sought. But the four logarithms which 
aro here given are themselves not strictly accurate, being indeed 
carried only to a limited number of decimals, usually seven ; and, 
from the slow increase of the logarithms at the part of the table 
where these occur, we may easily assure ourselves that A^ can have 
no significant figure in the first seven places of decimals : it may 
therefore be rejected, without introducing error. Hence, regarding 
A* as 0, we have, for the determination of the term c sought, the 
equation 

e = — a-f45'— 6c + 4J 

4 (& -h cO — (a -f c) 
,..c = g 

which expression is thus calculated. 
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a = log. 101 = 2.0043214 
b = log. 102 = 2.008600S 
d = log. 104 = 2.0170338 
c=:log. 106 = 2.0lill893 
.-. 4(& + ^) = 16.1025340 
(a + e)— 4.0266107 

6 ) 12.0770283 

e = log. 103 =' 2.0128372 

In this manner may any intermediate term in a series be calculated, 
provided always that, p h&ng the number of given terms, the differ- 
ence a' may be rejected, without committing sensible error. The 
student who wishes for further information upon this subject of tn/er- 
polationy more especially in reference to its utility in computing lo- 
garithms, may consult Chap. ii. of the Essay on the Computation 
of Logarithms before referred to. 

4. Required the twentieth term of the series 1, 8, 5, 7, &c. 

Ans. 39. 

5. Required the twentieth term of the series 1, 3, 6, 10, 15, &c. 

Ans. 210. 

6. Required the fifleenth term of the series 1, 2', 3', 4', &c. 

Ans. 225. 

7. Given the logarithms of 50, 51, 52, 54, and 55, to find the 

logarithm of 53. 

Ans. log. 53 = 1.7242759. 

PK0BLB3C III. 

(164.) To find the sum of n terms of a series. 

Let the proposed series be as before a, &, c, cZ, &c. ; then, by 
means of the general expressions in last Problem,, we shall be able 
to find the sum of n terms of this series, provided we can devise 
another Series, such that either the « -f 1th or the nth term may 
always be equal to n terms of the proposed. Now the series whose 
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n -f 1th term equals the sum of n terms of the proposed at once 
presents itself; it is the series 

0, a, a + 6, a + ^ + c, a + ft 4- c -f 1^9 &c. 

of which the first dififerences, viz. 

Ay 69 Cy dy &C 

form the original series, and consequently that which is A* in the new 
series is the first term in the proposed, and that which is a' in the 
former is A' in the latter, and so on. Hence, referring to the gene- 
ral expression in last Problem, we have for the n + 1th term of the 
new series, that is, for the sura of n terms of the proposed, the 
formula 

8 »na +g<l^>A' + "<"-;)(;;-^>A «+&c 



1. Required the sum of n terms of the series 1, 3, 5, 7, &c 

1, 8, 5, 7, 

2,2,2, 

0,0. 

Here A^ s= 2, and a' &= 0, also a = 1 ; 

... n« + !<IL=1) A« = «• = sum of » tem* 

2. Required the sum of n terms of the series 1, 2^ 3*, 4% 5^ &c. 

1, 4, 9, 16, 25, 

8, 5, 7, 9, 

2, 2, 2, 

0,0. 

Here A* = 3, A* = 2, and A* = 0, also a = 1; 

.MW+— ^— A+ 2^3 A ~ ^ + 

^_8«t^2n n(«-f l)(2n-hl) . , 
^ = -^ ^ ^ = sum of n terms. 

3. Required the sum of n terms of the series 1, 2, 3, 4, 5, &c. 

Ans. — =— -. 
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4. Required the sum of twelve terras of the series 1, 4, 8, 13, 

19, &C- 

Ads. 430. 

5. Required the sum of n terms of the -series 1, 8, 6, 10, 15, &c. 

6. Required the sum of n terms of the series 1, 2', 3', 4^ dec. 

4 

7. Required the sum of n terms of the series, 1, 2\ 3^, 4^, dec. 

^"^^ 6 ■^2"'*'3""30* 



ON THE SUMMATION OF INFINITE SERIES. 

(165.) An Infinite Series is a progression of quantities pro- 
ceeding onwards without termination, but usually according to some 
regular law discoverable from a few of the leading terms. 

(166.) A converging series is a series whose successive terms de- 
crease or become less and less, as the series 

X being any whole number. The Jinite quantity to which we con- 
tinually approach, by summing up more^ and more of the leading 
teims, is the quantity to which the series converges, and to which it 
actually attains only when taken in all its infinitude of terms. 
Shooid the series be infinite in value, as well as in extent, it is not 
regarded as convergent, even though its terms successively diminish* 
The series l + i + J + i + &c., for instance, is not considered to 
be convergent, as it does not tend to any limit, its value being infi- 
nite. (See the " Essay on Logarithms.") 

(167.) A diverging series is one whose successive terms increase 
or become greater and greatef ; such is the series 

1 

r— -^ = 1 — 2 + 4 — . 8 + 16 — . &c 
1 -J" « 
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. (168.) A neutral series is one whose terms are all equal, but have 
signs alternately -f and — , as the series 

--4-T=i— 1 + 1— 1 + 1— &C. 

1 T* 1 

(169.) An ascending series is one in which the powers of the un 
known quantity ascend, as in the series 

a + bx + ««■ + da^ + &c. 

(170#) A descending series is one in which the powers of the un 
known quantity descend, as in the series 

a + &«"' + ear* + dar* -f &c 

(171.) The summatiKUi of series is the finding a finite expression 
equivalent to the series. 

(172.) As different series are oflen governed by very different 
laws, the methods of finding the sum which are applicable to one 
class of series will not apply universally ; a great variety of useful 
series may be summed by help of the following considerations : 

(178.) I. Since ? 1~ = ,^ , , .-. -7-^^ = 

^ ^ ■ n n + p n(n + p) fKn+p) 

ISl l_\. 

pin n + py 

that is, any fraction of the form -7-^ — -v is*equal to -th the differ- 

n(«4-l>) P 

ence between the two fractions ? and — — ; hence, if this difference 

» n +p 

be known, the value of — r will be known, whether - and — ^— 

n(n'\'p) n n+f 

be known or not ; and it therefore follows, that if there be any series 

of fractions, each having the form —r-^ — r , the sum of the series 

1 

will be equal to-th the difference between a series effractions of the 

P 

form -, and another of the form — - — , and, if this difference can be 
n n + p 

obtained, the sum of the proposed series may be readily found, 

whatever be the values of jp, q, and n. 
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XXAMPLE8. 

1. Required the sum of the series t-^.+ oo + q^ + &c. conti* 

nued to mfinity. 

Here { = 1| and jp = 1, also n = 1, 2, 3, &c. successively ; 

. J 1+ i + i + i + &c. ad inf. > , _ 
•'•J — (i + i + i + ^c. adinf.)) 



sum. 



2. Required the sum of the above series to n terms* 

Cl + i + i + i+ \ ^ 1 ^ 

I -«-»-♦* i-.-ii')"'"^'"""^ 

; 1 1 1 

8. Required the sum of the series r-^ + s-s + ^7= + &c. ad in* 

l.o 0.0 0.7 

finitum. 

Here 1^=29 

$1+ i + * + 4 + &cadinf. > .l«.i_.„« 

< -(J + i + | + &cadinf.)J-^"-p-^*-*""'- 

4. Required the sum of the above series to n terms ; 

0+ ♦ + * + *+ 2^1 ) 1_ 

(-(* + * + ♦+ 2l^ini^l)i '"'■' 

6. Required the sum of the series i-T+^r^ + s-s + -rs7 + dec 

1.4 ^•O o.o -4*7 
to infinity. 

Here p => 3, 

and -th of this is 44- = sum. 
P 
18 
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6. Required the sum of n terms of the above series. 



(-(i + * + *+! + * + ;^)) 



=1+*+*- 



n . n . n 

= sum. 



3ii + d ' 6114. 13 * 9114-27 

7. Required the sum of the series zr-= — -— 4- -: u&c 

^ 8.6 6.7 7.9 9.11 

Here p = 2, and ^ = 2, 3, 4, ^ic. successively ; 

f — i = |, and - of this sum is ^ =: sum. 

If 

8. Required the sum of the series 14-|4-| + ^4. &c. ad 
infinitum. 

This series is evidently the same as the following, viz. 

ind ditiding by 2, it becomes 

whose sum is 1 (Ex. 1st) ; .*. the sum of the proposed series is 2. 

9. Required the sum of the series ^r^ 4- 5-75 + ^rri + ^- ^ 

tf.o o.lSs 9*lo 

infinitum. 
This series is the same as i(— r + --- 4. _ 4. &c.) 

o.<6 0.0 t^.4 

m 

also the sum to n teims is 



12 (n + 1) 
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111 

10. Required the sum of the series r-^i + ^r-: + 5-= + &c. ad 

1.0 ^.4 0.0 

infinitum. 

Ans. }. 

11. Required the sum of the series r-r — s-"i, + -^-z — &c. ad 

1.0 ^.4 o.D 

infinitum. 

Ans. i. 

12. Required the sum of the series ^-r — trsi + ^Tn — TTTi + 

o.u 0.7 7.9 9.11 

d^. ad infinitum. 

Ans. 1^. 

13. Required the sum of the last series to n terms. 

Ans. tV =*= TT^ — r-^y according as n is odd or even. 
■ 4 (2n + 8) 

4 4 4 4 

14. Required the sum of the series j-i + r-;r + Tr^-^i + -tz — 

^ 1.5 ^ 5.9 ^ 9.13 ^ 13.17 

+ &c. ad infinitum. 

Ans. 1. 

(174.) 2. Also, since 

g q ^ ^P9 . q 

n(n+p) (»+p)(n+2jp) n(n+jp)(«4- 2p)' * * n(n-\-p)(n+2p) 

^L\__l g ] . 

2p(n(n + p) (n+jp)(n + 2i>)> ' 

hence the sum of any series of fractions, each of which is of the form 

, is equal to --, the difierence between one series, 



n{n + p){n + 2py ^ 2p' 

whose terms are of the form ■ ^ — r-> ^^^ another, whose terms 

n(«+p) 

are of the form ^ — ; — r^ — r-s-\- 

(n+p){n + 2p) 
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1. Required the sum of the series =-77-= + sTr-. + a-rr +^m5» 

i,4*o ««o.4 o*4«& 

ad infinitum. 

Here p =k 1 , and ^ = 4, 5, 6, successively ; 
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4 11 1 

£^ + ^ + g^ + &c. (art 13, ex. 1) = 2i, and ^ of this is IJ 

=s sum. 

2. Required the «iin of ^ + ^- + ii^i+&<^ ad 
infinitum. 

Here p = 8, 

6.8 ^ 8.11 ^ 11.14 ^ 

-<8ir + irr4 + ^-> 

6.8 ^ 8.11 ^ 11.14 ^ 

6.8 ^ * < — (A + A + &C-) > 5.8 ^ ^ "' 2p 
is ^ = sum. 

12 3 

3. Required the sum of the series -— + g— + ^— +&c. 

ad infinitum. 

Ans. i. 

4. Requiredthesumofthesenes j-^ + 3^ + g^ + ^^ 

4- &c. ad infinitum. 

Ans. -fi 

6. Required the sum of the series 

a a + ^ 

n(« + jp)(» + 2p) "*" (n + p)(ii + 2p)(n + 8p) "^ 

r — T-sT-w — .a X / — r"7— \ + ^* ^d infinitum. 
(« + 2p)(n + 8p)(n + 4p)^ 

Ans. 5^— — , : 
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(175.) d. Likewise,^iace 

g 9 „ 



n(n + p)(n + 2p) (» +i»){n + 2p)(» + 3p) "" 

^? , ? 

n{n+p){n + 2|>)(fi + Sp)* ' ' »(fi +ii)(ii + 2p){n + ^) "" 

ij ?_ g r . 

3p C n(n + p) (» + 2ji) in + p){n + 2ji){n + 3p) J * 
therefore, any series of fractions, of the form 

— w equal to ~, the difference between a 



n(fi + p)(» + 2jp)(n+8p) ^ 3p' 

series of the form — — ; — f- — —sr-r, and another of the form 

fi(n+p;(fi4- 2p) 

9 



(«+p)(n+2p)(ii + 3jp)' 

EXAUPLES, 



^ 



1. Required the sum of the series , ^ ^ , + J ^ 

^ 1.2.3,4 ^ 2.3.4.6 ^ 8.4.6.8 ^ 

&c. ad infinitum* 
Here p = 1, 

1.1 1 



|1.2.3 • 2.3.4 3.4.5 ' f i 

, 1 1 I 1:2:3 '^*' 

•*• ^^*^ = tV = sum- 

;5. Required the «m of the series f:i^+ 3":^+ 5^ + 
^c. ad infinitum* 



Here p = 2, 



12 3. 



1.8.5 • 8.5.7 • 5.7.9 
18* 
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8. Required tte«m.oftl««rieSg-^+g-gA_+_^ 

•f 6cc. ad infinitum. 

Ans. j^\j. 

4. Required the «un of the series j^ + 5^ + 3^+ 

^c* ad infinitum. 

Ans. If. 

(176.) In a similar manner, it may be shown that the sum of any 
^lertes of fractions of the form 

g 

»(»+P)(» + 2p) (n + mp) 

is equal to — the difference between a series of the form 
flip 

g ^ 

n{n + p){n+2p)......in + {m — l)pY 

and another of the form 

g • 

(« + P) (» + 2p) (» + n^y 

(177.) Again, since 
a{a+h)(a+2b). . ..{a+pb) a{a+h) {a+2h) . . ..[a+(p+ l)h] 
nln+h) .... [»+ (p— l)ft] n(»+ft). . . . (n+p6) 

_ a(n—a—h) (o + 6) (g + 2ft) . . .(a + p6) 
*" n(ii + ft)(» + 2ft)....(n4.p6) ' 

«(<» 4- ^) (tt + 2^)> . . .(g + pft) _ 
**' n(« + 6) (tt + 26) (n +pb) "" 

1 C a(a + ft). ...(g+pft) 
n — a — bl n{n + b) ,... [n-f (p — 1)^]"^ 



a(a + ft)....[a+,(p+l)»] 
»(»+6)....(n4-pft) 



I- 



OF INFIHITX SBSXS8. 211 

Hiencey any series of fractions of the fbnn 

a{a+h)....{a'\'pb ) 

ii(fi4-6).,..(tt + jp>) 

1 

is equal to » the difference of a series of the form 

^ n — a — 

a{a + h)...,(a'\-pb) 

«(» + *)...*[» + (F— 1]*) 

and another of the form 

a(a + b)....[a + {p + l)h'] 
n{n-\'h)....{n'\'pb) 

SZAXPLBS. 

1. Required the sum of the senes-+- + ^^+—^ + 

dsc to r terms. 

Here a =3 1, ft = 2, and n = 2, 

^ 1.8 1.3.6 1.8.5.7..,. (2r—l) -v 

y+ 2' + "2T"*"-" 2.4.6. ...(2r-2y f 

^ _/L8 1^ 1.8.5.7.... (gr+l) v^'° 

^ 1.8.5.7.... (2r+l) 
2.4.6.... 2r • 

. 1 ^^,. . 1.3.5.7.... (2r+l) , ^ ^ 

and £ of this is — ^r-r-s — ^-r; ' — 1 = sum of r terms 

a — a — b 2.4.6.... 2r 

when r is infinite, this expression is evidently infinite also. 

2. Requii^ the sum of the series 

fi ^ n{n+b) n{n + b) (n+ 2b) ^ * 

0(0+5) fl(fl+ft)....[o+(r— 1)»] •\ 

f"*" n ■*"---n(n+ft)....[«+{r-2)ft] / 

(^ o(o+ft) fl(a4-ft) (a+r5) vf 

« "** n(n+6)....[fi+(r— 1)6];J 

g(fl+^)(fl+2ft) (Q+r6) , 

'■" ».{»+ &).... [»+(r— 1)6] • 
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. ...„ a «(a + »(g + 2>)....(a + rft) 

•• sum = =- -^ =-r = ZTT^» 

n— a— 6 (n—a—h)nin +6) [n + (r— 1)6] 

If r be infinitey then this expression for the sum will become definite 
only in particular cases. Thus, if n = a + 26, the second fraction 
in the above expression will be 

g(g-h 6) 

6[a+(r+l)6y 

which evidently vanishes when r is infinite, in which case the sum 

M r ; the same fraction would, of course, vanish if n were 

w— — a— — ft 

greater than a + 26. So that in these cases we should always have 

for the sum the definite result ^ 

fi — a — 

Birt if n w«re equal to a + 6, then the said fraction would become 

a(o + 6)(a + 26) . . . . (a + r6) _ g 
0(o + 6) (tt -f 26) . . . . (a + r6) ~ 

and the sum would become — ^ = -, an expression of no definite 

sfgnification in its present ibrm. The sum presents itself under the 
same indefinite form even when r is finite, provided n = a + 6, as 
will appear by inspecting the general expression. 

Q 9 ^ 2 ^ fi 

8. Required the sum of r terms of the series « + o^ + oVs + 

2.4.6.8 , , 
+ dec. 

8.5.7.9 ^ 

2.4.6.8..,. (2r + 2) 
8.6.7.9.... (2r + l) 

4. Required the sum of the series r-s + ^-)r= + ,11^ + &c 
^ 6.6 •6.6.7 6.6.7.8 

ad infinitum. 

Ans. ^ 

(178.) As every summable infinite fseries may be supposed to arise 
from the expansion of some fractional expression, the value of the 
scries may often be obtained by first assuming it equal to a fraction 
whose denominator is such, that when the series is multiplied by it, 
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he product may be finite, which product bbing equal to the numera 
v.or of the assumed fraction, determines its value, as in the examples 
foUowiqg,* 

BXAMPLES. 

1. Required the sum of the infinite series a; + a? + a* + &€• 

Assume the series equal to ; 

^ 1 — X 

then, X -{• s^ + 3? + &c. 

l—x 



« + a?" 4- a:* + &c. 



« = X 



X 

that IS, ar + ar + «• + &c. = 



1— « 



If ar =s }, then i + i + J + &c. = | = !• 

If ar= i, then i + i +^+ &c. = J = J. 

2. Required the sum of the infinite series 

X — «* 4- a;* — «* + &c. 

Assume the series equal to 



1+ar' 

then, X — a^ + «* — ar* + A;c, 

I + ar 



a: — X* '\' a^ — a:*4- &c. 
«' — a:* + a:* — dec. 



« = ar 



* This method, however, is very limited in its application, on account 
of the difficulty of determining a suitable denominator for the assumed 
fraction. But a direct and easy method of summinf^ ev^ infinity series 
of which the generating function is rational, will be found, in the chapter 
on the ** Theory of Equations.'' 
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that is, d; — gf + «■ — a?*+ &c. = . 

I + » 

If »= i, then t — i + i — A + &c = --^, =i 

■ 

If4; = l, theal— 1 + 1 — 1 + 1 — &c= j-i-^ = i. 
If« = 2, theii2 — 4+8 — 16 + &CS ,^_ = |. 

1 + 2 

&c« dec* 4cc« 

8* Required the aum of the infinite seriet « + 22* + dx* + &lo, 
A«umo the «rie. = ^j-l^ = j_^-j-p; 



then, 



« + 2a" + 3a» + &c 
l_2ap +«» 



« + 2a!» + ««» + &c 

— 2«» — 4«*— &c 

a* + &c 


X * 


* • 



that is, a + 2a* + 3a» + &c. = ^, * ^ . 

(1— *)" 

If » = i, then i + |+f+&c. s=|=2. 

If« = i, theni + | + A + &c = Jp = |. 

4cc« &C. dec. 

4. Requiredthesumof the infinite aeries a;+4a'+9a:'+16if*+&c 



Assume the sum = 



(1 — x)»' 
then (1 — *)• X {« + 4ij" + 9a?» + &c.) = a? + «»; 

(1— x)* (1 — «)» 

If a = i, then i + J + J + fj + &c. =a 6. 
dec. dec. 
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FBOHISGUOUS BXA1IPI.B8. 



^ A K 

1. Required the sum of the series :^^^:^+ g^ + -^^^ +*cc 
ad infinkum* 

-f- occ.; 1 

' j;^ — (^ + ^ + 24 +«oO = i — * = l = s«m. 

5 6 

2. Required the sum of the series 




l.d.3.2' ' a.8.4.2» ^ 8.4-6,a* 

+ ^« ad infinitum. 

Ans. i. 

8, Required the sum of the series « + Sx* -f 6a* + 10a* + &c. 
ad infinitum. 

Ans* .4 . 

(1—4?/ 

4. Required the sum of n terms of the series 

Ans, }( ^=b-7 — , nwo . ox >+ ^h®^ « *s odd, — when n is even 
(a+2)(2a+6) 

6. Required the sum of the series r-— + ------ + -,r-— r + 

^ 8.18 ^ 10.21 ^ 12.24 ^ 

+ &c ad Infinitum. 



14.27 

Ans. -/f, 

10. Required the sum of the series + 4- 



2.4.9.12 ' 4.6.12.15 ' 6.8.15.18 
dec ad infinitum. 

Ans. ^1 
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ON RECURRING SERIES. 

(170.) A recurring sezies is one, each of whose terms, after a 
certain number, bears a uniform relation to the same numbeiwf tboee. 
which immediately precede. 

(180.) It is obvious that a variefy^ of infinite series will arise fh>m 
developing dif^rent fractional expressions: those however which 
generate recurring series are always of a particular form. 

a 

(181.) The fraction — ; — 27*1 fi>r instance, is of this kind, for the 

a + ** 

beries which arises from the actual division is recurring thus : 

a +hx)a ^-, _ + ._._&c 

, ah'x 
a + — r 



ab'x 






a' 






ahx 


a»V 




a' 


a- 




\ 


a" 












oi'V 



o'» 



I 

where it is obvious that each term, commencing at the second, is 

h'x 

equal to that which immediately precedes multiplied by ;-, whieh 

quantity is called the scale of relation of the terms, or — , is the sc^le 

of relation of the coefficients ; therefore, representing the terms of 
the series by a, b, c, d, &c., we have 



J 
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A = -7, whence a'x — a = 0, 
a 

B= y-A 6^A + aB= 0, 

a 

c = -B h'xB + a'c = 0, 

n 

D = r C 6 arc + a d = 0, 

a 

here we may observe, that the coefficients of a, b ; of b, c ; of c, d, 
&c., are the terms of the donominator of the generating fraction 
taken in reverse order. 

(182.) The fraction , 4^, ^ is another of this kind ; for if 

this be developed as that above, and similar substitutions be made, 
there will be found to result 

a 

A = -7 , whence .... o'a — a =0, 

a 

b=s -, — o'a -fan — D....=0, ' 

a : 

e'a^x-^-h'xB , , ,, 

c = ; . . . . c arA + bxB + ac= Of 

c'.c'b -4- V xc 

D = . . , . , c Vb + h'xc + a'i> == 0, 

a 

&c. &c. 

where each term, commencing at the third, is equal to the two Im- 

I c'x^ b'x 
mediately preceding multiplied respectively by 7- > n which 

is therefore the' scale of relation of the terms ; also, the coefficients 

of A, B, c ; of b, c, d, &c., are the terms of the generating fraction 

taken in reverse order. 

fi -^ ux I csr 
(183.) The fraction -^ — 77 7-3 — -77-3 is also one of the same 

kind, as its development will show; the scale of relation of the terms, 
19 
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dV c'ar" h'x 
in the resulting series, being -^, p, p, commencing at 

the fourth term. And, in general, the development of any rational 
fraction of the form 

■ 

a' + ftW~cV+~.TT j'«^* 

will be a recurring series, in which any term, commencing at the 
m + 2th, will be equal to the m + 1 preceding multiplied by 

— ' — J—, — ^—r^ . . • r, Tf respectively, which is there- 

a a a a 

fore the scale of relation of the terms. 

If a' = 1, then the scale of relation is — ^'a:*+'» — p'*"» 

— cV, — b'Xy being the several terms of the denominator taken in 
reverse order, the first term 1 being omitted. 

FBOBLBX I. 

To find the sum of an infiQite recurring series. 

Let A + B + + D+ + K + I. + 1C + N represent a re 

curring series, and let it be supposed such, that each term, com* 
mencing at the fourth, depends upon the three preceding ; then, as in 
Art. (182), we shall have, by supposing the terms in the generatiiig 
fraction to be p, 9, r, «, the following equations, viz. 

#▲ + rn + ^ + pn = 0| 
jB + rc+5i>H-pK = 0, 
9O + rD + qE + pr=:0f 
fD + rs-f^ + po = Oy 



«K + fx + ^ + pw = 0, 

and taking the sum of these equations, we have ' 

»(a 4-B + 04-D-f...lL) + r(B + C + D + B+***!') 
-f q(0 + D + B + P+ . . . M)+p(D + B + P + e+ . . . h)ss:0, 

which, by putting s for the sum, becomes the same as 

9(3 — L — M — n) + r(s — A — M — n) + q(ti — A — B — n) 

-f p(s — A — B — c) = 0; 
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from which equation we get s = 

P(a+ b+ c)+ g(A-f b + y)+ r(A4- m + y)+ *(l + m + h) , 

so that the sum may be determined from having the three first, and 
three Imst terms, with the scale of relation given ; but if the series 
be infinite, and decreasing, the three last terms will vanish, and the 
aumwUlbe 

p(A4-B+c)-f g(A+B)+rA _ A(y+g-f r)-hB(p+g)+cp 
p+q+r+s • p+q^r+» 



1. Required the sum of the infinite recurring series 

1 4- 2x+ 8a:«4- 28a:* + 100«*+ 366«*+ &C. 
Here the scale of relation is 2«", Sx. 
•-. the third term, c = 2a:'A + 8j;b, whence 

— 2a?»A— 3a?B + c = 0, 
consequently, t = — Sa*, r = — dor, 9= 1, and pssO. 

a( 1~3x)+ b_ 1— a? 
••• «««= i_3x_2a« - l — Bx—2^ 

2. Required the sum of the infinite recurring series 

1 + 2ap 4- Sx* + 5a!» + 8a* + dse. 

the scale of relation being a^, x. 

1 +x 



Ans. 



l_ar_a« 



■ 8. Required the sum of the infinite recurring series 

1 + 8a + fta* + 7a*, &c.| the scale of lelation being —a*, 2a. 

1 + a 

Ans* ' X — ; — u. 

1 — 2a + a» 

4. Required the sum of the infinite recurring series 

8 -f 5a + 7a» + 13a* + 23a* + &c. 

f he scale of rdation being — 2a*, a*, 2a. 

. 3 — a — 6a* 

^'**- l-2a-a» + 2a*- 
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PROBLBK ZI. 

To find the sum of any number of terms of a recurring series.* 
This may be effected by means of the expression for s in tlie pre- 
ceding problem, but more conveniently by subtracting from the 
9um of the series continued to infinity, the sum of all those terms 
which follow the nth ; thus, if the nth term of the recurring aeries 
J, -|. B -f c + &c. be T, then, putting s for the sum of all the terms 
to infinity, and s' for the sum of those to infinity which follow t, we 
shall have, by last problem, s — s' = 

A(p+g+r)+B(p+g)4-cp— u(p+g-fr)— v(p+g)— wp 

_ (a— p)(p+g+r)+(B— v)(p+g)+(o— w)p ■ 

P+q'\'r+8 
the sum of n terms. 

SXAMK.B8. 

1. Required the sura of n terms of the series 

1 4- 2a? + a*" 4- • . . TuT'K 
Here the scale of relation is — x*, 2dr; 

.•, c = — a^A + 2arB, whence a^A. — 2xb + = 0, 

.•. « =s a:", r = — 2ar, j = 1, p= 0, also u =c (n + 1)«*; 

V = (n + 2)a:"+», and w = (» + 3)«"+*; 

* The fiodiog the sum of a finite number of terais of a jecarring series 
supposes that the general term of the series is previously known : to dis- 
cover the general term is, however, by far the most perplexing part of the 
problem, it being often attended with considerable difitenlties. The only 
general way in which it can be discovered is denved from considering the 
generating fraction 

g -}- 6a? -}- cag' -f . . . paf* 
fl' + yar + c'a:2+ . . . ^oT^^' 
as the same as 

(«+&!?+ ear' + . . . ;»*) (i/+ yaj+c'af'-f • . . s'^^+T** 

which may be expanded, and the geneifal term of the resulting series ob 
tained, by the Multinomial Theorem. 



J 
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. (a — v)(1—2x) + B — V 
U)nsequently, sum = ^ ^l,2a?-f g^ "= 

[1 _ (a -f i)ar"] (1 — 2a?) + 2a? — (« + 2)g^-f * 

1 — 2a: + 0?* "" 

1— (n+ 1)J?" + nx"^^ 
1 — 2a: + a?* 

2. Required the sum of n terms of the series 

1 4- 3a? + 5a?» + 7a;" + &c. 

the scale of relation being — a^^ 2x, 

1 + a? — (2n + l)a?" + (2n — l)a?"+« 
^^ l—2x + a^ • 



ON THE METHOD OF INDETERMINATE COEFFICIENTS. 

(184.) The method of indeterminate coefficients, which is used to 
develop fractional and surd expressions, consists in assummg the 
proposed expression equal to a series with indeterminate, or unknown 
coefficients ; and if this assumed series be multiplied by the denomi- 
nator of its equivalent fraction, or raised to the power necessary to 
free from radicals its equivalent surd, then, by equating the coeffi- 
cients of the homologous terms in the resulting equation, the several 
values of the assumed coefficients will become kno\\ii. 



BXAMFLES. 

1. Required the development of , ., by the method of iode 
terminate coefficients. 

Assume ,. ,, = a + Ba: + ca:* + Da;* 4- &c. ; 
a +bx * 

then multiplying each side by a' + Vxy and transposing, \ye have 
▲a' 4- Ba' > +ca'>' + Da' > , 

19* 
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whence 



Ao! — a = 0, therefore a == -r 

a 



Ba' + Aft' = • 

ca' + b5' = . 

IMl'+O»'=0 . 

&c. 



a! 



a' 



-rO 



&C. 



•*• a' + ft'*^"^"^"^" 



a' a 



»' 






the same as was hefore found from actual division. 

2. Required the development of >/a' + a^ by this method. 

Assume ^/a• -faj' = A + Bap + oa^ + na* + dec. 
then, by squaring each side, and transposing, we have 
a" + 2ABa: + 2ac J . + 2ab ^ 

-1 > +^'^* +2c ) 

A* — «? =0, therefore a = a 
2ab = • • . B = 



whence 



2ac — 1 csO 

2ad + 2bo=: 

&c. 



1 

^ = 25 

D= 

&c. 



.-. -/a" + «•=« + 2^ — gj + *<^* 

3. Required the development of ^ by the same method 

Here, since the first term of the series must contain «, 

X 



assume 



then we have 



!+«+«• 



3 = Aa? + Baj* + ca:" + naf* + &c. 



+ 0J +D J +B 



«• + &e. =r 0; 
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'A — 1 =0, therefore a =5 1 

A + B = . . . B = 1 

whence ^a + b + c=0 . . . c= 

B -f C + D =s . . . D c= 1 

.c+iv + E = . . • E = — 1; 

X 



• • 



l+ar+a:" 



= « — «" + «* — »» + «' — &c. 



4. Required the development of >/l — x by this method. 

a? a" ag* 3'5g* 

1 4. 2a; 

6. Required the development of -;, by this method. 

X ■■"" * ^-^ XT 

Ans. 1 + 8a? + 4aj* + 7aj* + 11«* + &c. 

1 

6. Required the development of- ^ — -—^ by the above method. 

Ans. 1 + 2aa: + (4a*— !)«■ + (8a* — 4o)aj« + &c 



ON THE MULTINOMIAL THEOREM. 

(185.) The Mvltiitomial Theorem is a formula which exhibits 

p. 

the general development of (a+bx+ca^+d3i^'\'&iic.y in a series 
ascending according to the power of x* It may be investigated as 
follows : • 

Assume 

9 

{a+hx+ea^+6cc.y= A+Ba:+Ca:«+&c. 

Sunilarly, 

9 

(a+fty+cy«+&c.)« = A+By+Cy+&c. 
Put for abridgment 

(a+ftar+ca:«+&c.)« = X, (a+6y+c^+&c.)« = Y; 
then. 
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X^ — Y« b{x — y) -f c(a»— y*) + i2 (a!» — y»)+ &c. 

_ B + C(ar + y)+ D)J^ + ^y + 3^) + &c. *' 
" ft + c (ar + y)+ ii(«« + ary + 3^) + &c. 

Now when x = y then X = Y, in which case we know (135) that 
the first side of the equation becomes « 



PX'^^ _ P 



?-i 



Y^^=^.X'^=^(a+.fcar + ca*+&c.)« , 

and the second side becomes 

B + 2Cx + 8Dg» + &c . 
ft + 2ca; + 84^ + &C. 

Multiplying, therefore! each of these sides by 

(a + ftar + c«" + &c.) (ft + 2cx + Sda* + &c.) 

« 

and we have ' 

?(a + ftar + ca" + &c) f (fc + Sua? + 8cW + &c.) ♦ 

= (a + ftar + car* + &c.) (B + 2Ca? + SDa:* + &c.) 

P 

or substituting for simplicity's sake ra for -, and putting the assumed 

series for the second factor in the first member of this equation, we 
have 

n(A + Ba? + Ca:« + &c.) (ft + 2ex + Sda^ -4- dec.) = 

(a+ bx + ca^ + dec.) (B+ 2Ca? + 3Da:»+ dec.) 

that b, by actually performing the multiplications here indicated, 

na^ + dec. 





ftAft + Eft 


nx+ eft 


««*+ ©ft 




+ 2ac 


+ 2bc 


+ 2c<? 




+ 3ac2 


+ 3Bd 




+ 4Ae 


is equal to 


Ba + 2ca 


x + 3Da 


a;* + 4Ba 




+ Bft 


-f-2cft 


+ 8Dft 




+ Be 


+ 2cc 








+ Bd 



a^ + dec. 
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2. What is the square root of the series l + X'{-a^ + a^+ &c.1 
Here a, b, c, &c. are each = 1, also Q = i, therefore 

O" = 1 = A, 

afr = i = B, 



(„-2)c> + (2n-l),c ^^^^^^^ 



3a 
(n — 8)Dft-f (2« — 2) oe + (3n — 1) ndf 



+ ac = TW="5 



4a 

3. What is the cube of the "series 2x -\- 3a^ -{- 4ar* + &c. ? 

Ans. 8ar» + 36a:* + 102ar* + 231ar* + &c. 

A» What is the cube root of the series l + iar4-ia^+iar'+ &c.? 

Ans. 1 + Ja: + Jya:« + ^sJ^a?' + ^tW^* &r. 



ON THE REVERSION OP SERIES. 

(186.) To revert a series is to express the value of the unknowa 
quantity in it by means of another series involving the powers of 
some other quantity. 

1. Let the series be of the form ax -{- ba^ •{• ca^ -\- &c. = y ; then, 
in order to express the value of a? in terms of y, assume x =: Ay 
•i' Bf^ -\- c^ -{- &c., and substitute this value for x in the proposed 
series, which will, in consequence, become, when y is transposed, 

+ an N 
+ ac \ -f 2&AC / 

+ cfA* / 
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aA — 1 



aB+^A* 



= 0, .•. A= — , 

a 



= .. B= 5, 



ac + 2ftAB+cA'. • • • =0 .. c= 



26^ — <w 



5^ — 5a6c+iA2 

aD + 2ftAC4-&B'+3CA*B + dA*=0 •• D= -? 1 



1 h , 2^ — a« • 

cwiaequeiitly, « = ~y — "s y + — ^^ V 



a' 



66*— 6a6c + ay 



y* + &c. 



2. If the series be of the form ax -^ ba^ + cx^ + &c., where the 
even powers of x are absent, then we shall have, instead of the 
above, 

1 * . 36»— oc 






EXAXPLSS. 

1. Given the series a; + 2* + x* + &c. = y, to express the value 
of X in terms of y. 

Here a, 6, <;, &c. are each 1 ; 

1 

therefore - = l* 
a 



--,=-h 



W — OMi 



a" 



= 1, 



. &h^ — 5ahc -{- a*d __ 

&c. dec. 

.«. X zziy 1^ 4- f^ y* + &C. 



* When the series is expressed by means of another, as 
oa? + 6aj* + car* + &c. = ay + |3y' + yy* + &c. 
the value of x is to be obtained exactly in the same way, by assuming 
x; = Ay + By^ + cy' -f &c., and substituting this value in the place of x in 
I the first series* as above. 
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2. It is required to revert the series 

2a? + 3jj" + 4ar* + S*' + &c. = y. 
Here a = 2, & = 3, c = 4, &c. 

therefore - = i, 

_1 , 

3^ — ae 

"r Z^ —JUL 

12y + fl'(g— 8a^c _ 

... OP = iy — ^y» -h if^^—^^yi + &c. 

3. Given the series x — ia:* + ioc* — Jar* + &c. = y, to find the 
value of a; in terms of y» 

Ans. a? = y + iy* + iy* + iy* + &c* 

4. Given the series x — \oi? + \a^ — |ar' + &c. = y, to find the 
value of X in terms of y, 

Ans. ar = y + iy»+T»yy» + ^y'4.&C. 

6. Given the series 1 + « + j + ^— ^ + 2~3~4 + ^^ =" ^^ 
to find the value of ar in terms of y. 

* We know, from what has been said of lograrithms, that this value of 
9 is = log. y ; but if x= log. y .*. «*= y» consequently, ' 

which is the exponential theorom otherwise established at (136). 
20 
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CHAPTER VIII. 

ON INDETERMINATE EQUATIONS. 

(187.) EarATioNs are said to be indeterminate, or unlimited, when 
they admit of on indefinite, or unlimited number of solutions, which 
they will always do when the number of unknown quantities exceeds 
the number of independent equations. The equation ax — by = c^ 

for instance, is unlimited, for x = -^ wher^ y may be any value 

whatever, therefore x and y admit of an infinite number of values 
that will satisfy the equation ax — by z=z c; and such must evidently 
always be the case when one of the unknowns is expressible only 
by means of another unknown, each then admitting of an infinite 
number of values. The number of solutions in integer numbers 
is, however, oflen determinable. If, for instance, ax '{- by = c^ then 

C"^ by 

X = , and, therefore, to have integer values of x and y, the 

a 

question will be limited to the finding all the integer values oiy that 

will make an integer. The limits of possibility, in equatioas 

a 

of this kind, will be investigated in the following propositions. The 

symbol <^ signifies less thauj and ^ signifies greater than ; thus, 

A <^ B, means that a is le^ than b, and a ^ b, means that a is 

greater than b. 

PROPOSITION r. 

If a and b be any two numbers prime to each other, and if each 
of the terms 

by 2b, Sb, 45, ... . (a — 1)5, 

be divided by a, all the resulting remainders will be different. 

For, if it be supposed that the remainders will not all be diflS^rent, 
let any two of the above terms, as m5, nb, leave the same remainder 
r ; then, representing the respective quotients by ^, q\ we must have 



Il 
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^^a + r = mby 
and j'a -f r = nft J 

therefore, by subtraction, a(q — q') = b{m — n), whence — 

is an integer number ; but neither ft, nor m — «, is divisible by a, 
the former being prime to it, and the latter less than a, since both 

m and n are less, therefore -^^ — ^ cannot be an integer, and, con- 

Or 

scquently, the supposition cannot be admitted. 

Cor, 1. Hence, since the remainders are all different, and are 
a — 1 in ilumber, each being necessarily less than a, it follows that 
they include all numbers from 1 to a — 1 . 

Cor, 2. Therefore, since some one of the remainders will be 1, it 
fbUows that some number x less than a may be found that will make 
bx — 1 exactly divisible by a; or, which is the same thing, the 
equation bx — a^ = 1 is always possible in integers, if a and b be 
prime to each other. 

If, however, a and b be not prime to each other, the equation will 
be impossible in integers, for a and b having, in this case, a common 
measure, one side of the equation bx — ay = 1 would be divisible 
by it, and the other not. 

Cor. 3. Since bx — ay = 1 is always possible, it follows, by 
changing the signs, that ay — bx =z — 1 is also possible ; hence 
ax — by = zizl is always possible in integers, if a and b be prime 
to each other. 

FSOPOSITtON II. 

If a and b be prune to each other, the equation 

ax^^by ^ db c 
will admit of an infinite number of solutions in integer numbers. 
For, since the equation ax' — by* = dzl is possible, the equation 

acx' — bey' = db c 
IS possible, which, by putting x for cx'j and y for cy'^ becomes 

ax — by = ± c, 
being the same as the proposed equation. 
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Let now one solution be x = p, and y = q, then 

ap^^bq = ax — 6y, or ax — ap^ by — hq^ 

a(x — p) , , ., - X — p b mh 
••• TT ^ = 1> ^^^ therefore = - = — , 

*(y — 5) y — ? <* «« 

or ar — p = mft, and y — 9 = fiia ; 
.«. a? = p -f jiil^, and y = q + ma; 

and since in may be any value whatever, froin to infinity, the num^ 
her of values of x and y may be infinite. 

Cor. Since p and q are integers, and since m may be either posi- 
tive or negative, m may be so assumed, that x shall be less than b, 
or that y shall be less than a, for making m equal to 0, — 1, — 2, 
— 3, &c. successively, we shall have 

X = p, p — 6, p — 2&, &c. successively, 

and y == q^ q — o, q — 2o, &c. successively, 

where it is obvious that one of the values of x must be less than hf 
or one of the values of y less than a, whatever be the values of p 
and 9. 

PBOFOSITiOIf in. 

The equation ax -{- by = c is always possible in integers, if a 
and b be prime to each other, and if 

c^ (ab — a — 6). 

For let c = {ab — a — ft) + r, then the equation becomes 

ax ■^byzs:(ab — a — ft) -I- r, 

which is possible if 

^_ ab — a — b — by + r _^ ^ (y + l)b — r 

a a 

be an integer; but, since ft — 1 is an integer, the possibility depends 
upon 

(y + l)ft-r_ 

■ i= X 

a 

being an integer, or, putting y + 1 = y', upon the possibility of the 
equation by' — ax' = r, which has been already established (Pifop 
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2); let then y* be less than a, or y + l<^a(Prop..2, Cor.), then, 
in the equation 

(y+l)ft-r _, 
a 
a;' must be less tlian h — 1, and it therefore follows that 

a 

must be some integer number; hence the equation ox + ^ = ^ is 
always possible when a and h are prime to each oth^r, and c^{aA 

— a — hy 

ScHOL. The two last propositions will evidently be useful in dis* 
covering the possibility or impossibility of equations of this kind, 
and also in enabling us to propose them with proper restrictions. 

FSOBLEX I. 

To find the integer values of x and y in the equation 

OJT — by z= c. 

Since x = — must be a whole number, it follows that if the 

a 

division of by 4- c by a be actually performed, the remainder 
py + d must be divisible by a, that is, ^ must represent a 

Or 

oiv py •{• A 

whole number ; also, if from — the nearest multiple to it of ^^ 

a a 

be taken, the remainder, which may be represented by ^ , must 

be a whole number, and q must be less than p ; if again the difl^> 

cnce of — , and the nearest multiple to it of ^^ be taken, 

a a 

ry ^ f 

the remainder, which may be represented by -^ — ^, must also be a 

a 

whole number, and r will be less than q ; hence, by proceeding in 

this way, we shall at length arrive at a remainder of the form , 

n 

in which the coefficient of y is 1. Now the least positive value that 

20* 
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can be given to y, in order that this expression may be a whole 
number, will evidently, when k is negative, be equal to the remain- ! 

der arising from the division of Ar by a ; but, when k is positive, the 
least value will be equal to a minus this remainder : Hence, since 
the subtraction of fractions does not produce any change on the 
common denominators, the numerators only being operated upon, 
the process will be the same in efiect by the following rule. 

(167.) Haying reduced the given equation to the form «= -^ i 

perform the division of % -f c by a, and call the remainder py -f d. 
Take the diflerence of ay and the nearest multiple to it o^ py -\- d; 
then the difference o£ py •{• d and nearest multiple to it of the re- 
mainder ; then the difference of the preceding remainder and the 
nearest multiple to it of this last ; and so on, till we get a remainder 
of the form y — Ar, or jf + Ar, when the least value of y will, in the 
former case, be the remainder b, arising from dividing k by a, and 
in the latter case it will be a minus r.* 



EXAMPLES. 

1. Given 21a: -f 17y = 2000, to find all the positive values ol x 
and y in whole numbers. 



, 2000 — 17y ^, 17y — 6 ^ 
Here x = — ^ = 95 ^- — , and a = 21, 

2ly = ay 
17y — ^ = py — d 

4y + 5 
4 



16y + 20 



y — 25 = y — It; 



* This rale docs not differ much from that given by Mr. Nicholson, in 
the Mathematical Companion, for 1819; it appears, however, to be rather 
more simple. 
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now |-f gives a remainder = 4 = the least value of y, which, sub- 

, . » , . /. 2000 — 68 
stituted in the above expression for «, gives 5- = 92 = the 

greatest value of x, and by adding 21 , the coefficient of Xf conti- 
nually to the least value of y, and subtracting 17, the coefficient of 
y, from the greatest value of x, we shall^have all the possible values 
as follow : 



x=Q2 
y^ 4 



75 
25 



58 
46 



41 
67 



24 

88 



7 
109. 



2. Given 19j; = 14^^ — 11, to find x and y in whole numbers. 

„ 14y— 11 19aj + ll 5JP+11 . ,. 

Here a? = ^^^ ,y=— ^ — =^+ ^^ ,anda = 14. 

5a: -f 11 
3 



15« + 33 
14a; 

07 + 83 



Now f J gives a remainder = 5, .•.14 — 5 = 9= the least valuj 
of ar, and, since in this example the less x is the less will y be, wf* 

have, by substitution, -^ — = 13 = the least value of y, the 

14 

number of solutions being indefinite. 

3. Exhibit the number of different ways in which it is possible 
to pay 20Z. in half-guineas and half-crowns only. 

Let X represent the half-guineas, and y the half-crowns, thcni by 
reducing to sixpences, we have 

21ar + 5y = 800; 

800 — 5y _^^ 5y — 2 

21 21 * 

6y — 2 
4 



20y — 8 
21y 



y + 8 
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V B = 6, and 21 — 8 = 13 = the least value of y ; and .*• 35 is 
the greatest value of or, consequently, if we add 21 ccmtinually to 
the least value of y, and subtract 5 from the greatest value of x, wo 
shall have all the possible values ; thus, 



x = d6 


80 


25 


20 


15 


10 


5 


y=18 


34 


55 


76 


97 


US 


139 



or the number of solutions, besides the one first obtained, might 
have been determined without this trouble, for the number of times 
that 5 can be continually subtracted from 85, so that the remainders 
may be all positive, is evidently one less than the quotient of 35 by 
Gy viz. 6 : had this division left a remainder, the number of splu- 
tions would have been a unit morey that is, the whole quotient. 

4. Giv^ 5« + lly = 254, to find all the di^rent values of x 
and jr in positive whole numbers. 

ar= 9 
y=19 

5., Given 11« + 9by = 500, to find the least integer value of x. 

Ans. 20 



Ans. < 



20 
14 



31 
9 



42 

4. 



6. Given 19jp— 117|f =: 11, to find the least integral values of x 

and f. 

Ans. X = 66, and jr = 9. 

7. Is it possible to pay 601. by means of guineas and three-shilling 

pieces only? 

Ans. Impossible* 

6. A p o ss oa bought sheep and lambs for 8 guineas ; the sheep coat 
11. 6». a piece, and the lambs 15«. How many of each did he buy t 

Ans. 3 sheep and 6 lambs. 

9. Is the equation 7x + ISjr = 71 possible or impossible ? 

Ans. Impossible. 



noBuoc n. 



To determine d jrtori the number of solutions that the equation 

ox + iy = c 
«rifl admit of. 
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* 

Let such integral values of x' and y' be found, that we «iay have 
ax* — by' = 1, which we have shown to be always possible (Prop. 
1, Cor. 2); 

then, acx* — hey* = c, .•. ax + % = o^^' — ^cy\ 
and, consequently, we must have a? ==. ex' — mft, and y =?= ma — ey\ 
where m may be any number taken at pleasure, that will make these 
values of x and y positive integers ; but, if no such value of m can 
be found, it will be a proof that the proposed equation is impossible 
in positive integers, and, on the contrary, as many suitable vahiee 
of m as can be found, so many solutions«will the equation admit of, 
and no more. Hence, because we must have ex* ^ md, and c^ ^ma, 
the whole number of solutioos will be expressed by the- diflferenoo 
between the integral parts of. 

ex' , ey* 
-T-., and -2- ; 
o a 

because, as m must be less than the first of these fractions, and 
greater than the second, the difference lOf their integral parts will 
evidently express the number of different values of «i, except when 

cv ex* 

-J- is a complete integer; in which case, since m<^-^, the differ- 
ence of the integral parts would be one more than the number of 

ex' 
different values of m, therefore, when the expression >^ is an inte* 

ger, we must consider t as a fraction, and reject it therefrom ; but 

ev* 
this must not be done with the other quantity ^i becnise 

m ">• — • 

^ a 

EXAMPLES. 

1. Required the number of solutions that the equation 9«-|-13ya» 
2000 will admit of in positive integers. 

In the equation 9a:' — 13y' = 1, we have 

^= 9 = y + ~9~' 
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t 

therefore! 

4y' + 1 
2 



8^ + 2 

y— 2 

.*. y' = 2, and x' = 3, hence the number of solutions is tlie inte- 

gral part of r-^ the integral part of , which is 17. 

X if , V 

2. In how many different ways is it possible to pay 1401* by means 
of guineas and three-shilling pieces only ? 

Ans. The payment is impossible* 

3. In how many dii&rent ways may lOOOZ* be paid in crowns and 
guineas? 

Ans« 190^ 

FRORLBM III. 

To find the integer values of or, y^ z, in the equation 

ax + by '\' cz = d. 

Let c be the greatest coefficient in this equation, then, since the 

values of x and y cannot be less than 1, the value of » cannot be 

greater than 

d — a — b 

c 

if, therefore, we ascertain this limit, and then proceed as in Prob. 1, 

we shall at length arrive at a remainder of the form ydoxzkh^ 

where, if 1, 2, 3, &c. up to the limit, be successively substituted ibr 

a;, all the values of x and y may be exhibited, as in Prob. 1. 

EXAMPLES. 

1. Given 3a; + 5y + 7x = 100, to exhibit all the different values 
of X9 yt and «, in integers.* 

* This example is the same as that given by Mr. Bonnycastle, at page 
233, vol. 1, of his Algebra, where he finds the number of solutions to be 
7« *' which,'* says he, " are all the integer valines of a;, y, z, that can be 
obtained from the given equation :'* from the above, however, it appears 
that 41 is the whole number of solutions. 
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Here % cannot be greater than -; = 13i^ ; 



and by proceeding as in Prob. 1, 
100 — by — 1% 



X = 



= 33 — 3^ — 2* 

2y + « — 1 
y — z + 1 



gy + g — 1 

3 



now, by taking « = 1, jf becomes = 0, and ar = 31 ; but this an- 
swer is inadmissible, because jf = is not an integer, but, by adding 
3, the coefficient of ar, to this value of y,- and subtracting 5, the co- 
efficient of jf, from the value of ar, we shall obtain another answer, 
and, by repeating this process continually, we shall obtain all the 
possible values of x and y, for this value of z ; and in a similar 
manner are the values of x and y to be found when 2 = 2, &c., 
when all the possible solutions will be found to be 41 in number, 
and to be as follow : 



y= 1 



= 3 

26 



« = 2 



= 3^3^= ' 
\x=2'^ 



a: = 27 

= 2 
23 



« = 4 



»=s6 



V 

X 

y 

X 



3 
19 

I 
20 



=«l'«: 



= 2 
16 



6 
21 

4 
22 

5 

18 

6 
14 

4 
15 

5 
11 



9 
16 

7 
17 

8 
13 



12 
11 

10 
12 

11 

6 



15 
6 

13 

7 

14 
3 



18 
1 

16 
2 



«= 7 



7 
10 



12 

4 

10 
5 



2= 8 



«= 9 



« = 10 



«=11 



^ar=12 



= 1 

= 13 

= 2 
9 



y = 

a: = 

y = 

a: = 



3 
5 

1 
6 



11 
1 



^,9^3^ = 2 



a;=12 



a? = 2 



It is obvious, from the above, that when tlie solutions are very 
numerous, the process will become tedious ; but there is seldom any 
necessity to exhibit all the solutions at length, as is done here, since 
the object of inquiry is not so much to )find the solutions themselves, 
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as to determine, dpriori^ the number that the equation admits of, 
the method of doing which will be pointed out in the next Problem : 
we shall, therefore, merely add another example to this Problem, as 
an exercise for the student. 

2. Given 17a: + 19y + 21« = 400, to exhibit all the different 
values of or, y, and %, in integers. 



Ans. 



Z=z 1 


2 


3 


4 


6 


6ii;i2 


13 


14 


y = ii 





7 


5 


3 


1 


8 


6 


4 


2 


ar = 10 


11 


1213114 


15 


1 


2 


3 


4 



PROBLEM IV. 

To determine the number of solutions that the equation 

ax -{• by + cz = d 

will admit of, two, at least, of the coefficients a, b, c, being prime to 
each other.* 

By Prob. 2, the number of solutions that the equation ax-\-by=c 
will admit of, is expressed by the integral parts of 

ex' cy' 
b a 

* When this is not the case, the proposed equation must be transformed 
to anether, that shall have two, at least, of its coefficients prime to each 
other. Thus, if the equation be 

12x + I5y + 20« = 100001, 

by tranlBposiDg SOr, and dividing by 3, we have 

^ 4a?+% = 33334— 7z+^^; 

z— 1 
.' ^ is an integer, which call a, then 2:= 3i*+ 1 ; whence, by suIk 

stitution, the proposed equation becomes 

I2x+ 15y + 20 (3tt+ 1) = 100001, 

which, by transposing the 20, becomes divisible by 3, and we then have 

4x + 6y + 20tt = 33327 ; 

in which equation, x and y have, of course, the same valves as in the one 
proposed, and therefore the number of solutions must be the same ; bat in 
this last one, value of u may be 0, because 

z=:3u+ 1. 
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X* and y' being determined from the equation aar' — 6y' = 1 ; there- 
fore, in the equation ax -^-hy ^=:. d — czy if we make js = 1, 2, 3, 4, 
&c. successively, then the number of solutions 



S3 
O 

*£3 



(d c)x' (d c)y' 

ax + by= d — c will be the integ. pts. of ^ — j-^ ^^ — 

ax + by=d—2c ^^^ ,—^ ^ ^ 

b a 

ha 

&c. &c. &c. 

the sum of which will be the whole number of solutions that the 
equation admits of, that is, if we take the sum of the integral parts 
of the arithmetical series 

(d — c)x' , {d—2c)x' {d — Zc)x' (cf— 4c)a:' ^ 
b ^ h "^ h + h + ^""-^ 

fid also of the arithmetical series 

{d-c)y' ^ {d-2e)y' ^ {d-3e)i,' _^ (rf-4c)y' ^ ^^ 
a a a a 

the difference of the two will be the whole number of integral solu- 
tions ; now in each of these series the first and last terms, as also 
the number of terms, are known, for the general terms being 

{d — cz)x ' { d — cz)y ' 

7 , aiiu - , 

o a 

we shall have the extremes by taking the extreme limits of «, that 

is, « = 1, and «<^ , which last value of « also expresses 

c 

the number of terms in the series. 

If, therefore, we find the sums of the two whole series, and then 
the sum of the fractional parts in each, by deducting these last sums, 
each from the corresponding whole sum, the sum of the integral 
parts of each series will be obtained. 

In summing the fractional parts, there will be no necessity to go 

fhrough the whole series, for, as the denominator in each is con- 
21 
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statit, these fractions will necessarily recur in periods, and the num- 
ber in each period can never exceed the denominator;* it wil 
therefore only be necessary to find the sum of the fractions in one 
period, and to multiply this sum by the number of periods, in order 
to get the sum of all the fractions, observing, however, that when 
there is not an exact number of periods, the overplus fractions must 
be summed by themselves, which may be readily done, since they 
will be the same as the leading terms of the first period ; it must 

also be remembered that 7 is to be considered as a fraction in the 



first series, as in Prob. 2. 



EXAMPLES. 

1. Given the equation 6a: + 7y + lla? = 224, to find the number 
of solutions which it admits of in integers. 

Here the greatest limit of » <^ — is 19 ; 

also in the equation 5a/ — ly* = 1, we have ar' = 3, and y' = 9. 
also a = 6, and 6 = 7; 
therefore, the two series, of which the sums are required, beginning 

with the least terms, ^ , ' , and ^ —- will be 

o a 

3.15 3.26 3.37 3.213 

. 2.15 2.26 2.37 2.213 

and __ + __ + ___ 4. . . . . __ ; 

3 . 11 
the common difference in the first being — ^ — , and in the second 

* This will appear from considering the above series ; for, if in the first 
series d and e be prime to each other, and neither of them prime to 6, each 
term will be wholly integral, that is, the fractions will all be 0. If & be 
prime to <i, and not to e, the fractions will be all equal. If h be prime to 
c, but not to <2, then the fractions will recur after the first integral term, 
which can never lie beyond the 6th term ; and, finally, if c/, 6, c, be all 
prime to each other, the series of fractions will always recur after the 6tli 
term. Similar observations evidently apply to the second series. 
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2.11 

— - — , and the number of terms in each 19. 
5 

Now the sum of the first series is 928^, 

and the sum of the second .... 866| ; 

also the first period of fractions, in the first series, is 

and the first period, in the second series, is 

+ 1 + * + } + } = 2, 

^ being considered as a fraction in the first period, but not } in the 
second. 

Hence the number of terms in each series being 19, we have two 
periods and five terms of the first series = 2 X 4 + the first five 
fractions =10^, for the sum of all the fractions, and therefore 
928| — lOi^ = 918 = sum of the integral terms of the first series : 
also in the second we have three periods and four terms =3x2 
-f If =: 7f , and therefore 866} — 7} = 859 = sum of the integral 
terms .of the second series ; whence 918 — 859 = 59 is the whole 
number of integral solutions. 

In a similar manner may the number of solutions be obtained 
when there are four or more unknown quantities. 

2. It is required to determine the number of integral solutions 
that the equation 3a: + 53^ + 7« = 100 will admit of. 

Ads. 41. 

3. It is required to determine the number of integral solutions 
that the equation 7a; + 9y + 232 = 9999 wUl admit of. 

Ans. 34365 

PROBLEM y. 

To find the integral values of three unknown quantities in two 
equations. 

When there are two equations and three unknown quantities, ono 
of the unknowns may be exterminated as in simple equations (Art. 
15, chap. 2), and the other unknowns may be found as in Prob. 1 
of the present chapter. 
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EXAMPLES. 

1. Given \ Jf^"" t ? t ?"",«!; S . *<> fi^d aU the integral val- 
C 10a: + 3y + 2iB = 120 V ^ 

ues of ar, y, and z. 

Here multiplying the first equation hy 5, and subtracting the se- 
cond, there results 22y + 13z = 133 ; 

135 — 22y ,^ 9w — 5 
whence z = ^-^ — ? = 10— y i3~' 



13 
13y 
9»- 


5 


4y + 


5 
2 


8y + 


10 


y— 


15 



••• jf = 2, and s; = 7, which are the only values of y and «, 

.•. X = 10. 

It should be remarked here that we are not to expect that when z 
and y admit of several values, each will satisfy the proposed equa- 
tions ; for the corresponding values of x may be fractional. All 
that we can infer is that the integral values of y and «, deduced as 
above, contain among them all those which can subsist with integral 
values of x ; but what values do really so subsist can be ascertained 
only by trying each pair in succession. 

^ -. C 3a: -f. 5y + 7« = 560 > .-,„.. 

values of a:, y, and «. 

30 

40 

50 

PROBLEM VI. 

To find the least whole number, which being divided by given 
numbers, shall leave given remainders. 

Let a, a', a", &c. be the given divisors, and 6, 6', b'\ &c. the re 
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spective remainders ; also, call the required number n, then N =.* ax 
t- b =.ay ■\- b' = o"3 -f b" = &c. ; therefore clx — a'y =6' — 6; 
find then the least values of a; and y in this equation, then will aX'\-bf 
or a'y + f, be the least whole number that fulfils the two first con- 
ditions ; call this number c, then it is obvious that this, and every 
other number fulfilling the same conditions, will be contained in the 
expression aa'z* + c,* 2/ being 0, 1, 2, &c. successively, we have, 
therefore, aa'z' -f c = a' « + 6' , to find the least values of z' and 
Zy in which case aa'z -{- c^a"z + b'\ will be the least whole num- 
ber fulfilling the three first conditions ; call this number <Z, then will 
this, and every other number fulfilling the same conditions, be coa- 
tained in the expression aa'a '1/ + c?, and equating this with the 
fourth expression for the value of n, and deducing thence the least 
value of y, the expression aa'a"y' -f d will then be the least num- 
ber answering the four first conditions ; and so on to any proposed 
extent. 

EXAMPLES. 

1. Find the least whole number, which being divided by 11, 19, 
and 29, shall leave the remainders 3, 5, and 10 respectively. 

Here n = 11a: -(- 3 = 19y + 5 = 29« + 10, 

11a: — 2 
and .'. 19y — lla? = — 2, and y= — — — ; 

11a:— 2 
2 



22a: 
19a: 


— 4 


3a:- 


— 4 

7 


21a:. 


— 28 


X 


+ 24 



* We are here reasoning on the supposition that a, a', &c. are prime to 
each other ; if, however, they have a common factor, it should be expunged 
from the expression oaV. 
21* 
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•*• X s=: 14, and llx + 8 = 157 ; hence we have 

11 X 19x' + 157 = 209a:' + 157 = 29z + 10, 

. 209ar' + 147 - , . ^ 6ar' + 2 
and .-. z = — = 7a: + 5 + — ^g— 

6x' + 2 
5 

80a:' + 10 
29a:' 

«' + 10 

• X = 19, and, consequently, 209a:' + 157 = 4128, the number 
required. 

2. Find the least whole number, which being divided by 17 and 

26, shall leave for remainders 7 and 13 respectively? 

Ans. 143. 

3. Find the least wliole number, which being divided by 28, 19, 
and 15, shall leave for remainders 19, 15, and 11, respectively? 

Ans. 7691. 

4. Find the least whole number, which being divided by 3, 5, 7, 
and 2, shall leave for remainders 2, 4, 6, and 0, respectively? 

Ans. .104 

5. Find the least whole number, which being divided by each of 

the nine digits, shall leave no remainders ? 

Ans. 2520.* 

* For several particulars in this chapter the aathor is indebted to 
fiarlow's Theory of Numbers, a work which cannot be too strongly re- 
commended to the notice of the English stadent. There is no part of 
mathematical science that requires such an intimate acquaintance with the 
properties of numbers as the indeterminate analysis, and the work just 
mentioned is the only production on that interesting subject in the English 
language, with the exception of Malcolm's Arithmetic. 
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CHAPTER IX. 

ON THE DIOPHANTINE ANALYSIS. 

(168.) DiopHANTiNE Algebra* is that part of analysis which re- 
lates to the finding particular rational values for general expression 
under a surd form ; the principal methods of ejecting which are 
comprehended in the following problems. 

PROBLEM I. 

To find such values of x as will render rational the expression 



>/aa:* -\- bx -{■ c. 

Before v.'q can give any direct investigation of this problem, it 
will be necessary to consider the nature of the known quantities a, 
bj c, because there are several cases in which the thing here propo- 
sed to be done becomes impossible, and that solely on account of 
these known quantities. 



Case 1 . When a= 0, or tehen the expression is of the form y/bx-^c 



Put ^bx-^-c^p^ot bx + c=jp^, then x =^--t — > consequently, 

whatever value be given to p, there must necessarily result a cor- 
responding value of X that will render the proposed expression ra- 
tional, and equal to p. 

EXAMPLES. 

1. Find a number such, that if it be multiplied by 5, and the pro- 
duct increased by 2, the result shall be a square. 

* So called from Diophantus, a Greek mathematician, who lived about 
300 years after Christ, and who appears to have been the first writer on 
tliis branch of Algebra. 
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-J? 2 

Put 6x'{'2=zjfy then x = - — - — ; if we assume p = 2, then x 

o 

= } ; and by assuming other values for p, different values of x may 

be obtained. 

2. Find two numbers, whose difference shall be equal to a given 
number a, and the difference of whose squares shall be also a squai-e. 

Let X be one number, then a + a; is the other, and we have to 
make (a + xy — a:*, or a* + 2aar, a square. 

Put a* + 2ax = p*, then x = ■'--- — , where the value of p may 

be any number assumed at pleasure. 

3. Find a number such, that if it be multiplied by 9, and the pro- 
duct diminished by 7, the result shall be a square. 

4. Find a number such, that if it be increased by 4 of its own 
value, and 1 1 be taken from the sum, the remainder shall be a square. 

Case 2. When c = 0, or when the expression is of the form 

'J as^ -f hx* 
Put ^a3^ + hx = par, or ax* + fta: = p'a:*, then aa: + fe = p'x ; 

whence x := -= , and whatever value be given top in this ex- 

p^ — a 

pression, there will result a value of x that will make the proposed 

expression rational. 

examples; 

Fin«i a number such, that if its half be added to double its square, 
the result shall be a square. 

Let X be the number, then we must have 2^ -f Jx = a square, 
which denote by p'a:*, then 2a: -f i = i^x^ or 2a: — f^x = — J ; 

.*. X = , ^ ^ p being any number whatever. If p be taken = 2, 
p A 

then a: = J. 

2. Find two numbers, whose sum shall be equal to a given num- 
ber a, and whose product shall be a square* 
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Let X be one number, then a — ar is the other, and we have lo 
make ax — ar* a square. Put ax — x^ = p^a^, then a — ar = p'j?, 

whence x = -j -, p being any number whatever. 

3. Find a number such, that if its square be multiplied by 7, and 
the number itself by 8, the sum of the products shall be a square. 

4. Find a number such, that if its square be divided by 10, and 
the number itself by 3, the difference of the quotients shall be a 
square. 

Case 3. When c is a square, or when the expression is of the form 



Put y/ax^ + bx + e — px + c, then a:^ + hx + c*=pV + "i^x 
-f c*, or aar* 4- 6x = jpV + 2cpa:, .•. cue -f & = p'ar + 2cp, whence 
2cp — h 



X = 



a — p* 



EXAMPLES. 



Find two numbers, whose sum shall be 16, and such, that the sum 
of their squares shall be a square. 

Let X be one number, then 16 — x is the other, and we have to 
make a:* + (16 — a?)', or 2^* — 32a: + 256, a square, which denote 
by (par — 1 6)* = fa^— S2px + 256, and we then have 2x^ — 32ar 
= p^a^ — 32pa;, or 

2a: — 32 = /a: — 32», whence x = ^^^/~^\ 

pr — 2 

If we take p = 8, we shall have x = 9|, .•• the two numbers are 

94, and 6f . 

2. Find two numbers, whose difference shall be equal to a given 
number a, and the sum of whose squares shall be a square. 

Case 4. When a is a square, or when the expression is of the form 

y/c?3^ -^hx -\- c. 
Put >/aV + ftx -f c = ax -f p, or 

c^a^ 4- ftar -f c = d^3^ + 2pax + j3^, 

C —"1/ 

then hx ■\- c = 2pax -f o* .-. x = - — -^-rr, 

' 2pa — o 



/ 
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EXAMPLES. . 

1. Find a number such, that if it be increased by 2 and 5 sepa- 
rately^ the product of the sums shall be a square. 

Let X be the number, then we have to make 

(a: +2) (ar-f 6), or a:" + 7a? +10, a square, which denote by (aj — pf, 
then aj'-|-7ar+ 10 = ««— 2px+p^, or 7ar+ 10 = — 2pa:+p«, .-. x = 
p' — 10 
'7 + 2p* 

If we take p = 4, we shall have x = }. 

2. Find two numbers, whose difference shall be 14, and such, that 
If the first be increased by 3, and the second by 4, the product of 
the sums shall be a square. 

3. Find two numbers,'' whose diflference shall be 3, such, that if 
twice the first increased by 3, be multiplied by twice the second 
diminished by 3, the product shall be a square. 

Case 5. When neither a nor c are squares^ but when h^ — Aac 

is a square. 

In this case it will first be necessary to show that the expression 
ax" + ftx + c will always be resolvable into two possible factors. 

ah C 

For if we put ar-f-x-f- = 0, and solve the equation, or find the 

two values of x in it, as x= Ar, and x = ifc', then x — fc, and x — Ar', 

h c 

will obviously be the two factors of x* H — x H — ; and therefore 

a a 

a (x — k) (x — k') will be equal to the proposed expression. 

Now the values of x in the above equation are 



h , ^h^—\ac , h >/6« — 4ac 

x = — ^r- H , andx = --- ^ — - 

2a ^ 2a ' •2a 2a 

or putting fc* — Aac = <P, the values of x are 

d — h h-ird > 

— ^ — , and ^ — , and, consequently, 
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, b — d. . b -{• d. , - 

{ax + — g— ) (a: + -g^) = a3r + bx + c; 

we see therefore that the proposed expression under these conditions 
is always resolvable into two factors. 

Let there be then 

v'a«» + 6x + c= ^{fx + g){kx + k), 

which put equal to p(fx + g)^ then 

(fx + g) {kx + k) = p'{fx -\- gY; 

ox{hx + k)=^f^(Jx+g); 

whence x = ^° , ^ . 

EXAMPLES. 

1. Find such a value of x as will render the expression 6a^+ ISx 
+ 6 a square. 

Here a = 6, 6 = 13, and c = 6, and, as this expression evidently 
does not belong to any of the preceding cases, it will be proper to 
try whether ft* — 4ac is a square, which it is found to be, viz. 25 : 
we are certain, therefore, that the expression may be represented by 
two factors, which are readily found to be 2ar + 3, and 3a: + 2. 

Put therefore 6a!«+13ar+6, or(2ar + 3) (3a: -f 2) = [p(2a:+ 3)]*, 
and it follows that 3a: + 2 = p^(2a: + 3), 

whence ar = J^ ^ ^. 
3 — 2p* 

If we take p=lj then a: = 1, and the expression becomes equal 
to 26. N. 

2. Find such a value of x as will make 2a:' + 10a: + 12 a square. 

3. Find such a value of x as will render rational the expression 

V8a:»+6a: — 2. 

Case 6. When the proposed expression can be divided into two 
partSy one of mhich is a square^ and the other the product of two 
factors* 

This is the last case in which any general method of proceeding 
can be pointed out, and may often be serviceable when the expression 
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does not come under either of the preceding cases. It is, however, 
sometimes troublesome, to find whether the proposed expression can 
1)6 decomposed as this case requires, or not ; but if it be ascertained 

.hat it can, the expression V ax* -\- bx + c may be put under the 

'brm y/{dx + e)* + (fx + g) (kx + A:), and if we equate this with 
(dx + e) -\- pifx + g), there will result 

{dx + ey + {fx + g){hx+k) 

= {dx + €)«+ 2p{dx + e)(fx + g) + f(Jx + g)\ 

or hx + *= 2p(rfa: + e)^f{fx + g)\ 

whence x = Pi?^4^)^. 
A— p(2d-h£f) 



EXAMPLES. 

Find a value of x such, that 20:^ -f 8x + 7 shall be a square. 

This expression, ailer a few trials, is found to be equivalent to (x -f 2)* 
+(a: + 1) (a:+ 3), which being equated with 

[{X + 2) -.p(a: + 1)]'= (a: + 2)«— 2p(x + 2) (ar + 1)+ f{x-^lf 

there results ar + 3 = — 2p(a? + 2) + p'(a? + 1) ; 

whence x = ^ , ,^ s' 

1 4- 2p — p» 

If we take p = 3, we shall have x = 3, and 

2x* + 8x -h 7 = 49. 

2. Find a value of x such, that 12x'-f 17x+6 may be a square. 

(190.) We have now given all the cases in which general methods 

have been discovered to render the expression v'ax^+ ftx-f c rational ; 
but as it mscv have rational values in other cases, it is of importance 
to be able to determine them. 

Now this can only be done when one satisfactory value is already 
known, which value must therefore be found by trial ; this being ob- 
tained, other values may be leadily deduced. 

(169.) Suppose the expression >/ax'H-6x+c is found to beconne 
rational when x = r, and that the value of the expression in this 
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CAbe is 8 ; then ar* + 6r + c = a*. Put x^=. y -{- r^ and we have 
by substitution, 

aa^ + ^a? + c == a (y + r)' + 6 (y + r) + o 
= o^ + (2ar + 6)y4-fl^ + ^ + c, 

= ay" + (2ar+ 6)^ + 5*, 
and, as this form comes under Case 3, the value of y, in order that 
this last expiession may be a square, can be found, and thence that 
of X = 3f 4- r. 

EXAMPLES. 

1. Find such values of x that will render the expression 



x/ 10 -h 8a; — 2** rational. 

This expression is found to become rational when a; == 3. 

Put therefore ar = 3 + y, and we have, by substitution,^ 10 + 8af 
— 2a^ = 16 — 4y — 2^", which must be a square ; denote it by 
(4 — pyf =16 — 8p2f + |j^3^, and we shall have 

16 — 4y — 23^=16 — Spy + py, 

or — 4 — 2y = — 8p + jj^y ; 

whence y = j^ . , : 

F + 2 

If we take p = 2, then y == 2, and .*. a: = 5, and the value of the 
proposed expression is 0. 



2. Find such values of a; as will render the expression V 5a;" + 1 2a; -|« 8 
rational. 

3. Find a number such, that if three times itself be la^en from 
three times its square, the remainder increased by 3 shall be a square 



PBOBLEM II. 

To find such values of x as will render rational the expression 

^€L3i? + ha^ '\- ex + d» 

There are but two cases in which a direct solution can be given 

to this problem. These are the following : 
22 
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Case 1. When the two last terms are absent^ or when the ex- 
pression is of the form 

y/a^ + 6a:'. 



Put Va«* + ba^=pXi or aa^ + b3i^ = ]fa^i then ax + b =p 

whence x = — . 

a 



EXAMPLES. 

1. Find a number such, that if three times its cube be added to 
twice its square, the sum shall be a square. 

Here we must make Sx" -|- 2^" a square ; let jfa^ be the square 

p? 2 

then 3» + 2 = ji*, .•. x = ^-— — . 

If we take p = 3, we have x = 2i,the number required. 

2. Find a number such, that if five times its square be taken from 
three times its cube, the remainder shall be a square. 

Case 2. When the last terWi is a square^ or when the expression 

is of the form 

Vaar* -\- ba^ ■\- ex -{- ^. 



Put ^aa? + ^x* -I- ex -I- d'= —» + d*; 

2a • 

then, ax* + ftx* -I- ex + £f^ = -^x* + ex -|- cP, 

4a* 

or ax* + fcx* = j^^y 

.'. ax + 6 = --; ; 

4cP 

c» — 46cP 
whence x = — : — =— • 

* The expression is assumed equal to qj^+*'» i** order that the two last 

terms in its square may be the same as the corresponding terms in the pro- 
posed expression. 
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This solution gives only one value of ar, but from this, other 
values, when possible, may be obtained by the method next following 

When the second and third terms are absent, this method evi 
dently fails. 

KXAMFLES. 

1. Find such a value of x as will make the expression ^3? — Sx" 
+ 6a: + 4 a square. 

Put 3jr* — 5a:« -f 6ar + 4 = (|x + 2f = f ar* + 6x + 4, 
then 3ar» — 5«* = Jf a:*, or 3ar — 5 = f ; 

whence a: = ^|, 
which value being substituted in the proposed expression, makes it 
equal to (V)'- 

2. Find such a value of ar as will make a? — a^ + 2x+l a 

square. 

* Ans. ar = 2. 

3. Find a value of x that will make the expression — 5ar* + 6a:* 

— 4a: + 1 A squire. 

Ans. a: = — 1 . 

To these two cases may be added, as in the last Problem, a third, 
by which other values may be had from one being previously known, 

(170.) Suppose it is already known that the expression 

^as^ 4- b3^ -\- ex •\- d 

becomes rational when x =^ r^ and that the value of the expression 
then becomes = «; that is, let 

ai^ -{• hr^ + cr ■\- d = ^ ; 

then, as in Art. (191), put a: = y + r,'and we have 

a^ -\- Zary^ + ^at^y + 01^ = oj? 

hf + 2hry -\-hr^—ha^ 

cy •{- cr =z ex 
d=zd 



af+ by+ cy + ^ =n*. 



• This symbol is used to signify the words, a square. 
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b'j c'y and «•, representing the sums of the quantities under which 
they are respectively placed, therefore the value of y may be deter- 
mined by last case. 



EXAMPLES. 



The expression y/a^ — a" + 2ar+l is found to become rational 
when j: = 2 : it is required to find another value of or that will 
answer. 

Put a: = y + 2, then ar« — a?» + 2a? -f- 1 = y' -|- 6y* -f lOy -f 9; 
assume this last expression equal to 

(fy + 3)s or vV+ioy + 9; 

then y3 + 5y« == Vy«, or y + 5 = y ; 
whence y = — Y, and .-. x = 2 + y = f . 

2. Find a value of x in^ the expression x^ + 2 = a, besides the 
case or = 1. 

Ans. a? = — fj. 

3. Find a value of x in the expression 3x^ + 1 = a, besides the 
case j; = 1. 

Ans. a: = — ^. 

' SCHOLIUM. 

Thers are many cases in the preceding Problem in which the un- 
known quantity admits of only one rational value, and many more 
in which the expression is impossible. If any expression can be 
divided into factors, one of which is a square, this square may be 
rejected, and the remaining factors only used. Thus, if the expres- 
sion aa:^ + 6a:*, or a^{ax + 6)> is to be made a square, it will only 
be necessary to make ax + h a, square ; also, in the expression 
ar* — a^ — x + 1, which is equal to (1 — a^)'(l + x), it will be only 
necessary to make 1 + ^ a* square, in order that the whole expres* 
sion may be a square. 
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« 

PBOBLEM III. 

To find such values of x as will render rational the expression 

Va«* + ftx* + c«* + da: -I- e. 

In this Problem theie are three cases in which a direct solution 
can be obtained. 

Case 1. When both thejirst and last terms are complete squares^ 
or when the expression is of the form 

Pat a^x*+bj^+ ca^ + dx-\'^ = (ax^-\'mx + c)' = aV -|- 2amx^ + 
( m* + 2ae) x" + 27nex + €* ; 

tlien, in order that the first two terms and the last in each side of this 
equation may destroy each other, we must make 

b 

b = 2am, or m = r-, 

2a 

and there will result 

ca^ + dx = (to' + 2ae) a^ + 2mex ; 

d — 2me 

whence x = —z — , 

»i»-f 2ae — c' 

or, substituting for m its equal —-, we have 

^a 

Aa{ad — be) 

X >' " 



or, since e is found in the proposed expression only in its second 
power, it may be taken either positively or negatively ; hence we 
get another value of x, viz. 

_ 4a {ad + be) 
^~ fc* — 4a*(2ac + c)' 

Or this case of the problem may be solved difierently by making d 

d b 

= 2ine, when m will be equal to -r-, instead of r-, and we shall' 

2e 2a 

have 

ba^-^ ca^= 2am3^ + (m' + 2ac)a:*; 

09* 
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ffi' + 2ae — c 



whence x = 



b — 2am ' 



or, substituting for m its equal — -, we have 

_ cf-h 4e'(2fle — c) ^ 
*" 4c(6e — <Mi) ' 

d» — 4c2(2ae + c) 

OT X = ^- ; 

4e (6c + ttd) 

this last value being obtained from supposing e negative, as before. 

Hence, by employing these two methods, four solutions may be 
obtained : it must be observed, however, that they all fail when b 
and d are both 0. 

EXAMPLES. 

1. It is required to find such a value of ar, that the expression a^ 
— 6a^ + 4a:* •=— 24x + 16 may be a square. 

Put, according to the first of the above methods, 

«* — 6ar» + 43:* — 24ar + 16 = (x" — 3ar — 4y 

= or* — 6jr* +-a:« + 24ar + 16, 
and there results 

A2^ — 2Ax=:a^ + 2\x, 

or 4a: — 24 t= a: + 24 ; 

whence a: = ^ = l^* 

If, according to the second method, we i)ut the expression equal to 

(aJ« + 3a: — 4)* = a:* + 6a:» -f a:* — 24a: + 16, 

we have 6a:' + a:* = — 6a:' + 4a:' ; 

whence a: = i. 

By taking 4 (= c) positive, each of these solutions gives a: = 0. 

2. It is required to find such values of x as will make x^ — 23? 

-f- 2a:* + 2x -f 1 a square. 

Ans. a: = 4, or — J. 

3. It is required to find such values of x as will make 4ar* -f 3x 

+ 1 a square. 

Ans. x=: + J, or — J, or |f, or 5^, or J. 
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Case 2. When the first term only is a square , or tohen the 

expression is of the form 

^a*x* + bx^ + ca^+ dx -{- c. 

Put aV + 6a:* + ca:" + rfjr + 6 = (aar" + mx + «)' = 

flV + 2ama:' + (wi* + 2a7i)a:' + 2mna; + n*; 

then, in order that the first three terms in this equation may destroy 
each other, we must make 

2a 

2a " 8o» ' 

we have therefore dx + e=: 2mnx + n^ ; 

, n' — c 

whence x = 



d — 2mn' 

or, substituting for m and n their values as deduced above, we havo 

_ (4a*c — y)* — 64a'e 
* "■ 8o« [Sa*d — 6 (4a«c — 6»)] ' 

When b and (2 are both 0, this formula fails, the same .as in tl\e 
last case. 

SXAHPLES. 

1. Required a value of x such, that the expression 

4ar* -I- 4ar* + 4a:' -\- 2x — may become a square. i 

Here m = 1, and n = J, therefore 

put 4a?* -I- 4a:» + 4aP + 2ar — 6 = (2a:« + a: + |)» = 

4a:4 + 4ar»4-4a:« + far + V5r, 
and we have 2a: — 6 = Jap + y^^ ; 

whence a: = >^« = 13j. 

ar< — 3x+ 2 

Aa**. a? = }. 

3. Required such a value of ar, that the expression x!* — 2a:* J 
4a:* — 2a: -f 2 may be a square. 



whence a: = >^« = 13j. 

2. Required such a value of ar, that the expression 
may become a square. 



Ans. a: = ^. 
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• 



Case 8. WTien the last term only is a square^ or when the 

expression is of the form 

V<M?* + 6x* -f- car* -f- dop + «• 

Put aa?* + 5x* + ca:" + dfa? + 6* = (ma^ -\' nx + c)' = 

nfa^ -f- 2«inx* + (/i* -f 2me)a:' -f- 2«ea: + c* ; 

then, in order that the three last terms on each side of this equation 
may destroy each other, we must make 

d 



•= 



c = ft* + 2fli€ 5 ^'"'^^ ■) c-7f 4et*-iP 

V"* = -2i- = — 8?— • 

and we shall then have 

(12^ + 5a:* = mV + 2fniiar', 

or ax + 5 = m'x + 2fnfi ; 

2mft — 6 

whence x = =- ; 

a — nr 

or^ substituting for m and n, Iheir values as deduced above, we have 

_ Se* [d (4ce' — J) — 86e*] 

tvhich formula fails under the same circumstances as those of the 
preceding cases. 

The first case of this Problem is evidently included in each of the 
two last cases, and therefore either of the two fbrmulsB la&t deduced 
is atso applicable to the first case. 

EXAMnLBS. 

1. Find such a value of x as will make the expression 
5a-* — 4a:» -|- 3a:" — 2x -f- 1 a square. 
Here m = 1, and n = — 1, therefore 

putSx* — 4a:"+ 3a^ — 2ar+ 1 = {a^ — x+ 1)=== 
a:^ — 2a:' 4- 3a:» — 2a? + 1, 
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and we have 5ar* — Aa^ = ar* — 2«', 
or 6a: — 4 = ar — 2 ; 
whence a? = f = i. ' 

2. Find a value of ar such, that we may have 2a:* — dx+l = O 

Ans. OP = W 

3. Find such a value of a: that we may have 22a:* — 40a?— 

40a:« + 64ar+ 16= D." 

Ans. ap = 4 

When the proposed expression does not come under either of the 
ahove cases, then, as in the preceding Problenis, one satisfactory 
value of the unknown quantity must be discovered by trial, after 
which, other values, when possible, may be obtained ; but in this, 
as well as in the preceding Problems, there are many expressions in 
which the unknown quantity admits of only one value, and, in u 
great many instances, the value is impossible.* We now proceed 
to show how to find other values from having one value already 
given. 

(171.) Suppose it is already known that the expression 

Vfl«* + h^ + caa^ + dx + e 
becomes rational when x = r, and that we have 

ar* -f- Ar* -|- cr* + i?r + e = «*. 
Assume y + r= a:,. and we have 

ay* + 4ary* -f- Qat^i^ -f Aar^y + a^* = fl«* 
by* -f- Sbry* + Sht^y + br* = bs^ 
cy^ + 2cry •\- ct^ -= cs^ 
dy + dr = dx 
c = e 



ay* -{-by + cy + d'y + g'^ D; 

the terms in the last line representing the sums of the quantities 
under which they are respectively placed. 

* It would be impracticable to give in this work a view of all the im- 
possible forms of the expression here treated of: the reader is therefore 
referred to the work mentioned at the conclusion of last chapter. 
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Hence the expression is reduced to a form in which the preceding 
case will apply, and therefore the value of y, and thence that of ar, 
may be determined. 

EXAUFLSS. 

1. Find such values of x^ that the expression 

3x* + 2jr* — Sx* + 7x — 3 may -be a square. 

It appears, upon trial, that if 1 be substituted for x, the expression 
will become a square, viz. 4. 

Put therefore x=i y + 1, and we have 

3a:* 4- 2z^ — 5a^ -f Tar — 3 = 8y* -f- Uf+19f+l5y + 4, 

which must be made a square ; therefore, according to the last case, 
denote this square by 

and we shall then have 

3y*-|-14y»=:ffHy*+VA^3f*, 
or 3y + 14 = HHy + SW J 
whence y = — VVW» 
and, consequently^ a: = — VVrV* 



2. Find a value of x that will make ^x^ — 2ar' + 2 rational, 
besides the case a; = 1. 

Ans. a; = |. 

3. Find a value of x such, that the expression 

22ar* — 128ar» + 212a;»— 64a? — 26 
may be a square, the case x = 1 being already known. 

Ans. X = y.* 

PKOBLEM lY. 

To find such values of a; as will render rational the expression 



^aa^-^-ba^ + cx + d. 



* No methods -have yet been discovered for rendering expresdons of the 
above kind rational squares, if the unknown quantity exceed the fourth 
oower ; not even when a satisfactory case has been obtained by trial. 
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In this Problem there are likewise only three cases hi which a 
direct solution can be obtained. These are as follow. 



Case 1. When both first and last terms are cuhesy or when the 

expression is of the form 

Put aV4- bx^ + cx + €p^{ax + dyz= aV+ ^a^dx^+ Sad!^x+d^, 
and we have 

ba^ + cx=i Sa^ia^ -\- Zafx, 

or bx -}- c = Sa^dx -f- 3aiP ; 

3ac? — c 



whence x = 



SaV 



EXAMPLES. 

1. Find a value of x such, that the expr63sion 

a:* -f- 9a:" + 4x + 8 may be a cube. 

Put a:* + Oar* + 4a? + 8 = (X -I- 2)' = a:* + 6«* -f- 12a: + 8, 
and we shall then have 

9a:» + 4ar == 6a:» + 12a: 

whence x = | = 2}. 

2. Find a value of x such, that the expression — 125a:' + 89a:'-f 

28ar + 8 may be a cube. 

xAns. « s= )i}v 

3. Find a value of x such, that the expression Sx* -f 42x* — 8x-f 

27 may be a cube. 

Ans. X = 10}. 

Case 2. When the first term only is a cubey or when the expression 

is of the form 

VaV -I- ftx* -f- ex + rf. 

Put aV+6x*+cx+d=:(ax-|- ot)' = aV + 3aSiix*+3a»i'x+«', 
and make 
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and we shall then haVe 

ex -}- d = 3anfx + «?, 

rn' — d 

whence x = ;; — = ; 

e — Saiir 

or suhstituting for m its equal ^, we have 

¥" — 27daf 



« = 



(3ca*— ft»)9o»* 



EXAMPLES. 

1. Find a value of x that will m^ike the expression 

8af^ — ^ + 2x — l2 a cube. 

Put 8j:» — 4jr« + 2ar — 12 =(2ar — i)»= 8a:« — 4«* + Jar — 5«7. 
and we get 

2x — 12 = }a: — ^; 
whence x = ^y. 

2. Find a value of x such, that the expression s^ — 3x^ + x 

may be a cube. 

Ans. X =: \. 

8. Find a value of x such, that the expression s^ + Sai^ + VSS 

may be a cube. 

Ans. X = 44. 

Case 3. When the last term only is a cuhey or when the 

expression ii of the form 

y oaj* + ba^ + CX + d*. 

Put aa^ + ha^ + cx + d^rzz {mx + rf)' = »»'^ + 3m'iW + Smd'x 
+ d^j and make 

and there results 

or ax + 6 = m^x -f- Sot'c? ; 
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Sm*d — h 



whence x = 



a — HI 



or substituting for m its equal --^, we have 

_ (c» — 3ft<f ) 9<P 



EXAMPLES. 

1. Required such a value of x that will make the expression 

2a^ + Sj^ — Ax + 8 a cube. 

Put 2ar» + Sa* — Ax + 8 = (— iar + 2)' = — ^Var* + fa:" — 4aj 
+ 8, and we have 

2x» + 3a:» = — ^ar» + fa:*, 

of 2x + S =—^x -Hi; 

whei^ce x=:^ — 1|, 

2. Find a value of a; such, that the expresi^on 3ar* + 2ar + 1 may 

be a cube. 

Ans. X = ^f. 

3. Find such a value of Xy that will make the expression 3ar* — 

Oa:" + 6a? -f- 1 a cube. 

Ans. X = — y. 

These two last cases are evidently applicable to those forms be- 
longing to Case 1st, and therefore, when the first and last terms are 
both cubes, three solutions may be obtained, one from each case : it 
nust however be observed, that they all fail when b and c are both 

Having now given all the cases in which a direct solution of the 
problem can be obtained, it remains to show, as in the preceding 
problems, how, from having a particular solution, others may be 
derived from it. 

(172.) Suppose the expression 

^aa^ + ba^ + ex -\- d 

becomes rational when x =: r^ and that then 

ar^ + bi*+cr + d=^; 
23 
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Assume y -f r = ar, and we have 

ay^ + 3ary- + 3ar*y + ar^ = ar* 
6|^ -i- 25ry -I- 5r' = 6a:* 

cy 4- cr = ex 



aif + 6y + c'y + a' = a cube. 

The expression is therefore reduced to a form which is resolvable 
by last case. 

EXAMPLES. 

1 . It is required to find such values for x, that the expression 'Zs? 
— 4a:* + 6a? + 4 may be a cube. 

It appears, upon trial, that x = 1 is a satisfactory value ; put then 
0? =: y -f 1, and the expression becomes 

which put equal to 

(iy + 2)* = A3^ + ty" + 4y + 8, 
and there results 

or 2y +2 =^y +*; 
whence y = — }| ; 
and, consequentl3s x = H. 

2. Find a value of x that will make x* + x + 1 a cube, besides 
the case x = — 1. 

Ans. X = — 19. 

3. Find such a value of x, that the expression 2x' — 1 may 
be a cube, besides the case x = 1. 

Ans. Impossible 
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ON DOUBLE AND TRIPLE EQUALITIES. 

(173.) In the preceding Problems, th(J object of our investigations 
has been to find rational values for expressions under a surd form , 
and our inquiries have been directed to each expression separately. 
Questions, however, of>en occur in the diophantine analysis, that 
require us to find values for the unknown quantity, or quantities, 
that shall not only render a single expression a square, cube, &a, 
but that shall also, at the same time, fulfil similar conditions in one 
or more other expressions, containing the same unknown quantity 
or quantities. In the case where two expressions are concerned, it 
^ is called a double equality, and where there are three expressions, a 
triple equality, &c. The following methods of resolving these 
equalities will be of service to the student in ordinary cases ; but in 
those inst^uices where the methods here given are found to be insuf- 
ficient, he must be guided by his own penetration and ingenuity, 
since no general method of proceeding, that shall be suitable to every 
case that may occur, can be given. 



PROBLEM I. 

To resolve the double equality 

ax -^ b = Q, 

ex -\- d =i D . 

Put ax+b=zp\ and cx-^-d^^, then, equating the two values 
of X, which these equations furnish, we have ' 

= , or qr — co ^ ojf — oi; 

a c 

therefore c^ = cajf — cad + ^h, 

and, consequently, q must be such a value that the expression 

cojf — cad + <?h 

may become a square, which value may be ascertained by one or 
other of the preceding methods, and thence the value of x may be 
determined. 
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PROBLEM n. 

To resolve the double equality 

caf* -f- ^ = D • 

Put a; = ~, then, if each equality be multiplied by ^y there will 

result the double equality 

a + Ajf = D, 
c + Jy = D, 

which belongs to the preceding Problem. 

Or put oaj" -j- ftx = p'o:', then ax ■\-h ■= j^Xy and, consequently, 

X = -5 , and .% c«* + ix = c(-5 )* + d(-^ ) = D ; 

jr — a y — a' y — a' 

or, multiplying by the square (j3^ — a)', it becomes 
whence p may be determined, and thence x. 

PROBLEM in. 

To resolve the double equality 

ox" + 6x + « ss n , 

lix* + ex +/= D. 
Here it will be necessary first to resolve the equality 

ox* + ftx + c = D 

by Problem 1, and to substitute the value of x so deduced in the 
second equality 

dx"+ ex +/= □» 

which will, in consequence, rise to the fourth power, and therefore 
its solution will belong to Prob. ui.^ p. 257. 
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FHOBLEM IT. 

To resolve the triple equality 

ex + dy:=: D , 

ex +fy^ b. 
Put 

ax + by ^fj 

ex + dy =^ tff 

ex+fy = f; 

then, by expunging y from the two first equations, we have 

df—Jnf 

ad — be 
and, by expunging x from the same equations, we have 

y - ad— be ' 

therefore, by substituting for x and y, in the third equation, their 
respective values here exhibited, we shall have 

af^-be J cf — ^^jt^ 

ad — be ad — be *" ' 

or putting ti = <«, and dividing the expression by the square C, there 
ariaes the equality 

of — be , cf — de 
od — be ad — be 

from which the values of z may be determined. 

Having then found the values of z, we shall have, from the above 
values of x and y, observing to write tz for «, the following results, 
viz. . 

where t may be any value whatever. 

(174.) The above are the most general methods hithorto disco- 
veied for the resolution of double and triple equalities ; we may 
therefore proceed to show the practical application of the foregoing 
23 ♦ 
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©arts of the present chapter to the solution of diophantine questions: 
out, as has been already said, the student must be expected to meet 
with cases in which the mode of proceeding must be lefl, in a great 
measure, for his own penetration and judgment to suggest. Indeed, 
the subject on which we are now treating has exercised the inge- 
nuity of some of the most eminent mathematicians of Europe ; but 
Euler and Lagrange have been the most successful in combating the 
difficulties with which it is attended. The performances of the 
former are contained in the second volume of his Algebra, which, 
with the additions of Lagrange, forms the most complete body of 
information on the diophantine analysis extant ; and it is to this 
work chiefly that the attention of the student is directed.* In the 
following solutions it will frequently be observed that much depends 
upon the nature and relation of the assumptions made at the com- 
mencement, as a little artifice and ingenuity here will oflen enable 
us readily to satisfy one or two conditions of the question, when 
those that remain may be fulfilled by one or other of the known 
methods already given. 



MISCELLANEOUS DIOPHANTINE QUESTIONS. 

aUBSTION I. 

It is required to find a number such, that if it be either increased 
or diminished by a given number a, and the result be multiplied by 
the number sought, the product shall, in either case^ be a square. 

Let X be the number required, then we have to make 

a:* -I- aar = D , 
ar* — aa:=,n. 

Put ar = — , then these expressions become 

•The reader is also referred to Barlow's Theory of Numbers; to Lej 
bourn's Mathematical Repository ; to the masterly papers of Mr. Cunliffe. 
m diflferent volumes of the Gentleman's Mathematical Companion ; and ty 
a paper, by the late ProfessoV Leslie, in Vol. ii. of the Edinburgh Philo- 
sophical Transactions. 
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1 , a 
1 a 

and, maltiplying each by j^, we shall have to make 

1 + ay, and 1 — ay, squares ; in order to which, put 1 + ay = |j^, 

p^— 1 

and we get y = ^- , and therefore by substitution, , 

l—ay= 1— /+ 1 = 2— 2j^ = n. 

Now in this last expression we must first find a satisfactory value 
of p by Inal, which is readily effected, since p = 1 succeeds : as- 
sume, therefore, p = 1 — 9,. and then 

2~p»=:l + 2g — g«= D, 

which denote by 

{l—rqy=l — 2rq + f^^, 

and we get 

2—q = r^q — 2ri 

2r + 2 

and, conseqiicntly, q = , ; 

r^ + 1 
whence x = l = ^^ = 5i|j±^^; 

where r may be any number whatever ; and, should any of tho 
resulting values of ar be negative, they may, with equal truth, bo 
taken positively, as the proposed conditions will evidently obtain in 
either case. 

Suppose r = 2, and a = 1, then jc = — 1|, or + |J. If a = 2, 
then d; = f } ; and so on for other values. 

The former part of the above solution might have been conducted 
differently; thus, 

Put a:* 4- oar = jp^«*, then « + o = p'or, or 

a 

X = , ; whence, by substitution, 



272 MISCELLANEOUS DIOPHANTINB QUESTIONS. 

or, multiplying by (p«— 1)«, we have 

tt* — ay + a' ='2a« — ay = a, 
and dividing by a', there results 2 — jj^ = D, as before. 



UUBflTION II. 

It is required to find three numbers in arithmetical progression 
such, that the sum of every two of them may be a square* 
Let Xy X + y, and x + 2y represent the three numbers, and put 

2x+ y = f, 
2a: + 2y r= «», 
2« + 8y = jF; 
then, exterminating x from the two first of these equations, we obtain 

f — y _ t^—2y 
2 " 2 * 

from which we get y = u' — f = f — i^, and thence 2t^ — ^ iP s= /. 

Put now u = tSy and this last equation becomes 

therefore 2«*—- 1= -yj hence, 2«* — 1 must be a square, which 

r 

we find to be the case when 2 = 1, therefore, putting f = 1 — p, we 

have 

2»»— 1 = 1 — 4jp + 2y = D, 

which denote by 

(1— rp)«=l — 2rp + fy, 

and we have 

~4p + 2/= ^2rp + «y, 

2r 4 

from which we get p = -j — 5-» 

r* — 2r + 2 

and thence « ss 1 — ? » = — -, — -^ — ; 

, ^ r* — 2 

where r may be any number whatever ; and, after having determined 
s, we shall obtain the values of x and y from the equations 

and »=«•—<» =(»«—l)<', 
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t also being any assumed number. In order that x and y may be 
positive, it is evident that z must lie between 1 and \/2. 
By taking r = f , we shall have 

241 780 

* = *^' ••• * = 2j3lf^' ""'^ y = (817'' ' 

and making ^ == 2 x 31, wc have x = 482, and y = 2880 ; there- 
fore 482, 8362, and 6242, are the numbers required. 



UUESTION III. 

Find two numbers such, that if to each, as also to their sum, a 
given square, a', be added, the three sums shall all be squares. 

. Let the two numbers be represented by a:"— *o", and y' — a\ and 
then the two first conditions will be satisfied, and therefore it remains 
only to make 

^ + 3^ — 2a' + a", or a* -f y* — a', a square, 
which denote by m', then 

a^ — a'= m' — y", or {x+ a){x — a) = (m -f y){m — y). 

Put « + a s= p (hi - - y), then a? — a= "^^ 

whence x=:p(m — y) — a= h a, 

ri^m — 2ap — m 
and, consequently, y = "JTrfi • 

Suppose a = 1, p = 2, and m = 8, then y = 4, and x ^7. 



QUESTION lY. 

Find three squares, whose sum shall be a square. 
Let the three squares be a^j y', and 2' ; then 

a:" + 3/*+ 2'= Q- 

Put y* = 2xz, or ar = ^, and the expression becomes 

a^ + 2xz + «', 
which is obviously a square, y and z being any assumed numbers. 
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If we take y = 4, and 2 = 8, then a? = 1, and 

1 + 16 + 64 = 81. 

Otherwise, assume 

a-a + y« + «« = (aj + p)» = ar« + 2px + p^, 

and we shall then have 

y' + ^-f ^ 

2p 

If we take y = 4, « = S^and p = 8, we shall have «= 1, as hefore^ 
If we take y = 4, « = 12, and p = 10^ then a: = 3, &c 

QUESTION V. 

Find three square numbers, whose sum shall be equal to a given 
square number a'. 

Here we have 

a» + y" + «" = a"- 
Put y* = 2ar«, and we have 

a:" + 2xz +«" = a*; 
therefore x+ zzsa, or ar = a — z; and by substitution, 

y« = 2a« — 2«^ 

which denote by p^«*, and we obtain 

2a 
2a — 2« = ]fz, whence z = 



p^+2' 

2a 

therefore x = a q—TTk' 

F + 2 

If we take a = 9, and p = 4, then 2=1, or = 8, and y = 4 

Hence the three squares are 1, 16, and 64 : and 

1 + 16 -f 64 = 9*. 

QUESTION VI. 

Find four numbers such, that if their sum be multiplied by any 
one increased by unity, the products shall all be squares. 

I^tw* — 1, a^ — 1, y* — 11 and «* — 1, be the four numbers, 
then all the conditions will be fulfilled, if we make 
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«?' + 0:" + ^* + «* — 4= D; 
in order to which, put «?" = 4, then there only remains to make 7? 
+ y* + «" = D , which has been already done, Quest. 4, and jr, 
y, and 2, may be 3, 4, and 12, respectively : hence the required 
numbers are 3, 8, 15, and 143. 

UUBSTION YII. 

It is required to divide a number that is equal to the sum of tW0 
known squares, a' and ^, into two other square numbers. 

Let x" and j/* represent the required squares ; then 

a» + V = a:" + y", 
or a" — y* = a;' — V ; 

that is, (a + y) (o -r- y) = (a: + h) (a? — *). 
Put o + y = p(« — 6), then a — y = , whence 

y = p(jr — V) — a'=.a , from which we get 

__ 6p^-f 2ap — 6 
*" p«+l 
Suppose a = 2, aad ft =r 9, and assume p = 2, then we have 

OP = 7, andy =p(ar— ft) — 0= — 6, 
80 that in this case the two required squares are 49 and 36 

QUESTION Vni. 

Find three square numbers in arithmetical progression. 
Let JC*, y*, and s^, represent the three required squares, 

then a:" + »■ = 2y', and 
2a:« + 2««=4y«= D. 
Put a; == m + n, and « = m — n, and we have 

4«i' + 4n' = 4y', or m* + n* = y* : 
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now this last condition is fulfilled by making 

m-=jf — ^r', and n = 2fq ;* 

therefore, substituting these values of m and n in the above expressions 
for X and s, we have 

p and q being any numbers whatever. 
If we take l' = 2, and 9 = 1, we shall have 

a: =r 7, y = 6^ and « =x — 1 ; 
that IB, the three squares will be 7', 5', and 1'. 

QUESTION IX. 

Find four numbers such, that their sum shall be a square ; also, 
if their sum be multiplied by any one of them, and the product be 
increased by unity, the results shall be all squares. ^ 

Let «— 1, a? + 1, ar — y, and a? + y, represent the four numbers ; 
then we have to make 

4a: = a, 

4a:"— 4a? +1= n, 

4«* + 4a: 4- 1 = D , 

42^ + ^xy -f 1 = D , 

4a:" — 4a;y + 1 = n : ' 

now the second and third of these expressions are already squares. 
It only remains, therefore, to make the other three squares. As- 
sume a; = 4, then the first expression becomes a square, and the 
fourth and fiflh become 65 — 16j^, and 65 + 16y ; put the first of 
these = m", and we get 



•It is obvious that (jp^ — q^y + H^pqY = (p"+ ?')"t also 

(.p^-^q'Y- i^pqy = (/>' -?")^ or 
ip' + q'y-ip'-q'y=^Qip9y ; 

hence two square numbers may always be readily found such, that their 
wim or their difference shall be a square. 
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65 — m" ^ J a J 

y = — :— — ; put the second = n , and we get 

n»— .65 
^ = -16-' 

whence 65 — nf = v? — 65, or 

n* = 130 — m", which evidently obtains when m = 3, when we have 
n = 11 ; therefore jf = 3^, and, consequently, the three numbers 
are 3, 5, i, and 7^. 



QUESTION X. 

Find three cube numbers, whose sum shall be a cube. 

Let a:*, ^, and 2', represent the three cubes, and put their Bum 
= (ar + »)• = a:* + Za^z -f 3ar»" + 2', and there results 

y* = 3a;*« + 3a:»». 

Put now X = p«, and then 

y» = Zf^ + 3p«», 

whence Sp" -f 3p = a cube ; 

therefore we have to find, by trial, a satisfactory value of p, which 
presents itself in the case p = i, consequently, if we make » =?= 8, 
we get ar = jp;5 = 1 ; whence y = 6, and the three cubes are 1', 6*, 
and 8*, whose sum is 9* : and by making % = any multiple of 8, 
we may obtain as many integral solutions as we please. 

uvEsnoir xi« 

ft 

Find three numbers in arithmetical progression such, that the ftum 
of their cubes may be a cube. 

Let a — ar, a, and a -\- x^ represent the three required numbers; 
then the sum of their cubes is 3a' + 6aa:', which must be a cube ; 

—8 ft 

or putting a: = -, we have 3a' + 6 -5 = a cube, therefore 3 + -3 c= 

a cube ; and if we now put p' = 2n', this last expression will become 

3n»+3 



: whence 3n' + 3 = a cube, 
n' 



24 
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therefore it remains to satisfy the following conditions, viz. 

2n' = f, 

Sn* + 3 = a cube ; 

the first is readily effected by assuming p = 2n^, or 2n* = 4ny, 
which gives n = 2^ ; and, by substitution, the second becomes 

2V + 3 = a cube, 
in which a satisfactory value of q immediately presents itself, viz. 
^ =r 1, which value gives n = 2, and p = 4 ; therefore, assuming 
a = 4, we have a; = 1, and the three required numbers are 3, 4, 
and 5, which give 3» + 4» + 5» = 6». 

If we take a = 8, then or = 2, and the numbers are 6, 8, and IO9 

which give 6'+8*+10J*= 121', and taking a any other multiple of 4, 
we may obtain as many integral solutions as we please. 

aUBSTION XII. 

Find three square numbers in arithmetical progression such, that 
if the root of each be increased by 2, the three sums may be all 
squared, of which the sum of the first and third shall be also a 
iiquare. 

By Question 8, the general expr^sions for the roots of three 
squares in arithmetical progression are 

J^ + fl- 
or by taking 9 =s 1, these expressions become 

JP^ — 2p — 1; 

and adding 2 to each of these, according to the question, we have 

Jlf + Sp+ls: D, 

jx'+S = C, 

I»»— 2p + i=a; 
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also, adding the first and third of these expressions together, 

2|>^ + 2 = a ; i 

therefore, since the first and third expressions are already squares 
it only remains to make 

l>' + 3= D, 

• 2p" + 2= D, 

which they will evidently be when p = 1 ; put then p = m-f 1, and 
we have to make 

m* -f 2m + 4 =c n , 

2ro"7f 4»i + 4= D, 

In order to efiect this, assume the second expression 

= {nm + 2)« = nW + Anm + 4, 

and there results 

2m' 4- 4m = nW + 4nm, 

firom which we obtain m = -^ — ^ , and by substituting this valat 
of m in the first expression, we shall have 

* 

(rf — 2 V 
or multiplying by ^ — - — ^, and adding together the like terms, we 

have 

n* — 2n" + 2n' — 4n+4= D ; 

assume this expression 

= {tf — n + i)« = n^ — 2n* + 2i^ — n + i, 

and we shall then have 

— 4n + 4 = — n + J, .*. n = f , 

consequently, 

m = i~2 = V» ***^^ P = "*+ ^ = V » 

therefore the three required squares are ( W)*> (W)*> ^^^ (W)"> 
which are in arithmetical progression, the common difierence being 

309120 

• — - ; and if we increase* the root of each by 2, we shall have 

49|* 
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the three squares (V)', (V)', and (y)*, of which the sum of the 
first and third is the square (V)'- 

13. Find two numbers x and y such, that their sum and di^rence 

shall both be squares. 

Ans. 4 and 5 

14. Find two square numbers such, that if each be increased by 
the root of the other, the sums shall both be squares. 

Ans. ^f and y}^. 

15. Find two numbers such, that if the square of each be added 

to their product, the sums shall both be squares. 

Ans. 9 and 16. 

16. Find two fractions such, that if either of tliem be added 

to the square of the other, the sums may be equal, and that the sum 

of their squares may be a square number. 

Ans. ^ and I. 

17. Find two numbers such, that if their product be added to the 

sum of their squares, the result may be a square. 

Ans. 3 and 5. 

18. Find three numbers such, that if to the square of each the 
product of the other two be added, the results shall all be squares. 

Ans. 9, 73, and 328. 

19. Find two numbers such, that their sum, the sum of their 
squares, and the sum of their cubes, may all be squares. 

Ans. 184 and 345. 

20. Find three numbers such, that their product increased by 

unity shall be a square, also the product of any two increased by 

unity shall be a square. 

Ans. 1, 3, and 8. 

21. Find three numbers, whose sum shall be a square, such, that 
if the square of the first be added to the second, the square of the 
secgnd to the third, and the square of the third to the first, the sums 
shall be all squares. 

Ans. f}, yV> and ^V- 
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22. Find three numbers in arithmetical progression such, that the 
sum of every two may be a square. 

Ans. 120i, 840J, and 1560^. 

23. Find three numbers in geometrical progression such, that the 
difference of every two may be a square* 

Ads. 567, 1008, and 1792 

24. Find three square numbers such, that the sum of every twc 
may be a square. 

Ans. 44iS 117IS and 240[« 

25. Find three square numbers such, that the difference of every 
two may be a square. 

Ans. 153l», i85[«, and 697p. 

26. Find three square numbers in geometrical progression such, 
that if any one of them be increased by its root, the sum shall be a 
square. 

Ans. (})», (^)», (Vb)". 

27. Find three square numbers that shall be in harmonical pro- 
portion. 

Ans. 1225, 49, and 25. 

28. Find two numbers such, that their sum shall be equal to the 
sum of their cubes. 

Ans. 4 Ai^d -f 

29. Find three cubes such, that if unity be subtracted from each, 
the sum of the remainders shall be a square. 

Ans. (H)', (H)', and 2^. 

30. Find two numbers such, that their sum shall be a square, 
their difference a cube, and the sum of their squares a cube. 

Ans. 23958 and 34606. 

31. Find four numbers such, that the product of any three 

increased by unity shall be a square. 

Ans. i, 2, 3, and iff J«. 



24* 
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Note B.-^Page 196.) 

The amount of £a for one year, increasing at compound mterest, 
due at every arth part of a year, is, as in the text, 

X 

which is calculable, even when x is infinitely great, as we have 
already shown. It may be inquired, however, whether A in these 
circumstances be the greatest possible or not. This may be ascer« 
tained as follows* 
By the binomial theorem, 

A=.(.+t)-=.t.+r^'-fcl».$+'-<i:^l&=a.^+^|, 

and since, for any finite value of x^ x{x — 1) is less than 2*; 
x{x — 1) (ar — 2) less than a:*, &c. it follows that 

a(l+:)«<«|H.r + ^ + 2^+2^, + &c|. 

But when x is infinite, then the proposed series becomes 

Hence x = oo makes A a maximum, and e<}ual to this last series 
which is the development of a X e' (see page 185) f hence, as in 
the text, 

log. A = log. a + r* 
The series just given- is remarkable, showing that 

(1 + i)"=: c = 2-718281828 (see page 185.) 
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CHAPTER I. 

ON THE GENERATION AND PROPERTIES OF EQUATIONS 

IN GENERAL. 

(1.) Thb root of an equation is any number, or quantity, which, 
when substituted for the unknown in that equation, satisfies all its 
conditions. If, for example, in the general equation, 

aj^dbpaf^'dbax"^ .... db Ta: d= u = 0*, 

two, three, four, &c. numbers, or quantities can be found, which, 
when substituted in the place of or, will make the lefl-hand side = 0, 
then the equation is said to have two, three, four, dsc. roots. 

FBOFOSmON I. 

If any two numbers be raised to the same power, the difference 
of those powers is divisible by the difiierence of the two numbers. 

Let x and y be any two numbers, then will ;c" — y" be divisible 
by a: — y. 

* In investigating the properties of equations in the present chapter, to 
avoid confusion, the double sign d= has not been preserved : but the gene- 
rality of the several conclusions is not at all affected by our taking the 
several terms of the equation with the single sign + » since any of the 
coefficients may be taken negatively, as q = — 9, &c. 

( 283 ) 
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For put X — y = * ; then ar = 2 + y, and 

.«. «" — y" = (z + yY—iT ; 
and expanding (» + y)", we have (2 + vT — y" = 

%{%'^^ + nz-^y + • i . . »y*^0» 
which is evidently divisible by «, .•. «*, — y" is divisible by x — y. 

Cor. If the division of x" — y* by x — y be actually performed 
the quotient will be 

or-' + x»-*y + x-y + x^y» + • • . . xy"-« + y»-». 

PROPOSITION n. 

If the root of any equation, as 

X" + Px^' + Qx*-" . ; . . + TX + u = 

be represented by a, then the first side of this equation is divisible 
by the binomial x ^- a. 

For, since a is a root of the equation, if it be substituted in tne 
place of X, all the conditions will be satisfied ; that is, we shall have 

a" + pa"~* + Qa"~" . . . . + la + u = ; 

and, consequently 

u = — a* — pa"~* — Qa"^ . . . — xa, 

so that the proposed equation is the same as 

x" + px*"' + QX*~* . . . . + TX > 

»-i »-8 i = 0, or 

x» — a" + p(x^' — a"-') + q{x^— a""«) + t{x — a) = 0: 

Now the quantities x* — a", x^' — a**"*, x"~* — a"~^, x-^a, 

are each divisible by x — a (prop. 1) ; therefore, the first side of the 
proposed equation is divisible by x — a. 

PROPOSITION III. 

Every equation has as many roots as there are units in the nuni 
ber denoting its degree ; that is, an equation of the nth degree has n 
roots. 
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Let there be 

ar" + px"-* + oi"-* + Ta? + u = ; 

then, if a be one root of this equation, it is the same as 

a«_a- + p(x«-' — a^O +<i(^»^ — a""') • • • ^ + T(a: — a)= 0; 
and dividing each term by x — a, we have 

«"-* + ax"^ + aV-^ + a"-» 

+ pa:"-* + paa:-- ' + pa"-* 

+ Qx"*^ . . . . + aa"-' > == 0, or 



+ T 



ar-^ + p'ar"-* + a'x"^ t' = 0, 

f', a', .... t' being put for the sums of the coefficients, or known 
quantities, under which they are respectively placed. 

Now this equation, which is ,of a degroe a unit lower than the pro- 
posed equation, must have a root ; this is, x must have some value^; 
let then h represent that value, and the equation will be divisible by 

X — 6, and the quotient will be of the form x"^-f p"x"-®+ t"; 

hence we have another equation of a degree still lower by a unit, 
and as x must here also have some value, as c, this equation must 
be divisible by x — c, and if the division be performed, we shall 
have an equation of a degree still lower by a unit, and, consequently, 
by proceeding in this manner, we shall at length arrive, after n divi* 
sions, to an equation whose degree is = ; therefore, the equation 
proposed is composed of n factors, viz. x — a, x — h^^x — c, &c. ; 
that is (x — a) (x — h) {x — c) . . . (x — I) = 0, which equation 
is verified by making either of the n factors equal to ; that is to 
say, by making either x = a, or x = &, or x = c, &c., so that there 
are n quantities, which, when substituted for x, will satisfy the con- 
ditions of the equation, or, in other words, the equation has n roots, 
a, 6, c, dy &c. 



SCHOLIUM. 



It does not follow from this that all the roots must be different ; 
for any number, or, indeed, all of them may be equal, but still their 
number is n, since the equation is composed of n factors, and each 
factor contains a root. 
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PROPOSITION IV. 

No equation has a greater number of roots than there are units 
in the number denoting its degree. 

For, if it be possible, let the equation 

«" + pa:*"' + aar""* + . . . . tz -f u = 0, 

besides the n roots a, by c, d, &c. have another root a, not identical 
with either of the roots a, by c, &c. ; then, since the first side of the 
equation is divisible by a? — a (prop. 2), we have 

a-» + par^' + &c. = (x — a) (ar»-' -|- p'a:*-* + &c.), 

(x — a){x — b) {x — c). . . . (a; — Z) = (a? — a) (a:»-» + p'ar— « + 

&c.) : 

and since a is a value of a;, we have, by substitution, 

{a—a){a—b){a — c) (a — Z) = (a— a)(a^'+p'«""*+&c 

Now the second side of this equation is = 0, because (a — a) 
= ; but the other side cannot be 0, since a is not equal to any of 
the quantities a, fr, c, &c. ; hence the supposition is absurd. 

Cor, 1. Hence every equation is composed of as many simple 
equations as there are units in the number denoting its degree, and 
no more. 

Cor, 2. And if one root of an equation be found, and the equa- 
tion be divided by the simple equation containing that root, the quo- 
tient will be an equation containing the other roots -, or if any num- 
ber of roots be found, and the equation be divided by the product 
of the simple equations containing those roots, the quotient will be 
an equation containing the remaining roots. 

EXAMPLES. 

1. One root of the cubic equation «* — Ta* + 36 = is found to 
be 3 ; required the other two roots. 

Since 3 is one of the roots, the equation is divisible by a; — 3=0; 
thus. 
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X— 3)a:» — 70:*+ 36(x" — 4a? — 12 
«* — 3«» 



4a:« + 36 
40:* + 12ar 

— 12a? + 36 

— 12x + 36 



therefore the quadratic a" — 4a? — 12 = 0, contains the other two 
roots of the pro^sed equation, and this quadratic being solved, ita 
roots are found to be 6 and — 2, hence the three roots of the cubic 
are 3, 6, and — 2. 

2. Given one root of the cubic equation «* -f a;* — 16x + 20 = 0, 

equal to — 5 ; required the other two roots. 

Ans. 2 and 2. 

3. Two roots of the biquadratic equation 

x* — 3a:* — 143?*+ 48a? — 32 = 0, 

are 1 and 2 ; required the other two roots. 

Ans. 4 and — 4. 

Cor, 3. Since the signs in the product {x-\-a) (a? +6) (a?-|-c), &c. 
are all positive, it follows that if all the roots in any equation be ne- 
gative, then every term in the equation must be positive, and since 
in the product (a? — «) (^ — fr)(a? — c), &c. the terms are alter- 
nately positive and negative ; it follows that if all the roots of any 
equation be positive, the terms of the equation must be alternately 
positive and negative ; and therefore, if the terms in any equation^ 
are neither all positive, nor yet alternately positive and negative, 
that equation must contain both positive and negative roots.* 

* It is also equally true, that every equation whose roots are possible, 
has as many changes of signs from + to — , or from — to +9 as there are 
positive roots, and as many continuations of the same sign from + to +» 
or from — - to — > as there are negative roots. In the simple equation x-\-a 
=:0, there is one continuation, and one negative root, viz. a; = — a; and 
in the simple equation x — 5 = 0, there is one change, and one positive 
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PROPOSITION V. 

The coefficient of the second term in any equation is equal to the 
sum of the roots with their signs changed ; the coefficient of the 
third term is equal to the sum of the products of every two roots 
with their signs changed ; the coefficient of the fourth term is equal 
to the sum of the products of every three roots with their signs 
changed, &c. ; and the last term is equal to the product of all the 
roots with their signs changed. 

Let 

(a? — a) {x — I) (x — c), &c 

= a:" + Tx^^ + aaf-" + Ro:""* + &c. = ; 
then, 

(x" + PX"-* + QX**"* + RX*^ + &C. 

= (x— a) (x"-> + p'x*-* + a'x*^ + r'x"-* + &c.) 

= x** + p'x"-* + a'x"-« + r'x—' + ^c- ? • 
— axT-^ — ap'x"-" — aax"-* — &c. J "~ ' 

.•. (Art. 2, chap. 4), p = p' — a, a = a' — ap', r = r' — oa', &c. 
Therefore, by introducing the new root a into the equation 

x**-* + p'x*-* + a'x**-* + r'x^ + &c. = 0, 

which may be any equation whatever, the coefficient of the second 
term becomes increased by — a, consequently, if the new root h be 
introduced into the simple equation x — a, the coefficient of the 
second term in the resulting equation will be — a — b; and if c be 

root, viz. X = 5 ; also, if these two simple equations be multiplied toge- 
ther, the resulting quadratic x^ + alx — a6= 0, will have its second term 

— 61 
positive or neg^ative, according as a is greater or less than & ; but, in either 
case, there will evidently be one continuation, and one change of signs, 
since the equation will be either of the form x^ -^ px — g = 0, or x* — px 
— g = 0, and if into each of these forms either a positive or a negative 
root be introduced, the resulting equations will be found to have, in like 
manner, as many changes of signs as positive roots, and as many continu' 
ations as negative roots; and if this process be continued, we shall find 
the rule to hold good in every succeeding equation. This rule is called 
the rule of Des Cartes. 
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j:)troduced into this equation, the coefficient of the second term will 
be — a — 6 — i c, &c. ; also, the coefficient of the third term in the 
first case will be + a&, since a' = ; the coefficient of the third 
term in the succeeding equation will be -\- ab — c( — a — b) =: db 
+ ac -f bcj dec. ; likewise the coefficient of the fourth term in this 
equation will be — a&c, &;c. ; so that in the proposed equation it 
appe^^rs that p = — a — b — c — &c. ; <x = ab -{• ac -{• bc^ &c. ; 
s = — abc — &c., and. so on as announced above. 

Cor. 1. Hence, if the coefficient of the second term in any equa- 
tion be ; that is, if the term be absent, the sum of the roots will be 
= 0, and therefore the sum of the positive roots must be equal to the 
sum of the negative roots when they are possible. 

Cor. 2. Every root of an eijuation is a divisor of the last term. 

PROPOSITION VI. 

I 

If the signs of the alternate terms, commencing at the second, be 
changed, the signs of all the roots will be changed. 

For, if the signs of the alternate terms in the equation aj*» + pj^* 
+ dof*^ -f &c. = be changed, the equation will be a?** — pa:"~* + 
djf*^* — &C5= 0, where> if n be even, x must be negative, since the 
signs of the odd powers are negative ; and if n be odd, let the sides 
of the equation be transposed, then = — x** + paf^' — - ax**~^ -f 
&c., where the odd powers o^ x are negative as before ; therefore 
the values of or, in this and in the preceding equation, are the same 
as those in the original equation, but with the signs changed. 

PROPOSITION VII. 

In any equation,, whose second term is negative, and all the other 
terms positive, the coefficient of the second term taken positively, is 
greater than the greatest root of the equation. 

In the general equation x^ + po^' + aa:"^^+ &c. = 0, let p == 
— p; then, since ar* — pa^^ i=z (x — p)«*~S the equation maybe 
written thuS, (a? — p)x^^ + aaf*^ + &c. = 0; and if jp be substi- 
tuted for *, the first term (x — jp)a*~* vanishes, and the other terms 
l)eing positive, the result is positive; also, if any other quantity 
greater than p be substituted, the first term, as well as all the others, 
will be po*?itive. 
25 
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PROPOSITION VIII. 

The greatest negative coefficient of any equation increased by 
unity is greater than the gredtest root of the equation. 

Let a be the greatest negative coefficient = — 5, and suppose all 
the coefficients are made negative, and equal to q ; then our general 
equation will be 

a^ — qx!^^ — qx"'* — ^a?""* — &c. = 0, or 

a:«-5(x-»+a^+ar^+ .... +1) =«" — «(:r^) = 5 

and substituting 5 + 1 for x, 

( (a4-lY — 1 > 
(«+ 1)"— 9 5 '~ \ = {q + iY — {q + ly + I = h a 

positive quantity : If we substitute for x a quantity greater than 

«* — 1 

9 + 1, as 8, then 5" — q ( — ) is greater than 1 ; for «" — (a^ — ^1) 

^ 1 

, is = 1, and «" — 1 is greater than q ( ) from the supposition , 

hence 9+I is such a quantity, that when it, or any quantity greater 
than it, is substituted in the equation, the result will always be 
positive, and therefore ^ + 1 exceed the greatest positive root of the 
equation. 

PROPOSITION IX. 

If a, fr, c, &c. be the roots of an equation, of which a is greater 
than 6, h greater than Cy &c. ; and if a quantity greater than a be 
substituted for x, the result will be positive ; and if a quantity, y less 
than a, but greater than 6, be substituted, the result will be negative; 
if a quantity B less than 6, but greater than c, be substituted, the re- 
sult will be positive, &c. 
For by making these substitutions in the equation 
(x — a){x — b) (x — c) &c. = 0, we have successively, 
(0 — a) (/3 — h) (i3 — c) &c. = a positive quantity, because all 
the factors are positive, whether a, h^ c, &c. be positive or not ; 

(y — a) (y — b) (y— ^c) &c. = a negative quantity, because th« 
(irst factor is negative and the others positive ;- 
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(d — a) {B — b) (p — c) &c. =5 a positive quantity, because the 
two first factors are negative, and the others positive, &c. &c. 

Cor, 1. Hence, if two quantities be successively substituted for x 
In any equation, and give results afl^ted with different signs, thcin 
there lie between these quantities one, three, five, ^., or some odd 
numbers of roots. 

Cor, 2, And if the two quantities, substituted for i, give results 
affected with the same sign, then there lie between those quantities 
two, four, six, &c., or some even numbers of roots, or else none 
at all. 

Cor, 3. If any two successive numbers in the arithmetical scale, 
0, 1, 2, 3, &c, ; or 0, — 1, — 2, — 3, &c. : or 0, •!, -2, -S, &c. 
&;c. be separately substituted for ar, and give results afiected with 
di^rent signs, then one root, at least, must lie between those num- 
bers, and therefore the least of the two numbers* substituted must 
be the first figure of the root ; but if the results have the same 
signs, whatever substitution be made, then an even number of roots 
must lie between those two numbers, the substitution of which pro- 
duces results nearest to 0, and, consequently, the least of these two 
numbers must be the first figure of each of the roots that lie. be- 
tween them, provided the root be possible. 



EXAMPLES. 

1. Find the first figure in one of the roots of the equation 

a^ •{. V5x^ + 'Sx — Ae =z 0. 

It is here obvious that x must be less than 4, for otherwise, a^ 
alone would be 64, and therefore the result would be positive, as also 
for every value greater than 4 ; let us then try 3, and there is found 
to result a negative quantity, viz. — 4.6, therefore one root must lie 
between 3 and 4, and the first figure thereof is 3. 



* That is, abstracting from the signs of the two nnmbers substituted. 
If the root lie between two negative numbers, as between — p and — (p+ 1), 
then ~^p must be the first figure of the root, which, abstracting from the 
signs, is less than • — CP + !)• 
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2. Find the first figure of one of the roots of the equation 

a?* + 3a:» + 2a:« + 6a? = 148. 

Here we have to fihd two consecutive numbers, the first of which 
when substituted for x^ shall make the first side less than 148, and 
the second, when substituted, shall make it greater than 148. 

If we put 2 for a;, there results 60, and if we put 3, there results 
108, .*. the first figure of the root is 2. 

8. Find the first figure of one of the roots of the equation 

a* — na^+ 64a? = 350. 

Here the two consecutive numbers between which a root lies are * 
10 and 20, .*. the first figure of the root is 1 in the tens' place. 

PROPOSITION X. 

Every equation has an even number of impossible roots, or else 
node at all. 

For, let the equation contain one impossible root, as a + V — ^, 
then, if the equation be divided by all the simple equations of which 
if is composed, except two, the result will be a quadratic; let 

a + ^ — be one root of this quadratic, then will a — >/ — be the 
other^ so that if one root be imaginary, another must be imaginary 
aliso ; and, in a similar way, it may be shown that if three, or aoy 
odd number, be imaginary, there must also be another. 

Car. 1. An equation of an even degree may have all its roots im- 
possible ; but if they are not all impossible, two of them at least are 
l>ossibIe. 

Cor. 2. If all the roots of an equation be impossible, then what- 
erer numbers be substituted for x in that equation, the result^ wiU 
atways be affected with the same sign ; for if the results ever gave 
different signs, a root would lie between two possible numbers (Prop. 
9»Cor. 1), and therefore might be approximated to, and could not 
be impossible. 

Car. 3. Since, in every pair of impossible roots,, the sign of the 
one is + > and of the other — , their product will always be + (Art 
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115, Ch. 4): therefore, if an equation have all its roots impossible^ 
the last term must always be positive. 

Cor. 4. Hence every equation of an odd degree has at least one 
real root of a contrary sign to that of the last term ; and every 
equation of an even degree, whose last term is negative, has at least 
two real roots with contrary signs. 

SCHOLIUM. 

To determine the number of impossible roots in any equation is a 
problem of great difRculty, the solution of which has not yet been 
satisfactorily accomplished. There are, however, several methods 
by which impossible roots may be detected in any equation, but they 
are all too difficult and laborious to be admitted into a treatise like 
the present.* 



ON RECURRING EQUATIONS. 

(2.) Recurring equations are those, the terms of which, when 
taken in a direct order, have the same coefficients as the respective 
terms taken in an inverted order. 

> 

PROPOSITION I. 

In a recurring equation, one-half the whole number of its roots 
will be the reciprocals of the other half. 
For, in the general recurring equation, 

«^ + pa:**~* + as^ +....+ aa:* + pa: + 1, put ar = -, 

y 

and it will become 

1 P Q, Q P 

•-+-^+-S3+ + -, + - + 1 = 0, 

* Some of the least difficult of these methods may be seen in Mr. 
Bridge's Compendious Treatise on the Theory of Equations, lately pub* 
lished. 

25* 
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and multiplying each side by y*, we have 

l + ry + aj^+ + ay*"* + py*-' + y* = 0; 

an equation the same as the one proppsed, except having y in the 
place of Xf and, consequently, the values of x in the one must be 
the same as the values of y in the other : let then the values of a: be 

a, bf c, &c. ; then the values of y are a, &, c, &c. : but x = -, 
therefore the values of x are abo -, rt -9 &c. 

•HOC 

PROPOSITION U. 

In a recurring equation of an odd degree, one poot will always be 
— 1, provided the equal coefficients have the same sign, and one 
foot will always be +1, if the equal coefficients have different 
signs. 

For, in the recurring equation «*^* ± pj?** ± a**"' ± . . . 
ox* db pjr d= 1 = 0, since the coefficient of an odd power of x cor- 
responds to that of an even power throughout all the terms, if the 
corresponding coefficients have the same sign, and — 1 be substi- 
tuted for Xy these coefficients will then have contrary signs, and will 
therefore destroy each other : and if the corresponding coefficients 
have different signs, and + 1 be substituted for x, they will in like 
manner destroy each other, so that in each case the result will be 0. 

Cor* Hence, since — 1, or -}- 19 is always one root of a recur- 
ring equation of an odd degree, the equation is always divisible by 
either x + l = 0yOT x — 1 = 0, and the quotient must always be a 
recurring equation* of a degree a unit lower. 

PROPOSITION in. 

A recurring equation of an even degree may always be reduced 
to an equation of half that degree. 
Let the recurring equation be 

a** + pa^-* + <MJ**-" + . . . H- ax* + px + 1 = 0, 



* For fhe roots of the equation arising from the division of the original 
equation by x + 1 = 0, or x— 1 = 0, mast be the one-half of them reel' 
procals of the others. 
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which, by dividing by ar", becomes 

a:* + paj«-> + Qa^ + . . . aj^ + p -L + ^= 0, 

ar"^ a:"^* a:" 

or by bringing the terms with equal coefficients together, it is 

*" + ^ + 1- (**-' + ^.) + « (*^ + ^ + &c- = ; 

suppose now 2n to be successively 2, 4, 6, &c. ; then putting 

1 . . 

ar + - = «, we have the equations 

X 

a? + - + P-» =» + P =0; 

(a:* +^ + P(a? + -) + a . . = »" — 2 + p« + a = ; 

. . . . t= («»— 32)+ p(»« — 2) + Q2 + R = 0; 

&c. &c. 

where the exponent of the highest power of % is successively 1, 2, 
3, &c. 

Cor. Hence, a recurring equation of the 2n -}- 1th degree may be 
reduced to an equation of the nth degree, since, by the corollary to 
last proposition, any recurring equation of an odd degree may be 
depressed a degree lower. 

Suppose it were required to find the five roots of the equation 
ar»— lla?* + 17ar» + 17a:» — lla: + 1 = 0. 

Dividing this equation by a; + 1 = 0, there results 

ar* — 12a!» + 29a:* — 12x + 1 = 0, 

where p = — 12, and a = 29, 

.-.«' + P35 + Q —2 = «» — 122 + 27 = 0, 

I 

and, by solving this quadratic, we find the values of 2 to be 9, and 
3 ; taking the first of those values, we have x + - = 9, or «" — 9a: 

X 

= — 1, from which equation we get x = f db i x/T^ ; and taking 
the second value, we have a?" — 3a? = — 1 , from which x = ^- dr i \/ 6. 
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Therefore the five roots of the proposed equation are 

, 9-I-X/77 9— n/77 3 + n/6 _,3— ^/5 
-1, -y— , —2—, - 2— ,and— ^— ; 

or if the numerator and denominator of the second of these fractions 
be each multiplied by 9 + \i^77, and the numerator and denominator 
of the last fraction be multiplied by 3 + \/5, the roots will assume 
the following form, viz. 

, 9 + V77 2 3+n/5 j 2 

1, , ;r— 7—1, jr , and 



'9+V77' 2 ' 3+V5' 
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(3.) Binomial equations are those of the form y" =fc a" = ; in 
which, if ax be substituted for y, the form is a'^af* db a" = 0, or divi- 
ding by a", it is a:" db 1 = 0, in which form we shall here consider 
them. 

(4.) The following properties of these equations are evident, viz. 

• 1. If n be even, the equation a:" + 1 = 0, or a?" = — 1, has no 

real root, for y — 1 is then impossible, therefore its roots are all 
imaginary. 

2. If n be odd, the equation a?" + 1 = 0, or a:'* = — 1, has one 

real root, and no more, for then -^ — 1 = — 1 ; in this case, there- 
fore, the equation has n — 1 imaginary roots. 

3. If n be even, the equation a?" — 1 = 0, or x" = 1, has two 
real roots, and no more, for H/l = + 1^ or — 1 ; therefore it has 
n — 2 imaginary roots. 

4. If w be odd, the equation a?" — 1 = 0, ora:*=l, has only one 
real root, for then y 1 = + 1 only ; therefore, in this case, the 
equation has n — 1 imaginary Doots. 

PROPOSITION I. 

If a be one of the imaginary roots of the equation af — 1 = ; 
or of the equation a:" = 1, then any power of a will be also an ima- 
ginary root. 
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For, since a is one root of the equation a:" — 1 = 0, a* — 1, there- 
fore a*" = 1, o*" = 1, a*" = 1, &c. ; hence, since a, a", a', a*, &c. 
satisfy the equation, when severally substituted for x^ these quantities 
are roots of the equation. 

Cor. It hence appears that the roots of x" — 1=0, may be repre- 
sented under an infinite variety of forms, each term in the following 
series being a root, viz. 

1, a, a«, a», . . . a-S a", a"+S a"+«, . . . a"", a^\ a^-^\ &c.* 

PROPOSITION II. 

When n is a prime numberf, the roots of the equation «* — 1=0 
are all contained in the expressions 

1, a, a\ a', . . . a"-*, or a", a"+*, a"-*^ . . . a^^\ or 

a*", d^\ a"^' . . . a**-"', &c. ; 

for in each of these series of roots, all the n terms will be different. 

It has been shown in the last proposition, that each of the quanti- 
ties 1, a, a', a', . . . a*"*, &c. is a root of the equation, if a is a root ; 
if, therefore, no two of the n quantities announced in this proposition 
be identical, that is, if no two be the same values under di^rent 
forms, these quantities will represent the whole n roots of the equa- 
tion ; now if we suppose any two to be equal, as a = a\ then 1 = a", 
which is absurd, since a' is imaginary (Art. 4) ; also, if a' = a^ 
there would be the absurdity, 1 = a', &c. ; therefore, if n be a prime 
number, the n roots of the equation x" — 1 = will be 

1, a, a", a' ... . a*~*, 

a", a~+«, a»+» a^\ 

&c. &c. 

_„_____^ _- • 

* It also follows, that since the sum of the roots of any equation is eqaa] 
to the coefficient of its second term taken with a contrary sign, and their 
product equal to its last term taken with a contrary sign, the sum of the 
roots in the equation of* — 1 is = 0, and their product is + I* therefore the 
sum of the roots, as also their product, is always the same for every value 
of n. 

t A prime number is that which has no other divisors but itself and 
unity ; that is, it cannot be produced by the multiplication of integral fac- 
tors. Other numbers are called composite numbers. 
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PROPOSITION III. 

When n is not a prime number, the roots of the equation are not 
all contained in the series 

1, a, a', a* . . . . a"~* ; or a*, a*+^ a^* .... a*^' ; 

or a"", a«*+S a*'+' a"*-', &c. 

for some of these will be the same roots under different forms. 

Since n is a composite number, let it be formed from the two 
primes p, 9, of which q is the greater, then each term in the series 
] , a, a', a' . . • . a**~', or which is the same thing, each term in the 
series 

1, a, a", a*, . . . . a', 0*+*, 0*+* .... a', «*+* .... a*^*, 
is a root of the equation (Prop. 1). 

Now, since 0"=!, a'= ^1 = 1; also, o* = ^ 1 = 1 ; there- 
fore the terms 1, a', and a% are each equal to 1, and, consequently, 
each must be the same root under a difierent form (Art. 4) : the 
above n quantities, therefore, do not contain all the roots of the equa- 
tion, and the same may be shown of the other series of n quantities. 
If n be composed of more than twb prime factors, then it is obvious 
that there will be more identical terms. 

PROPOSITION rv. 

To find the roots of the equation x^ — 1 = 0, when n is the 
square of a prime number p. 

Put a?' = y ; then y* = 1, or y' -^— 1 = 0. 

Let the roots of this last equation be 1, |3, jS*, |3^, . • . ^^ ; then 
by substitution. 




hence, the pp values of x in these p equations, will evidently be alt 
different, and will be the roots of the equation x'* — 1 =0. 

To determine these roots, put x= % ^^^ then 

af — p = («' — 1) X^ = 0; 
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therefore the roots of ar' — /3 = 0, are equal to the roots of a* — 1 
= multiplied by l^p ; 

thatis, y0,py/3»,/3«y/3,&c. 

in the same manner we find the roots of af — /3' = 0, a:' — fi = 0, &c. 
therefore the roots of 

a*— 1 =Oarel,0,^,j3' ^'-^ ^ = the n roots 

af— =0... ^0,0^0, 0"^^..^'^^ V ofoj^— 1 

&c. &c. &c. 

In a similar manner it may be shown that the roots of the equation 
x^ — 1 = 0, &c. are those of|ip, &c. equations of the pth degree. 

pROPosmoiT y. 

To find the roots of the equation a^ ^1 = 0, when n is the pro- 
duct of two primes p and q. 

Put a* = y ; then y« — 1 = 0. 
Let the roots of this last equation be 

1, a, a', a', . . . . a«""*, 

or 1, a', a% a*^ . . a*^*' (Prop, i)*: 
>_1 =0, 

a* — a*=0, 

And if the values of a? in the equation a?' — 1 = 0, be denoted by 1, 
6, J* ., . . ft'"*, then the values of a? in the equation of — a' = 0, will 
be a, aft, aft* . . . aft^* ; the values of ar in the equation x' — a^ 
= 0, will be a", a*ft, a'ft* . . . a'ft^* ; and so on. Hence all the 
*root8 of the giren equation «" — 1 = 0, will be 

1, ft, ft», ft* ft*-', 

a, aft, aft*, aft* aft*"*, 

a*, a«ft, a«ft», a'ft* a«ft^», 

a», a'ft, a'ft*, oV a^b^\ 

6ec. &c. &c. 
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Thus, to find the fifteen roots of the equation a:" — 1 = 0, or «"— 

1 = 0: 

here p = 3, and g = 5 ; 

whence the roots will he 

1, b, V, 

a\ a'b, c?l^j y roots or values of x 

where the values of h and ft*, are contained in the expression, — \ 
dtzi ^ — 3 ; and the values of a, a', a', and a*, in the expression, 

i[(— ldzV5)dzV(— 10zfi2V5)]. 

If n be the product of three primes pqr, put pg = A:, and then find 
the roots of the equation, of* — 1 = 0; and so we may proceed for 
any number of terms. ^ 

Cor. — From the above proposition and the preceding one, it fol- 
lows that the binomial equation x" — 1 = 0, may be solved by 
means of equations not higher than quadratics, when n is of the 

form 2' X 3^ X 5^ ; and by mean)^ of equations not higher than a 

cubic, when n is of the form 2* X 3^ X 5^ X 7^ ; since, if n = 5, 
the equation ^ — 1 = being divided by a? — 1 = 0, becomes 

a^ + a:' + a:« + a; + l = 0; 

and if n = 7, the equation divided by a: — 1 = 0, becomes 

a^ + a* + a!l^ + a:^ + a^ + x + l=:0; 

and both of these being recurring equations, may be solved by equa- 
tions of half their dimensions, (Art. 2, Prop. iii. Cor.)* 

i 

* The solution of binomial equations has been shown by M. Gauss, 
Professor of Mathematics at Gottingen, to be applicable to the geometrical 
division of the circle into any prime number of equal parts of the form 
d"-f 1 9 & problem, that till the commencement of the present century, was 
supposed to be impossible. An ingenious chapter relating to Gaus&'s eel 
ebrated dieorem may be seen in Barlow's Theory of Numbers. 
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CHAFrER 11. 

ON THE SOLUTION OF CUBIC EQUATIONS, AND THE 
EXTRACTION OF THE CUBE ROOT. 



ON CUBIC EQUATIONS. 

(1.) Let a* + ex* + Bar = N be any cubic equation, and suppose 
that two consecutive numbers in either of the series 1,2, 3, &c. , 
or 10, 20, 30, &c. ; or '1, *2, -3, &c. &c. are found such, that by 
substituting the first for x in the above equation, the result shall be 
less than n, and by substituting the second, the result shall be greater 
than N ; then the first of these numbers will be the first figure of one of 
the roots of the equation (Ch. 1, Sup. Prop. 9). Let this first figure 
be represented by r, and the other succeeding figures of the same 
root by «, tf Uy &c. respectively, then if w be divided by r* + or + 
B, the quotient must evidently be r ; let the remaining figures of the 
root «, ty fi, &c. be called y, and then xs:zr + y, or y + r^ x; 
whence, 

By + Br = Bar, 

cy" + 2cry + cr* = ca:*, 

y* + 3ry» + 3Hy + r* = x", 



f + cy + B'y + A = w, 

the terms in the last line being the sums of those under which they 
are respectively placed, c', b', a, and n, being known numbers. 
Now, by transposing a, we have 

y* + cy + B'y = w — A, or putting n' for n — a, 
t^ + c'tt + ^'y = n', an equation similar to the first ; and since s 
is the first figure of the root y of this equation, if n' be divided by 
«^ -f c'« + b', the quotient must evidently be s; suppose the value 
of 8 found, and let the remaining figures f, u, &c. be called z, then 
y = s+ Xy or z + 8=^y; whence, 

26 
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c'«« + 2c'w + cV = cy, 
«• + 3w« + 3 A + a» = y", 



;b» + cV+ b"« + a' =n'; 

therefore, by transposing a', and putting r" for w' — a', we have 
«' + c''^' + B"a; = n", an equation also similar to the first, in which 
c", b", and n", are known numbers. We may now proceed to find 
the first figure t, in the root 2, of this equation, the value of which 
must be such, that if k" be divided by <* + c"/ + b", the quotient 
will be t ; and by continuing this process we may find, one by one, 
all the figures of the root x of the proposed equation. 

(2.) Now, from observing the formation of the coefficients c', b', 
in the second equation, and recollecting that r, being the first figure 
in the root, must be greater than «, it will appear obvious that b' must 
form a great part of the divisor ^ + c's + b'; and if r be already 
known, the value of b' will become known, which may therefore be 
used as a trial divisor for determining the next figure of the root ; 
the same may be observed of the next and the succeeding divisors ; 
but in these the trial divisors b" , b'" , &c. will continually approach 
nearer to the true divisors. 

(3.) If now the first figure r of the root be found by trial, and 
r + be multiplied by it, and the product added to b, we shall have 
the $rst divisor : thus, 

B 

r* + cr 



r* -f or + B the first divisor ; 

and if underneath the first divisor we place r', and add it to the two 
expressions immediately above, we shall get b' : thus, 

B 

r" + cr 



r" + cr + B = 1st divisor 
3r" + 2cr -f B = b' ; 
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therefore b' being obtained, we have a trial divisor of n' that will 
enable us to determine, more readily, the next figure s of the root, 
which, when found, the second divisor may be completed by adding 
to b', 9 times {s -f 3r + c), or «* -f c'*, which will give «* + c's+b' ; 
and in a similar manner may the succeeding divisors be formed ; but 
the conciseness of the operation will depend, in a great ilfieasure, 
upon the arrangement of the several terms. The process by the 
following rule will be found to be very simple. 

(4.) Put down B, the coefRcient of ar, and a little to the right place 
the absolute number, which is to be considered as a dividend, the 
figures of the root forming the quotient. 

Place the first figure of the root, found by trial, in the quotient, 
above which write the coefficient of ar", observing that its units' place 
be over the units' place of the quotient. 

Multiply the value of the quotient figure, taking in those above by 
that value ; add the product to b, and the sum is the first divisor. 

Write the square of the quotient figure just found under the first 
divisor, add it to the two sums immediately above, and the result 
will be the trial divisor for finding the next figure. 

Find now the next figure of the root, and to its value, (including 
those above it,) prefix three times the preceding, taking in the value 
6f the figure above it, multiply the result by the last found figure, 
add the product to the trial divisor, and we shall have the true divi* 
sor; and in the same manner are the succeeding divisors to be 
obtained. 

BXAKPLES. 

1. Extract the root of the equation a* + 8a:* + 6« = 75*9. 

Here we find the first figure of the root to be 2, therefore the ope 
ration will be as follows : 
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B=6 

r + o=10. . . 20 

r* + cr + B =26 
r«= 4 


w 8 = c 
75-9(2-425 the root 

52 

23-9 (n') 
22-304 


3r« + 2cr + B = 50 

14-4... 6-76 


1 -596(1?") 
1-239688 


55-76 
•16 ' 


•356312 
•311827625 


61-68 
15-22 • . : -3044 


44484376 


61-9844 

4 


/ 


62.2892 
15-266 . . . 76326 


, 62-365525 



In the foregoing operation, which has been performed exactly ac- 
cording to the rule, it will be perceived, that after the first decimal 
place in the root has been found, more decimals have been used in 
the succeeding parts of the work than were absolutely necessary for 
the extent to which the root has been carried ; for, if afler having 
obtained so many as three places of decimals in the last column of 
the work, we had ceased to admit any more, and had rejected all the 
other places to the right, we should still have had the root equally 
correct to three places of decimals. Now, in order that the number 
of decimals in the last column may not exceed three, it is obvious 
that the divisor corresponding to the first decimal in the root must 
contain but two decimals ; the divisor corresponding to the next deci- 
mal of the root must contain but one ; and the one corresponding to 
the next succeeding root figure must not contain any ; and that for 
every succeeding decimal in the root the right hand digit in the cor- 
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responding divisor must be struck off.* In the same manner, afler 
one decimal in the root is obtained, the numbers in the first column 
are to be diminished, in order that the decimals in the second column 
may not exceed the necessary number : It therefore follows that the 
operation of annexing each new figure of the root to thrice the pre- 
ceding, as also that of placing the square of each new figure under 
the preceding divisor, become quite unnecessary afler the first deci- 
mal ip the root has been found. Hence the work of the preceding 
example may be rendered more concise, and will stand as follows : 

8 
6 75-9(2-4257 the root 

10 ... 20 52 





26 
4 

50 
. . 5-76 


23-9 
22-304^ 


14-4 . 


1-596 
1-240 




55-76 
•16 


•356 
312 


1|5^|2. 


61-68 
. . -30 


44 
43 




61-98 
1 


1 




62-3 

1 


« 




62-4 

II 





* It must be observed, however, that although a figure is thus cut of! 
each time, yet, in the multiplication, the product that would have arisen 
from this figure is to be ascertained ; and although nothing is to be put 
down, yet, what would have been carried, is still to be carried for the 
increase of the next figure, and, indeed, if the figure that would have been 
put down, be 5, or upwards, then one ttnit more is to be carried to the next 
figure, exactly the same as in contracted multiplication. Thus, although in 
the operation in the text the figure 8 is struck off from the divisor 6198j 
yet, since the product of the 8 by 2 is 16, 2 is carried for the increase of 
the next figure. 
26* 
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Here the two last figures of the root are obtained by plain division, 
the figures in the first column having all been struck ofi*. 

2. Extract the root of the equation 3^-^-0^=1 500, to a}K>ut 9 
places of figures. 

Here the first figure of the root is 7. 

1 . 

500(7-61727076 the root 

8 • * * 56 302 

108 
104.736 



22.6. 


56 
40 

161 
. 13.56 


« 


174.56 
36 


23.81 


188.48 
... 2381 




188.7181 

1 


2|3.8|37 


188.0563 
.•. 1660 




189.12312 




189.290 
5 


"• 


1|8|9.|2|9|5 



3.264 
1.887181 

1.376819 
1.323862 

52957 
37659 

15098 
13251 

1847 
1704 

143 
133 

10 
9 



3. Extract the root of the equation oj* + }|a? = i, to 6 places of 
figures. 

Putting the equation under the form a:* + •6875ar = -75, we find 
the first figure of the root to be '6. 
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1.186 



• 

•6875 
•36 



•75(-66437 the ro-* 
•62850 


1.0476 
•86 


•12150 
•11275 


1.7676 
•••1116 


875 
800 


1.87911 
4 


76 
60 


1.994 

7 


16 
14 



2.|0|0|1 

4. Extract the root of the equation a? — 17«* + 64d; = 850 to 

about ten places of figures. 

Here the first denomination of the root is 10. 

— 17 



64 
— 7...— 70 


350(14.9640C 
— 160 


— 16 
100 


610 
828 


14 

17... 68 


182 
170.879 


82 
16 


11.621 
10.740875 


166 
26.9... 23.81 


•880126 
•865276* 


189.31 
.81 


14849 
12986 


213.43 
27.76... 1.8876 


1663 
1731 


214.8176 
26 


182 
130 


216.2076 

27.86 . . . .1114 

( 1 > 


4 

2 
2 


216.3189 

1 


— 


216.430 

1 1 1 1 
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5. Extract the root of the equation o^ -f 24-84x' — 67-613j: = 
3761 '2758 to about ten places of figures. 

Here the highest denomination of the root is 10. 

24.84 
— 67.613 3761.2758(11.19732220 tlie root 

34.84 . . . 348.4 .2807.87 





280.787 
100 


55.84 . . 


729.187 
. 55.84 




785.027 
1 


< 
57.94 . . 


841.867 
. 5.794 




847.661 
1 


• 

58.23 . 


853.465 
. . 5.2407 


> 


858.7057 
81 


58.41 . 

1 1 1 


863.9545 
. . -4099 


m 


864.3634 

1 

864.772 

17 




864.789 

1 

864.81 
1 i 1 i 



953.405 
785.027 

168.3788 
84.7661 

83.6127 
77.283513 

6.329187 
6.050544 

•278643 
•259437 



19206 
17296 

1910 
1730 



180 
173 

7 
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6. Extract the root of the equation a?* + 2«* + 3a: = 13089030. 
Here the highest denomination of the root is 200. 



202 .. . 40400 


13089030(235 the root 
60806 

• 


40403 
4 


600843 
419289 


120803 
632 . .. 1896 


815540 
815540 






139763 . 



1 
• 


169623 
697 .. . 3485 




163108 





7. Extract the root of the equation a* — 7« = — 7. 

In this equation, whatever term in the series 0, 1, 2, 3, dec. is sub- 
stituted for X, the result is always greater than — 7, therefore, if its 
roots are possible, two of them must lie between that pair of numbers 
in the above series, the substitution of which produces results the 
nearest to — 7 (Prop. 9, Cor. 3, Ch. 1, Sup.), which are found to be 
the numbers 1 and 2 ; therefore 1 must be the first figure of a root. 



SIO ON CUBIC SarATIONS. 



^7 — 7(1.356695 the root 

1 -.6 

— 6 — T 

1 — -903 



— 4 —-097 

8.8... -99 —88625 



— 3.01 — 10375 

. —9049 



— 1.99 — 1326 

8.95... -1975 —1185 

— 1.7315 —141 

25 —133 



~ 1.5325 — 8 

4.05 ... 243 —7 

* —1.5082 —1 

— 1.484 
3 

— 1.481 

1 1 I 

6. Extract the root of the equation «^-^a* — 2x + 1 *= 
Here the value of x will be found to be between 1 and 2. 

— %1 
— 2 — 1 (1.8019377 the lOOt 

—2 

— T T 

1 •992 



— 1 8 

2.8 .. . 2.24 4124 



1.24 3876 

64 3720 



4.12 156 

4.4 44 124 



I 1 



4.12414 ' 32 

29 

4.129 



4.133 

Mil 



4 3 

3 
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9. Extract the root of the equation a? — IS^Jy a; = — 29/^. 
Here the value of x is between 2 and 3. 



dicating 2} or \ 



— 18.083 


— 29.49074 (2.J 


4 


— 28.16 


— 14.083 


— 1.32407 


4 


— 1.2579 


— e.083 


— 6607407 


6.8 . . 1.89 


— 601629 

• 


— 4.193 


— 591107 


9 


-532695 


— 2.213 


— 58412 


6.93 . . .2079 


— 52577 


— 2.00543 


— 5836 


& 


— 5251 


— 1.79663 


— 584 


6.|99|3... 2098 


— 525 


— 1.77565 


— 59 


— 1.75467 


— 53 


210 


— 6 




— 5 


— 1.752617 


— 


— 1.7505 




2 




— 1.7503 




1 1 1 1 




i 


SCHOLIUM. 



(5.) The preceding method of solving cubic equations, the author 
conceives to be more simple and concise than any other that has yet 
been made public. It will have been perceived that in the preceding 
method, the whole of the operations requisite to be performed are 
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actually exhibited, and that no portion of the work has been efiaced 
for the purpose of merely reducing the space, instead of the labour, 
.hat the operation might require. The shortest method of extracting 
the roots of equations, which the author has yet seen, is that investi- 
gated by Mr. Homer in the Philosophical Transactions for 1819, 
part 2 ; but for cubic equations, this is not so concise as the method 
here given, and is by no means equal to it as it respects the ease 
and facility with which the several figures of the root are succes- 
sively obtained. 

(6.) Although in the preceding solutions only one root of each 
equation has been obtained, yet the others may be had with equal 
facility by finding the first figure in one of them, and operating as 
before ; but the best and shortest way of proceeding to determine the 
other roots will be this : 

Subtract the root found, taking it with a contrary sign from the 
coefficient of the second term in the proposed equation, and call the 
remainder a : divide the absolute number, or second side of the pro- 
posed equation, by the root found ;* and call the quotient fr, then 
will the quadratic x* + a« + ^ = 0, contain the other two roots of 
the equation (Prop. 5, Ch. 1, Sup.); that is, if r denote the root of 
the equation a? +cur*4-(x+e = 09 then the quadratic will be 



ON THE EXTRACTION OP THE CUBE ROOT. 

(7.) From the preceding method of extracting the roots of cubic 
equations may be derived a new method of extracting the cube root 
of numbers, which will be much more easy and concise than the 
method usually given. 

Suppose, for example, it were required to extract the cube root of 
the number 12326391, or, which is the same thing, to extract the 
root of the cubic equation 

a:* =12326391. 

* If each root be required to more than three or four places of figures, 
tills division will be most readily performed by logarithms. 
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By proceeding according to the method in article 4, the operation 
will be as follows : 

12326391(231 

4 8 





4 

4 

12 
.. 189 

• 


4326 
4167 


63. 


159391 
. 159391 




1389 
9 








691 . 


1587 
691 






159391 





From inspecting the above operation, it will be obvious that some 
of the work is superfluous ; thus, the first trial divisor 12 might have 
easily been found at once by multiplying the square of the root figure 
2 by 3 ; also, since the numbers that are placed under the trial divi- 
sors to be added thereto always have two figures to the right, when 
the addition is performed they are written down again ; but this repe 
tition would be avoided if these two numbers were placed at first a 
line lower down, and only the other figures placed immediately under 
the trial divisor, but then, in afterwards adding the square of the new 
figure, these two figures must be repeated ttnce in the addition, so 
that we have the following 

New method to extract the cube root of any given number. 

(8.) Divide the given number into periods of three figures eacn, 
as in the common method, and find the nearest cube to the first pe* 
riod, subtract it therefrom, and put the root in the quotient ; then 
thrice the square of this root will be the trial divisor for finding the 
next figure. 
27 
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Draw a line a little below the trial divisor, multiply the new figure 
with thrice the preceding prefixed by the new figure, and place the 
first two figures of the product below this line, and to the right of the 
trial divisor, and the others above the line ; add them to the trial 
divisor, and the sum will be the true divisor. 

Under this divisor write the square of the last root figure, which 
add to the two sums ab6ve, repeating the two first figures of the 
divisor twice, and the result is the next trial divisor; the true divisor 
is found as before, &c. 

Note. After the first or second decimal place in the root is found, 
the square of the root figure used in forming the trial divisor may be 
omitted, as also those two figures that would fall below the line in 
forming the true divisor, as the value of these figures will be too 
small for their omission to affect the truth of the result, fiut if the 
number of decimals in the root is required to be Tery great, these 
omissions must not be made till afler the third or fourth decimal in 
the root is found.* 

The preceding example by this rule will stand thus : 



112 


12326891(281 


1 


8 






1889 


4826 





4167 


1687 


159891 


6 


159891 


A01 


* 


159891 




• 


mm^am^^^^^^^^^ 


* 



* At whatever divisor these contractions take place, as many more deci- 
mals of the root will be obtained as there are figures in this divisor minm 
one, although the last decimal thus obtained, if the root has been extended 
to fourteen or fifteen places, is not always to dp depended upon. 
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2 Extract ttie cube root of 3 to three places of decimals. 



3 
1 

4.36 


3(1.441 
1 

2 


.16 


1.744 


5.88 


.256 


.17 
4_2 . ■ - 


.242 


605 


14 


— 1 


12 


62 


— 


1 


2 



8. Extract the cube root of 3 to six places of dedinalk 

3 3(1.442240 

1 1 

8.4 • » • — — — — 

4.36 2 

.16 1.744 



5.88 .256 

.16 .241084 



4.24 . . . 



6.0406 14016 

16 12450 



6.2208 1557 

86 1248 



4.32 ... 



6.2204 300 

1 250 

6.238 



1 50 

56 



6.230 

— 1 
624 

II 



M« 
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4. Extract the cube root of 9 to about fourteen or fitlecn places o^ 
tecimals. 

12 9(2.080083823051004 

8 

6.08 . . . — 

12.4864 1 

64 .998912 



12.9792 

4 
6.24008 . 



12.9796992064 
64 



1088 
1038375936612 

49624063488 
38940651420 



12.9801984^92 

187207 

6.24024 . . . ^ ' 

1 I I 12.9802171399 

1 



n » 



12.980235861 
4992 

12.980240853 



12.98024585 
12 

12.98024597 



I 



10683412068 
10364192682 

299219380 
259604919 

39614467 
38940738 

673729 
649012 



I 



129802461 

Hill 



24717 
12980 

11737 
11682 



55 
62 
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CHAPTER III. 

ON THE SOLUTION OF EQUATIONS OP THE HIGHER 

ORDERS. 



PRELIMINARY ARTICLE ON BINOMIAL COLUMNS. 

(9.) It has been already shown, that in the expansion of a bino 
rhial, the coefficient of the last term is always 1, whatever may be 
thp index ; the coefficient of the nth term, when the index is n, is n 
also ; the coefficient of the nth term, when the index is n + 1, is 
n(» + 1) 



6(C. ; that is, 



the^ coefficient of* the nth 
term, when the index is 



»— lis 
n . • 

n + 1 . 

n + 2. 

n-f 3 . 
dsc. 



► . . 1 

* • • . n 
' n{n + 1) 

' 2~' 

n(n+l)(n+2) 

2.3 
n(n+l)(n>f2)(n+3) 

2.3.4 ' 

&c. 

Therefore, if the exponent n — 1 of a binomial be continually 
mcreased by 1, and the first, second, third, &c. terms in the suc- 
cessive expansions be placed respectively under each other, the 
above expressions will represent the coefficients in the nth vertical 
column, which may be called the nth binomial column : Now let the 
value of n be successively 1, 2, 3, 4, &c. and we shall then have 
the coefficients in the first, second, third, fourth, &c. column as 
ibllow: 

BinamiaJ Columns. 
1st 2nd 3rd 4th 5th 6th 





1 


1 




2 


3 




3 


6 




4 


10 




5 


15 




6 


21 



27* 



&c. &c. &c. 



1 

4 
10 
20 
35 
56 

&c. 



1 

5 

15 

35 

70 

126 

&c. 



1 

6 

21 

56 

126 

252 

&c. 



&c. 
&c. 



&c. 
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From having the nth column, the succeeding, or n + 1th, may be 
obtained by substituting n + 1 forn ; so that the n + 1th column is 

1 

•w + 1, 

(n+l)(n-f 2) 

2 ' 

(»+l)(it + 2)(n + 8) 

2.8 * . 

(»+l)(n-h2)(it + 8)(fi + 4) 

2.3.4 * 

&c. 



^ 



The mth term in any column is equal to the m — 1th term in the 
same column, + the mth term in the preceding. 

For, in the above general expressions, it is obvious from the law 
of the terms, that the mth term in the nth column is 

«(n+l)(n-f 2) . . . (n + m — 2) 
2.3 m— 1) 

and the m — 1th in the n + Ith colunm is 

(« + 1) (n + 2) . . . (» + m— 2) 
2.3 («— 2)* 

and the sum of these two is 

(n + 1) (n + 2) (n + 3) . . . (n + fit — 1) 

2.3 . .(«—!)' 

which is evidently the mth term in the n + 1th column. 

Corollary 1. Hence the second term in any column is equal to 
the first term in that column + the second term in the preceding 
column ; but the first term in every column is the same, being 1 , 
therefore, the second term in any column is equal to the sum of the 
two first in the preceding, the third is equal to the sum of the three 
first in the preceding, and the mth equal to the sum of the m first in 
the preceding. 

Cor. 2. Hence also in any column if the two first terms be writ- 
ten down horizontally, and if underneath the second term the first 
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